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Abstract: The paper presents the methodology of analytical estimation of coordinate measurement uncertainty. The
underlying assumption of this methodology is, that a measuring task is an indirect measurement, where measurands are
not coordinates but differences of coordinates. The model used for analysis takes into account geometrical errors,
kinematics and dimensions of the machine. The author defined the functions expressing maximum values occurring for
differences of particular geometrical errors. The paper also demonstrates the models of several measuring tasks
carried out on 2D machines with similar design to classical 3D machines.
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1. INTRODUCTION that measurands are not coordinates but the diifese

of coordinates)g — Xa) and s — ya) measured directly
The analytical models for the estimation of meawen® by length measuring systems. The assumption that
uncertainty (Hernla, 2000; Pressel, 1997) propesefar ~ measurands are coordinates xg, Ya andysg is formally
are not widely used. The objective of this papetois correct but does not fulfil the generality requissthand
show, that if a measuring task for coordinate niegyp  leads to the overestimation of measurement unogytai
is treated as indirect measurement where measurandsd therefore is of no use.
measured directly are distances along measuring axe Y
(i.e. differences of coordinates) then a measutask e
model can be built with a view to finding an efiget

estimate of measurement uncertainty by means of / 8
analytical techniques.

Moreover, just like for simulation technique, th@del A
used for analysis of coordinate measurement uriogrta — >

has to take into account geometrical errors, kin@$ia gy 1 Measurement of the distance between two points
and dimensions of the machine (Forbes & Harris 0200

Important is also the necessity of defining funt$io the gtandard combine uncertainty can be calculated
expressing maximum values occurring for differenoes according to the following formula

particular geometrical errors.
The following chapters present the models of sévera ol ol
J P P u = Iju><BA§ + myBAé %)
XBA yBA
Sensitivity coefficients (partial derivatives) cabe

simple measuring tasks realised on 2D machines (of
expressed as functions of measured lehgth

similar design to classical 3D machines). 2D moadets
simple enough for using analytical calculationgaftial
derivatives when calculating sensitivity coeffidienThe

proposed methodology can be generalised and used fo ol — Xpa . al — Yea ©)
tasks carried out on 3D machines. Oxg, | " Oyg, |

It can be seen that for the kinematical model of
2. DISTANCE BETWEEN TWO POINTS measuring machine shown dfig. 1, the following

) geometrical errors of the machine occyux(x), xty(X),
two points by means of 2D measuring machine (with aeg| number and the remaining errors are functiois

design similar to classical 3D machines) is showikig. indication of the respective length measuring systé
Lo : the machine.
The distance between point&\(xs, y) andB(xs, Yg) caN The errors cause indication error in the poMiXa, ya)
be calculated by the following formula: which can be expressed as:

I= (XBA)2 + (yBA)2 1) € = XpX(XA) + th(YA) - XrZ(XA) 0ya = xwy B/ 4)
where:xga = Xg — Xa, Yea = Y — Ya (@nalogous indication €n = YPY(Ya) + XY(X,a) + yrz(y,) tk ©)
in indexes are used in further designations ofin order to determine component standard unceieaint
coordinates’ differences) Uea and Ugs One has to note that the respective

According to the generality principle (Jakubiec & measurement erroess, ande,s, are differences between
Malinowski, 2004) developed by the author, for the jndication errors in the pointsandB

estimation of measurement uncertainty one hassionaes — —a - — _
y e><BA - exB exA’ eyBA - eyB eyA (6)
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therefore they depend on geometrical errors of théWith the help of the above defined functions, thating

machine according to the following formulae: values of 6 out of 7 of previously mentioned compus
€,8a = XPX(Xg) = XPX(X,) + VIX(Yg) — VIX(Y,) + of errorseea andega can be estimated directly:
—(xrz(xg) Vg — Xrz(x,) ¥, )+ ) ‘XPX(XB)‘ XpX(XA] < XpXy QXBAD (25
- (wa 0g - XWy[yA) \ytx(yB)— ytx(YA} < YiXy quAD (26)
€en = YPY(Ys) — YPY(VA) + Xty(Xg) — Xty(X,) + ® by g = ya) < xwy,, Oyl (27)
- >;rz(ya) k- yrz(y,) ik - | yoy(ys)-yoy(ya) < vovu (ven) (29
In other words, one can assume that the eeggsan _
epan are also calculated on the basis of indirect ‘Xty(XB) Xty(XA] < Xy QXBAD (29)
measurement as sums of several components. \k [yrz(yB )— K Eyrz(yA] <kDrzy, QyBA\) (30

