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Abstract— Dynamic digital post-correction of AD con-
verters is considered. A generalized dynamic correction
method is proposed and a framework for analyzing the
related bit allocation problem is introduced. Finally, this
framework is employed in an optimization problem. The
solution to the problem indicates which ADC output bits
to use in order to maximize the THD in a post-correction
system with a constraint on memory size.

The proposed methods are accompanied by exemplary
results obtained using experimental ADC data.

Keywords—dynamic correction, optimization, bit allo-
cation.

I. INTRODUCTION

This paper studies the problem of digital post-
correction of analog-to-digital converters (ADCs). To-
day, ADCs are widely used in many different appli-
cations. A-to-D conversion in radio receivers impose
special demands on the converter, and the trend in
receiver design has moved the digitization closer to the
receiving antenna. Meanwhile, the carrier frequency and
the bandwidth is increasing, calling for higher sample
rates and increasing analog input bandwidth. Linearity
of the ADC is also a key parameter, and the specifi-
cations of the system of which the ADC is a part, e.g.,
signal-to-noise ratio, impose requirements on linearity of
the converter. Currently the performance of all-digital
receivers, also known as software radio receivers, is
limited by the distortion produced by the ADC, and
typical dynamic range requirements cannot be met with
present commercially available converters [1].

In this paper, a generalized post-correction scheme
based on look-up tables is introduced. The configuration
of the scheme has a significant impact on the correction
results, and an analysis tool is therefore presented. The
analysis tool is employed in an optimization problem
where total harmonic distortion (THD) is used as cost
function.

II. POST-CORRECTION STRUCTURE

Several methods to correct ADCs using look-up tables
have been proposed over the years, e.g., [2]-[4]. The
method used in the present paper was proposed in [5],
[6] and is outlined in Fig. 1. The b-bit output word, z(n),
from the ADC is concatenated together with K delayed
output words (z(n — 1) through z(n — K)) to form the
index (or address) word [ of length B = Kb + b bits.
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Fig. 1. Dynamic post-correction system outline.

From this index, a reduced size index I is formed by
selecting 5 < B bits from I. Which 3 bits to select is
decided by the bit mask (this is represented with ‘on’
and ‘off” in Fig. 1). The bit mask vector q of length B is
introduced here. It consists of 3 ones and the remaining
elements zero; a ’1’ in the ¢-th position dictates that the
i-th bit in I should be propagated to I. The new index
I is now used to address an error table & of size 28,
producing the correction term €; finally used to form
the corrected output y(n) = x(n)+€;. The rationale for
the proposed structure is twofold. First, since the ADC
errors sought to mitigate are indeed dynamic, any cor-
rection scheme should also be dynamic. The proposed
method produces different correction terms for a given
ADC output depending on the K previous samples,
and hence it is dynamic. Second, a multi-dimensional
table using all available bits for addressing will quickly
become practically infeasible due to the huge memory
requirements (28 = 2540 entries), especially for high-
resolution converters. The proposed method reduces the
memory size by using only a subset of the available
bits for addressing, but still takes information from K
delayed samples into account.

We can immediately identify two special cases: K =
1 and a transparent” bit mask (all bits selected) cor-
responds to a state-space correction structure, while
K =0 yields a ”static” correction.

It should be made clear at this point that the bit



mask vector q is a mathematical construct included to
facilitate the performance analysis; it is likely that in
a typical implementation of the correction structure the
address bit selection would be hardwired, after deciding
upon a beneficial configuration.

In order to calibrate the error table €, both the
calibration signal s(¢) and the resulting ADC output
x(n) must be available on the “digital side” of the ADC.
Usually this is accomplished by using a reference device,
i.e., an ADC with superior characteristics. Alternatively,
a digitally generated reference signal could be fed to
the ADC under test through a DAC (also with superior
characteristics). Both these methods require extra hard-
ware (ADC or DAC). An alternative method is used
here. The calibration signal is a sinusoid which can
be reconstructed using optimal filtering in the digital
domain, thus omitting the need for extra hardware [6].

III. BIT ALLOCATION ANALYSIS

The choice of bit mask configuration, i.e., the alloca-
tion of ones and zeros in q, has a significant effect on
the corrected ADC performance. A mathematical tool to
analyze this problem was derived in [6]. The key results
from the analysis are reviewed here.

