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Abstract: 

Adaptive Monte Carlo procedure given in 

Supplement 1 to the “Guide to the expression of 

uncertainty in measurement” (GUM S1) [1] and a 

modified GUM S1 procedure [2], [3] were applied to 

reach a prescribed numerical accuracy of the Monte 

Carlo results for a chosen confidence level. We assess 

the performance of the adaptive procedures by 

employing the measurement model that defines 

differential pressure generated by a pair of pressure 

balances. A large number of premature calculation 

terminations when applying the GUM S1 adaptive 

procedure leads to a low success rate. Applying the 

modified GUM S1 shows a reduction in premature 

termination and improves the success rate. 
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1. INTRODUCTION 

Due to its stochastic nature, a Monte Carlo 

Method (MCM) will provide slightly different results 

of calculation when frequently applied to the same 

model of measurement. This discrepancy raises the 

question about the numerical quality of the results. 

One of the ways to assess the numerical quality is by 

repeating the entire calculation many times and 

determining the ‘success rate’ as the proportion of 

such calculations that produce results of required 

accuracy [2]. To control the quality of the results, 

Supplement 1 to the “Guide to the expression of 

uncertainty in measurement” (GUM S1) [1] 

introduces the adaptive Monte Carlo 

method (AMCM). 

In this study, we assess the performance of the 

procedures of AMCM by employing the differential 

pressure measurement model. The AMCM 

procedures are used to achieve the specified accuracy 

of the Monte Carlo result (the estimate of the 

differential pressure, and the left- and right-hand 

endpoints) for a confidence level of 1 -  ( = 0.05).  

2. DIFFERENTIAL PRESSURE SYSTEM  

The method for the measurement of differential 

pressure, used in our study, requires two pressure 

balances (Figure 1). The method consists of two steps 

[4], [5], [6], [7]. In the first step, the two pressure 

balances are initially cross-floated and adjusted at 

equilibrium.  In the second step, pressure balances are 

separated with the bypass valve, an additional mass 

m is added to the calibrated pressure balance, and 

pressure is raised until the appropriate float of the 

pressure balance is achieved. 

 
Figure 1: Schematic of the procedure for generating 

differential pressure. The green valve in step 1. depicts an 

open bypass valve, and the red valve in step 2. marks a 

closed bypass valve. The grey color represents the weights 

used to set the equilibrium state, and the blue weight marks 

the additional mass m. 

 

The system used in this study consists of:  

- two oil pressure balances with 4,9 mm2 effective 

area of piston-cylinder assemblies made of tungsten 

carbide, 

- float position sensors for measuring piston fall 

rates, 

- trimming weights, 
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- platinum resistance thermometer built into the 

pressure balances mounting post for measuring 

temperatures of the piston-cylinder assemblies. 

- combine pressure, humidity, and temperature 

transmitter for measuring ambient conditions (pa, 

RHa, and ta),  

- six sensors installed in the vicinity of the system for 

measuring temperature and humidity inhomogeneity 

in the laboratory, 

- connection lines and valves. 

3. MODEL OF MEASUREMENT  

Detail measurement procedure and calculation of 

differential pressure generated via two pressure 

balances has been studied and described in [6]. 

Differential pressure is calculated as 

𝑝 =
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where, 

𝑝𝑖 
is pressure measured during the 

initial cross-float and is given by  

  

𝑝𝑖 =
𝑚𝑖ℎ 𝑔 [1 − (𝜌𝑎 − 1.2) (
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(2) 

∆𝑝𝑛 =
∆𝑚 𝑔

𝐴0ℎ
 is a nominal differential pressure  

𝑝𝑛 =
𝑚𝑖ℎ 𝑔

𝐴0ℎ
 

is nominal pressure measured during 

the initial cross-float (nominal line 

pressure) 

∆𝑚 

is the additional mass of the weights 

used for generating differential 

pressure 

𝑔 is the local gravity 

𝜌𝑎 is the density of ambient air 

𝜌𝑚 is the density of the weights 

𝜎 
is the surface tension of the working 

fluid 
𝑐ℎ is the circumference of the piston 

𝐴0ℎ 

is the effective area of the piston-

cylinder assembly at null pressure 

and reference temperature tref 
𝜆ℎ is the pressure distortion coefficient 

𝛼ℎ 

is the linear thermal expansion 

coefficient of the piston and cylinder  

(αph = αch = αh) 

𝑡𝑟𝑒𝑓 
is the reference temperature of the 

piston-cylinder assembly 

𝑡𝑖ℎ, 𝑡𝑖𝑙 

are the temperatures of the piston-

cylinder assemblies recorded on the 

high and low side of the system 

during initial cross-float 

∆𝑡ℎ, ∆𝑡𝑙 

are differences between temperatures 

recorded during the pressure 

measurement (th and tl) and those 

recorded during the initial cross-float 

(tih and til) 

𝜌𝑓ℎ , 𝜌𝑓𝑙  
are the densities of working fluid of 

high and low side in the second step 

ℎ 

is the difference in altitude between 

the level where the pressure has to be 

measured and the reference level of 

the pressure balance (Figure 1) 

𝑚𝑖ℎ 

is the total mass of the weights loaded 

on the ’high’ pressure balance to 

generate the line pressure 

∆𝑝rep measurement repeatability 
∆𝑝𝑐−frep cross-float repeatability 

∆𝑝𝑐−fres resolution of the cross-float 

∆𝑝tilt tilt of the piston 

 

Subscript h and l in the above equations identify 

the high and low side of the system on Figure 1, while 

i refers to the quantities recorded during the initial 

cross-float.  