In order to estimate properly the component unieyta

€&a One has to distinguish four components of thererro Next, according to the logic of uncertainty estiimiatby

means of the method B, for these 6 components of

& = Xpx(Xg) = XPX(Xa) ®  uncertainty, the respective components of standard
€ = YtX(Yg) ~ YIX(Ya) (100 uncertainty can be expressed as products of extreme
e, = Xrz(Xs) /g — Xrz(x,) ¥/, (12) value (_)f errors and coefficierlty resulting from the
_ probability distribution of the error:
- & =30 Den 42 U, = ky 5%,y (Xaa) (31)
Similarly for the componengg, one has to distinguish o M ATBA
further three components of the error: u, =k, Ojtx, QyBA‘) (32
& = YPY(¥e) ~ YPY(Ya) (ij) u, =k, By, (g, (33)
= xty(Xg) — xty(x
& Y( B) Y( A) ( ) Us = k5 |:ypyM quAD (34)
e, =kDOrz(yg) —kDBrz(y,) (15 U = k. Gt Qx ‘) (35
All the mentioned components of the error will be 6 = K6 XWm Xan
assumed as equal to zero and then, the uncertainty u, =k; kGrz, QyBA‘) (36)
such an assumption will be estimated. For the meatd  |n one case, in order to find the proper estimatis i
components of the error, the following applies: necessary to make e rearrangement allowing for the
Up-xa) = Ju? +uZ +u? +u? (16) e‘>‘<pressing of the component uncertainty as thetifumc
of xrzy.
Ugys-yn) = 2/US +Ug +U7 (170 The maximum value that the componegassumes can
In order to estimate the uncertainty below are defined Pe estimated in two ways:
the functionsxpxy, Xtym | Xrym (Which constitute a certain XrZ(Xg) B = Xrz(X,) O, =
representation of the respective functioqs, xty and - r —xr +xr < (3
xry) expressing the maximum values that the difference Ya tharzlxg) = xrz(x))+ x12(x6) Baal < (37)
of particular geometrical errors (position, straitgss S Xrz, GXBA‘)BIA+XrZMAX(XB)myBA‘
and rotational) can assume depending on the vdlae o \xrz(x ) O — Xr2(x,) O/ ‘:
measured distance (coordinate difference). Theitiefi Bre ATTA
of these functions is an important element of the =]y fxrz(xg) = xrz(x,))+ Xz(X,) Bl < (39)
methodology of analytical estimation of coordinate < xrz, GXBADEYB 32,y (%) [Yga

measurement uncertainty. . . . iy
In the model there occur two position errors, two SINCe Poth estimates are true, the estimate gismaler
straightness errors and two rotational errors. The/@lue should be used for the calculation of measarg

maximum values which the differences of these error Uncertainty. Which formula gives smaller valueesults

can assume are defined as functions of differendées from 'ghe position of the pointd andB in the machine
coordinates: coordinate system. Therefore, one should always

1) = Q _ 4l ) 18 calculate both values and assume the smaller valbe
Xpxy (1) = max X = Xpx(x+1) 18 the component of standard uncertainty.
_ The above estimates consider the fact that theysedl
)= - +1 19
Yo (1) myanytx(y) yex(y )‘) (19 component of uncertainty depends on the measured
1) = - +] 20 difference of coordinates. If this fact were not
Yy () myanypy(y) ypyly )D (20 considered, then as a third option, the estimegalting
xty,, (1) = maquty(x)_xty(x+|)‘) (21  directly from the formula (11) could be taken. Hipa
X one should use the following formulae:
xz, () = max(xrz() -xaz(x+1))  (22) Uy = o 0020 (e ) 7+ 023 (%6 ) ]
yz, ()= maxlyrzy) - yrz(y +1)) (23 e =k forz (o )36 + bz Dyl
y
Moreover, the maximum valuewy, that the absolute Ugs = ng yé EﬂXFZM (XB ))2 + yi EﬂerM (XA))2
value of error of the angle between axeandy can u =min{u Uos U }
3 311 +1327 33

assume was defined: . .
When calculating the components of uncertainty edus

XWYm :maxﬂxwy\) (24) by rotational errors there is always a possibildl
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finding two or more different estimates. One shdind The typical reason of straightness and rotationaire
these estimates and use the estimate with smaliest  are deformations of the machine guides caused by
for the calculation of measurement uncertainty. Thetemperature gradients (Dorp van B. at al., 200t).tle
above statement is a key element of presentedecond degree polynomial was used as the model of

methodology. straightness errors (Fi§a) and a linear function as the
model of rotational errors (Fi¢a).