The problem which was analyzed in [6] is the fol-
lowing. Assume that a correction table e has been
calibrated using a specific set of calibration samples
(all tables are henceforth considered to be represented
as column vectors). The table e is addressed with an
index I, created through concatenation of the present
sample x(n) with K delayed samples x(n — 1) through
x(n — K), but without bit-masking. Thus, the index I is
B = Kb+ b bits long resulting in e having M = 28 =
2Kb+b elements. Assume also that a second table & has
been calibrated with the same calibration samples. The
table e is, however, indexed with an index I which is
produced by deselecting a number of bits from I. The
bit mask vector q dictates which [ bits to select from I,
according to the method proposed in Sect. II; q is said
to define a mapping from the integer I € [0, 25 — 1] to
the integer I € [0, 27 — 1]. Consequently, the table & is
smaller than e, viz. 2° elements. The question at hand
is: what is the difference between correcting an ADC
using e or €?

One result from [6] was that a bit reduction matrix
R(q) could be used to answer the question. This special
matrix can be used to define a table

f =R(q)e, (H

the same size as e, but with the special property that
the I-th element of f (i.e., f;) equals the I-th element
of e (i.e.,, ;) when the index I is mapped to I. In
other words, f and e share the same address space, but

f addressed with [ yields the same values as € addressed
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Fig. 2. An illustration of the relationship between
the 25-size table f and and the 2°-size table é&.

with 1 if [ is mapped through the bit mask q to I. Fig. 2
illustrates this relationship in a signal flowchart. The M-
by-M matrix R(q) is [6]

R(q) = Diag{P(q)a}'P(q) Diag{a},  (2)

where
1 1 0 1 0
P =580 (o g0l g )
(3)

and q; is the i-th element of q. The symbol ® denotes
the Kronecker product, Hp is a Hadamard matrix of
size M = 28, and - denotes the pseudoinverse.

The observation above can now be used to evaluate
the outcome of different bit mask settings without re-
calibrating a new correction table.

IV. THD-OPTIMIZED BIT MASK

Total harmonic distortion (THD) is defined in [7,
§4.4.5.1]. The ADC under test should be exercised with
a spectrally pure, near full-scale sine wave, s(t) =
Asin(2w fot+ @)+ C, with C and A chosen so that the
signal is centered within and spans a major part of the
ADC'’s analog input range. The fundamental frequency
fo isin [0, fs/2] and the initial phase ® is arbitrary. A
record of IV successive samples are collected in a vector

x = [z(0) 2(1) ... (N —1)]T. The THD is defined as
THD = i 4)
N

where X (fy) is the discrete Fourier transform (DFT)
of the vector x, evaluated at the h-th harmonic of the
fundamental frequency fy. The THD can be expressed
in a matrix notation. Let the row vector wyj, be

o—J2Thi 0 —jemhil 1
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and form a matrix W as
W £ [whwi ... wi]", (6)

where * denotes complex conjugate transpose. Then, we
can write

X (fa)? = |wnx|® = x* Wi, wp, x, )

and upon inserting (7) and (6) in (4) we get

THD =
(®)
This is the THD of the uncorrected ADC at the fre-
quency fo.

Assume now that a correction table e has been cali-
brated as described in Sect. III, i.e., employing K delay
elements but no bit mask. The correction sequence for
the recorded output x can also be described in a matrix
notation. Assign a selection matrix S of size N-by-25.
Each row n of Sy corresponds to a sample time index
n — 1, and each column I corresponds to a correction
table entry e;_; (row and column indices start at 1).
If the table address for the time index n is I, then
the element [Sx],+1, 741 18 1 and the remaining entries
in the same row are 0. That is, the matrix Sy selects
the appropriate correction term for each time n. The
correction for the sequence x can thus be written Sy e.

In order to obtain a description for the sample vector
x conforming with the selection matrix notation above,
a column vector r of size 27 is introduced. Each index I
is uniquely decodable to an ADC output level x;. Thus,
if the index I corresponds to the output level x;, then let
r; = x; so that the vector x can be written x = Sy r.

Now, we can write the corrected ADC output corre-
sponding to the record x in a new vector as

y=x+Sxe=Sxr+Sxe=Sx(r+e), (9

and, inserting (9) into (8), the expression

1 * *
THD, = N\/y W*"Wy (10,
1
= N\/(r—i—e)* S, W*"W S, (r+e)

is obtained for the resulting THD after correction.
Having established a matrix expression for the THD
after correction with the table e, we are now interested
in how the THD is affected when an arbitrary bit mask
q is employed. Using the results of Sect. III, the vector
e in (10) should be replaced with the vector f = R(q) e
in order to evaluate the effect of reducing the address
space. That is, the THD after correction with a table €

calibrated with the same set of calibration signals as e,
but this time with a specific bit mask q , is

THDy =

%\/(r +R(q)e)* S W*W S, (r+R(q)e). (1)

For example, we can evaluate the resulting THD after
correction with a state-space table e versus that of a
static table, simply by setting the appropriate bit mask
q in (11).