Air density in Eq. (1) and (2) was calculated based 

on measuring environment conditions using 

approximation formula [8] while density of working 

fluid (di-ethylhexylsebacate-DHS) was calculated 

according to [9]. 

4. MONTE CARLO METHOD  

The MCM completely depends on the quality of 

the random number generator and the appropriate 

software. The random number generator should have 

properties specified in [1] and should pass the Big 

Crush tests [10]. In our study we use one of those 

generators. It is based on the Mersenne Twister 

algorithm that has accuracy up to 32-bit and 2219937-1 

cycle length [11]. The results of numerical 

calculations provided by the AMCM are grouped into 

batches of fixed size. The size of the batch is defined 

in advance (104), and for each batch, the results of 

interest are calculated. The estimate of the 

differential pressure was calculated as the average of 

104 model values, and the endpoints were obtained 

using the statistics of the binomial distribution [1], 

[12]. After the initial batch, a new batch is formed, 
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and the decision to stop computing is made when the 

desired quality of the results is reached. Otherwise, 

another batch is formed, and the decision is taken 

again. According to GUM S1, measure of the quality 

of the results is the standard deviation associated with 

the average of the results of interest multiplied by the 

factor 2. In the modified GUM S1 procedure standard 

deviation is multiplied by 1-/2 quantile of the t-

distribution with h-1 degrees of freedom, where h is 

the number of batches obtained by AMCM [2], [3]. 

A measure of the quality is then compared with the 

requested numerical tolerance . If a measure is no 

larger than numerical tolerance, the results have 

stabilized, and computing is stopped. The numerical 

tolerance reflects a number of significant decimal 

digits regarded as meaningful in the standard 

uncertainty. The numerical tolerance  was 

calculated flowing procedure given in [1]. GUM S1 

and modified GUM S1 were used to achieve a 

requested numerical accuracy of the estimate of the 

differential pressure and the left- and right-hand 

endpoints at a 95% confidence level. The 

performance of the GUM S1 and modified GUM S1 

adaptive procedures were analyzed by repeating the 

procedures 104 times and determining the frequency 

distribution of the results of interest. In each run, a 

different seed for the random generator was used and 

the number of batches was recorded for each run. 

Frequency distribution for the number of batches was 

also determined. An example is given for differential 

pressure of 100 kPa at 42 MPa line pressure. Table 1 

summarizes the input quantities with assigned PDFs. 

In the table, a Gaussian distribution N(μ, 2) is 

described in terms of expectation μ and standard 

deviation , rectangular R(a, b) and triangular 

distribution T(a, b) with endpoints a and b in terms 

of expectation (a + b)/2 and semi-width (b - a)/2. For 

a given example expectation was ∆𝒑̂ = 99.975 kPa 

and standard uncertainty 𝒖(∆𝒑̂) = 0.034 kPa.  

5. RESULTS AND DISCUSSION  

Frequency distribution for the estimates of the 

differential pressure and left- and right-hand 

endpoints were obtained. The success rate for the 

estimates of the differential pressure for both GUM 

S1 and the modified GUM S1 adaptive procedure is 

higher than 95%. The reason for this is the faster 

convergence of the estimate compared to left- and 

right-hand endpoints concerning the number of 

Monte Carlo trials.  However, the success rate for 

left- and right-hand endpoints differ when applying 

GUM S1 and the modified GUM S1 adaptive 

procedure (Figure 2). GUM S1 adaptive procedure 

will provide a success rate below the required 95% 

(Figure 2a). The interval covering 95% of the results 

(dashed-dotted lines in figure Figure 2a) is about 50% 

larger than the requested numerical tolerance interval 

of width 2 ( = 0.0005 kPa). The success rate is 

slightly below 90%, which is smaller than the 

required 95%. The reason for the lower success rate 

is a large number of premature terminations of the 

calculation (Figure 3a). Applying GUM S1 adaptive 

procedure for approximately 7% of all runs leads to 

reaching the stopping condition after the second 

batch (h = 2). Approximately 83 % of those 

runs, which is more than 5 % of all runs, will give 

results outside the requested numerical tolerance 

interval. Applying the modified GUM S1 improves 

the success rate to approximately 97% (Figure 2b). 