3. MAXIMUM DIFFERENCES OF ERRORS a) 06

In order to determine the functions expressing the 0.4

maximum values of particular errors' differences on 0.2

needs to know the functions expressing the geocaétri 0

errors of the machine. 0 166 332 498 664

The PTB methodology used at the stage of data gathe

for estimation of measurement uncertainty by sitiha b) 06

(Trapet et al., 1999) states that particular gedostr 0.4

errors are identified on the basis of the resultepeated 0.2

measurement of ball or hole plate. As a direct Itesfu 0

the procedure of identification for single measuzatrof 0 166 332 498 664

the ball or hole plate one obtains the discreteieslof
functions expressing geometrical errors, with the
digitising step arising from ball or hole plategbit(Fig.

2a). Mean values of the results gathered from pkated
measurements are used for the determination of the
systematic component of geometrical errors, and the
standard deviation is a measure of the rando
component (Fig2b). During the simulation, values in the
digitisation point are calculated as sums of syatem
component and generated values of random compone
Values in other points are interpolated.

Fig. 3. lllustration of methodology proposed by the
author: a) for each geometrical error from Eig.a
function expressing maximum values of errors’
differences is determined, b) from the functiormsfr
Fig. 3a the common function is determined

Mt turned out that for the position errors modelley
linear function without constant component the fiorc
expressing maximum errors' difference is a linear
Nanction with the slope equal to absolute valuettaf
slope of the error function. For example for thadiion

(Fig. 4a)
3 o4 xpx(x) = ax (41
0 respective function expressing maximum errors is as
04 follows (Fig.4b)
0 166 332 498 664 xpxy (1)=[al (42)
b) 0.4 a) 0 \
0 /\\/\/\ -0.002
0 200 400 600 800
0.4

0 166 332 498 664 b)  0.002
Fig. 2. lllustration of the PTB methodology: 0 /

a) geometrical errors identified during repeated 0 200 400 600 800

measurements of the ball or hole plate, b) data for Fig 4. Functi . . ffects of i
simulation are systematic and random components g. 4. Function Expressing maximum eflects of position
error: a) exemplary chart of position error, b)rthod

The proposed methodology has analogies with the PTB respective maximum errors’ difference

methodology and is described in the following wake
function expressing maximum values of errors
differences (Fig3a) is determined for each direct result
of the identification procedure. For example, feth
position errorxpx(x) the functionxpxy(i,l) is calculated.
Next, from the functions of all repeated measurdmen
the common functioxpxy(l) is calculated according to
the following formula (Fig3b):

. Therefore one function with the slopean be used as an
estimate of maximum errors' difference for the wehol
family of functions of geometrical errors with tsope
equal or less than absolute valueof
It also turned out that for rotational errors mdetlby
the linear function with a constant (Fsp) the function
expressing maximum errors' difference is lineathwouit

_ . constant with the slope equal to absolute valughef
xpxy (1) = miax{XpXM ("I)} (40) slope of the error function.
For the purpose of this research theoretical modéls For example for the function
geometrical errors were used. First of all it wasumed xry(x)= ax+b (43

that the CAA procedure was carried out for the neeh  respective  function expressing maximum  errors'

Next assumption is that the typical cause of pmsiti difference is as follows (Fidb)
errors is temperature error, thus functiogx(x) and Xry, (|)=‘aw] (44)
ypy(y) are linear without constant component (Fg). M
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a)  0.00001
' /
-0.00001
0 200 400 600 800
b)  0.00002 /
0
0 200 400 600 800

Fig. 5. Function expressing maximum effects of
rotational error: a) exemplary chart of rotatioaabr, b)
chart of respective maximum errors' difference

Therefore, one linear function with the slopecan be
used as an estimate of maximum errors' differeocéhe
whole family of linear functions describing geoniet
errors with the slope equal or less than absolateevof
a.

different orientations of the measured length were

analysed. In each case the measured lengths are
distributed in 27 different places in the measuring

volume.