The function in (11) is the cost function to minimize.
The constraint is that a bit mask of 3 ones and B —
0 zeros is the only allowed solution. The optimization
problem for minimizing the THD becomes

min THDjg
a y

s.t. Zqi:ﬁ and q; € {0, 1} Vi, (12)

where THDy is given by (11).
A. Exemplary Optimization Results

The optimization problem (12) has been solved and
evaluated for an exemplary scenario. Experimental ADC
data from an Analog Devices AD876 10-bit, pipelined
flash converter, designed to operate at a sample rate
of 20 MSPS were used. (In the test setup used to
acquire the data, the sample frequency fs; was set to
19972069 Hz in order to agree with the requirements
for coherent sampling [7].) A state-space table is con-
sidered in this example. The table, denoted e, is indexed
using an index building structure with one delay element
(i.e., K = 1) and a transparent bit mask (cf. Fig. 1),
so that the index I is B = 20 bits long and, hence,
e consists of M = 22Y = 1048576 entries. The table
is calibrated with a large number of different signals,
all near full-scale sine-waves but each with a unique
frequency. The vector a represents the number of times
each entry in e was updated during the calibration.

An optimization frequency fy is selected and a near
full-scale sine-wave record x of N = 16384 samples
is taken; in the results below the frequency fo =
3007273 Hz. The matrices Sy and W are formed and
the optimization problem (12) is solved for all integers
B8 € [1, 19] (the solutions for 5 = 0 and 8 = 20 are
trivial, viz. q set to all zeros and all ones, respectively).
Fig. 3 illustrates the optimal bit masks for different
choices of (3: each row corresponds to a specific 5 and
the dots indicates which of the positions in the bit mask
q should be set to ‘1’, or, which of the original 20 bits
to use in a (-bit index I. For example, if a 10-bit index
is desired, Fig. 3 suggests that the 6 most significant
bits from the present sample z(n), i.e., bits 10 through
5, with 10 being the msb, should be selected, together
with bits 8, 7, 5 and 4 from the previous sample z(n—1).
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Fig. 3. Exemplary optimization results for THD.
Each row corresponds to a specific choice of 3, and
the dots indicates which positions in the bit mask q
should be set to “1°.

These 10 bits form the index I used to address the table
é of size 210 = 1024 entries. Note that Fig. 3 illustrates
results for a specific ADC at a specific frequency, and
should not be taken to be optimal in general.

In Fig. 4 the resulting THD after correction with a [3-
bit table is plotted, indexed with the optimal choice of
index bits as suggested in Fig. 3. The THD is evaluated
at the frequency fy, i.e., the same frequency as the one
for which the index was optimized. At this frequency the
uncompensated ADC has a THD of —52.9 dB. Somewhat
surprisingly, the THD is not minimal at § = 20 bits,
but rather at 15 bits. This phenomenon is due to the
fact that in our experiment the amount of calibration
data is constant, so that a smaller table will have more
calibration data per table entry.

Included for reference is the resulting THD when
the optimization problem (12) is changed to maximize
instead of minimize. The plot shows that up to 15 dB of
THD can be gained simply by selecting the appropriate
indexing bits.

V. CONCLUSIONS

A generalized external dynamic correction method
for AD converters has been presented. The method
introduced the concept of bit-masking, and the prob-
lem of selecting a beneficial bit mask was identified.
An analysis tool for the bit allocation problem was
introduced. With this tool, the outcome of different
bit mask configurations can be analyzed. Finally, an
optimization problem was posed and solved, where the
bit mask was optimized in order to minimize the THD
of the corrected ADC. The exemplary results show that
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Fig. 4. Resulting THD after correction, optimized

for and evaluated at f, = 3.01 MHz, as a function of
table index size 3. The solid line is when THD is min-
imized and the dashed is when THD is maximized.

selecting an appropriate bit mask significantly affects the
performance of the correction, and that the size of the
error table can be substantially reduced without causing
severe performance degradations.
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