2.55 .
1.92 g
1.31 o §
I}
0.68 g
0.05- 8 ¢
30 144 258 372 486 600

Fig. 7. The standard measurement uncertainty of distance
between two points

4. DISTANCE BETWEEN POINT AND LINE

Taking advantage of the purposefully developedpoints belonging to the line are markedAés,, y,) and

software,
errors' difference for straightness error in a fafnan arc
were obtained. It turned out that the function egping
the maximum errors' difference is also an arc wlih
identical deflection. For example, the functiong(Fda)

s lg—s (45)

yields the function expressmg maximum errors shown
Fig. 6b.

a)

xty

0.0000 -

-0.0015-

-0.0030-

480 640 800

o

160 320

b) 0.0030-

0.0015-

0.0000-
0 160 320 480 640 800
Fig. 6. Function expressing maximum effects of
straightness error: a) exemplary chart of straigbgn
error, b) chart of respective maximum error

Similarly, one function can be used as an estinadte
maximum errors for the whole family of functions of
geometrical errors, which have the form of an aithw
deflection equal or less than

The proposed model was tested on the example of
measurement of distance between two points for the

respective functions expressing maximump(xg, yg), and the point whose distance to the Ik is

to be measured Hxs, ys) (Fig. 8).
The distance between the poitand the lineAB is
calculated as

1=|v (46)
wherev — vector perpendicular to linéB, r — vector
connecting any point of the li&B and the poin&.
yA
QS
|

\
\
\
/E
\

A

b »
>

X

Fig. 8. Measurement of distance between point and line

Vectorv is calculated as:

]

— Va4 ~ Xpy B

V= ;
2 2 2 2
H\/XBA T Va4 \/XBA T Vpa ﬁ

With regard to the vectartwo options are considered. In
the first one, the poinA is used for the definition of the
vectorr, and in the second one it is pobBit

As a result the distance between the point andirtiee
will be a function of difference of coordinates tife
pointsS andA (first option) or the point§S andB (second
option).

(47)

(49

%49)

r= ((‘xAS7yAS) or (xBS’yBS »
The distancé between the point and the line is

_H X5 Dpy = Xpy |3’/1s| |st Wpy = Xpy Ej’BS|

_H VX" Y VX Vi

following input data (only systematic errors are For the estimation of measurementuncertamtymset(bl

included):

XpXv = ypym = 0,002/800

Xtym = ytxy — arc according to (45%= 0,001;l = 800
xrzy = 0,000006

xwyy = 0,000004

The
uncertainty is presented on Fify.The estimates concern
four different lengths (30, 100, 300 i 600 mm). &ér
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assume that the measurands are distaxgeandyga as
well as Xas and yas Or Xss and ygs, depending on the
option.So, the distandeis a function of four measured
directly distances

[= (l(xBA’yBA’xAS’yAS) or Z(XBA’yBA’xBS’yBS)) (50)
Standard uncertainty of the measurement of thantist

resulting estimates of standard measuremeng calculated as the minimum of 2 estimates:

(59)

u, = mln{u“ a”z2}



0
o+ o
uy = (52
ol + % G, a % L, a
H
O
e %ﬁ i
up =0 (539
a/
o+ (g E + m‘;zs’s E
H X ps Y Bs
Sensitivity  coefficients  (partial derivatives) are
respectively the following:
V5. [ﬂyBA D 5 + X5, DCAS)
O ) 5 /2
o _ 0O K54 tVB4 )3
= (59
0x V34 (yBA gy X5, BCBS)
0 5 S )2
a KXpq VB4
O xpy [quA Lk s + Vu @AS)
O 5 5 )2
ol :[I Xpi TYBa )3 (55
0y, L *s4 (xBA (s + Va4 EyBS)
5 S V2
H (xBA +Vpa4 )3
01 _ al — _yBA (56)
Ox,s  Oxy \/XBA2 +yBA2
o _ ad _ Xp4 (57

ayAS ayb’S \/xBAZ +yBA2

To determine the component standard uncertainiigs
anduyga , Uwns anduyas as well asigs anduygs one has to
notice that respective measuring errors dependhen t
geometrical errors of the machine according to tions
analogical to (7) i (8). Consequently, the relasioips
(16) and (17) are in force as well as the estimafes
standard uncertainties (31) to (36) and (39).

In a special case, when the liA8 is parallel to thex
axis {/a = ys), the sensitivity coefficients assume the
following values:

ol _ o/ _ ol -0 (58)
Ox,, Ox, Oxpg
o/ _ ol -1 (59
0ys Oy
Then:
Hioar

U, = DJ‘yBA E +uyAS2 (60)

E Y B4

Hlo ar
Up = |-_ZJ‘yBA E + l"yzss2 (61

E Y B4

The chart (Fig.9) shows estimate of the standard
measurement uncertainty of distance between [Sand
a straight lineAB with different locations of poirts:

X :L;&H [{xg — X4 )t =—15...15
ys =250

0.73

0.57

0.41

0.26

0.10
-1.50 -0.75 0.00 0.75 1.50
Fig. 9. The standard measurement uncertainty of the
distance between point and a straight line foredéht
locations of the point

The Fig. 10 shows an estimate of the standard
measurement uncertainty of the distance betweent poi
and a straight line in a relation to orientation thé
straight lineAB and the poin§in the coordinate system.

0.57
0.54
0.51
0.47
0.42

0 9 18 27 36 45 54 63 72 81 90

Fig. 10. The standard uncertainty of measuremetiteof

distance between a point and a straight line elation

to orientation of the straight lin&B and the poinSin
the coordinate system.

5. PERPENDICULARITY

The straight line being datum is determined by two
pointsA(Xa, Ya) andB(xg, Yg). The straight line for which
the deviation is to be calculated is determinedthoy
pointsC(xc, Yc) andD(Xp, Yp) (Fig. 11).

¥Z

Fig. 11. Measurement of perpendicularity deviatbn
two straight lines

The deviation of perpendicularity is calculated the
distance between the poifd@ and the straight line
perpendicular to the straight lidB and going through
pointC.

The distance between the poibtand the straight line

_can be calculated as
The analysis was performed for the same data as in

chapter 3 and assuming that the distafiBas 100 mm
and is oriented alongaxis s = 200,ya = 200,xg = 300,
yg = 200).

| = v (62

where:v — vector parallel to straight lindB, r — vector
CD
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H proposed methodology has similar limitations, et

E Xp4

Y4

v = : (63) quality of the result is dependent on the qualitynput
ﬁ\/xfmz +yBA2 \/xBA2 +yBA2 E data.
Compared to the virtual CMM it has the following
r= (xDC, yDC) (64) advantages.
G+ « The generalization of the results is easier —
=X Epc T Voa B (65) estimated uncertainty barely depends on the latatio
\/XBAZ +y,0 of the workpiece in the measuring volume.

The functions expressing the uncertainty in the
relation to the orientation of the workpiece in the
coordinate system can be presented graphically,
while VCMM gives the uncertainty for the particular
position of the workpiece.

For the estimation of the measurement uncertaing o *
has to assume that the deviation of perpendicylerihe
function of four differences of coordinates meadure
directly .

Respective partlial ld(zfi"v’;’ig\jg;m’yl’a © It is possible to derive formulae valid for partiu
measuring tasks, which can be used directly bysuser
0l _ Yy (s Brpe = %50 Do) 67) of CMMs of similar type. Therefore the
0x 4, Xy 4.),542)”2 methodology should be easier to implement in
industrial conditions.
ol _ xp, (rse Dpe =250 Gene) (68  The research on the connection between the type and
0y, (x 2 +yBA2)3’2 value of geometrical errors, and formulae exprestie
B maximum values of the differences of the errorsugho
o _ Xp4 (69) indicate the areas for improvement of CMMs.
x \/x 2, The proposed methodology was described on the
81 " Vb4 example of 2D measuring machines but it has already
l been extended to 3D machines.
_ VB4 (70)
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6. CONCLUSIONS

The proper definition of the measurement modehés t
fundamental element enabling the use of analytical
technique. The significantly better estimate of
uncertainty is reached thanks to the assumptiontitiea
measurands are not coordinates but differences of

coordinates. _ Aknownledgement

Another crucial element of the proposed methodolsgy The paper draws on the findings made within the
the definition of the functions of maximum valudstite  yesearch project entitted "Glihe system of
errors’  differences, with arguments as measuregneasurement uncertainty estimation in industrial
differences of coordinates. conditions" (No. RO1 001 02) which is financed by t

The proposed methodology is in accordance with thepgjish Ministry of Science and Higher Education
methodology of estimation of measurement uncestaint

described in GUM and the commonly accepted
methodology proposed by the PTB for virtual CMM
(Trapet et al., 1999). It uses the same input daththe
same models for description of geometrical errdfse
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