The 95 % coverage interval is about 7% smaller than 

the required numerical tolerance interval. The higher 

success rate is reached because of simultaneously 

(not independently) observation of all results of 

interest. In the case of the modified GUM S1, no 

noticeable premature termination is observed 

(Figure 3b). The absence of premature termination is 

due to application of the t-distribution quantile in 

AMCM. The success rates applying GUM S1 and 

modified GUM S1 procedure for the right-hand 

endpoint is similar as for left-hand endpoint.  

6. CONCLUSION  

Due to the stochastic nature of the MCM, the 

numerical quality of the results is questionable. The 

prescribed numerical accuracy of the coverage 

interval endpoints is not reached by applying the 

GUM S1 procedure. A large number of premature 

terminations of the calculation is the reason for a low 

success rate. The use of an adequate factor from the 

t-distribution noticeably improves the performance 

of the adaptive Monte Carlo procedure and decreases 

the number of premature terminations of calculation. 
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Table 1: The input quantities with assigned PDF  

Input 

quantity 

Source of 

uncertainty 
PDF 

Parameters 

μ-expectation -std.dev. 
𝒂 + 𝒃

𝟐
 

𝒃 − 𝒂

𝟐
 

∆𝑚 cal. certificate N 0.05 kg 1.25E-07 kg   
𝑚𝑖ℎ cal. certificate N 21 kg 5.25E-05 kg   

𝑔 meas. report N 9.80600787 m/s2 1.25E-07 m/s2   

𝑡𝑎 

cal. certificate 

resolution 

drift 

inhomogeneity 

instability 

repeatability 

N 

R 

R 

R 

T 

N 

- 0.15 ᴼC 

 

 

 

 

20.65 ᴼC 

0.05 ᴼC 

 

 

 

 

0.033ᴼC 

0 ᴼC 

0 ᴼC 

0 ᴼC 

0 ᴼC 

 

0.005 ᴼC 

0.10 ᴼC 

0.60 ᴼC 

0.50 ᴼC 

 

𝑅𝐻𝑎 

cal. certificate 

resolution 

drift 

inhomogeneity 

instability 

repeatability 

N 

R 

R 

R 

T 

N 

2.20 % 

 

 

 

 

48.20 % 

0.25 % 

 

 

 

 

0.034 % 

0 % 

0 % 

0 % 

0 % 

0.005 % 

0.10 % 

1.25 % 

6.0 % 

𝑝𝑎 

cal. certificate 

resolution 

drift 

inhomogeneity 

instability 

repeatability 

N 

R 

R 

R 

T 

N 

- 12 Pa 

 

 

 

 

101062 Pa 

3.5 Pa 

 

 

 

 

3.4 Pa 

0 Pa 

0 Pa 

0 Pa 

0 Pa 

0.005 Pa 

0.10 Pa 

5.0 Pa 

15 Pa 

𝜌𝑚 tech. spec. R   7950 kg/m3 200 kg/m3 

𝐴0ℎ 
cal. certificate 

drift 

N 

R 

4.90293E-06 m2 

 

0.60E-10 m2 

 

 

0 m2 

 

1.0E-10 m2 

𝜆ℎ cal. certificate N 3.06E-13 Pa−1 4.50E-14 Pa−1   

2 𝛼ℎ tech. spec. R   4.50E-6 ᴼC-1 0.86E-6 ᴼC-1 

𝑡𝑖ℎ,𝑡ℎ 

cal. certificate 

resolution 

drift 

instability 

repeatability 

N 

R 

R 

T 

N 

0.02 ᴼC 

 

 

 

21.13/21.23 ᴼC 

0.005 ᴼC 

 

 

 

0.013 ᴼC 

0 ᴼC 

0 ᴼC 

0 ᴼC 

0.0005 ᴼC 

0.010 ᴼC 

0.10 ᴼC 

𝑡𝑖𝑙,𝑡𝑙 

cal. certificate 

resolution 

drift 

instability 

repeatability 

N 

R 

R 

T 

N 

0.02 ᴼC 

 

 

 

21.13/21.21 ᴼC 

0.005 ᴼC 

 

 

 

0.013 ᴼC 

0 ᴼC 

0 ᴼC 

0 ᴼC 

0.0005 ᴼC 

0.010 ᴼC 

0.10 ᴼC 

𝜎 tech. spec. R   0.031 Nm-1 1.55E-3 Nm-1 
𝑐ℎ cal. certificate N 7.85E-3 m2 8.89E-8 m2   

𝜌𝑓ℎ tech. spec. R    940.71 kgm−3 9.40 kgm−3 
𝜌𝑓𝑙 tech. spec. R    940.57 kgm−3 9.40 kgm−3 
ℎ cal. certificate N 0.00 m 5.80E-4 m   

𝑝
𝑛
 cal. certificate N 42 MPa 714 Pa   

∆𝑝𝑛 cal. certificate N 0.1 MPa 1.7 Pa   
∆𝑝rep meas. system N 0 Pa 9.60 Pa   

∆𝑝𝑐−frep meas. system R   0 Pa 10 Pa 
∆𝑝𝑐−fres meas. system R   0 Pa 10 Pa 

∆𝑝tilt meas. system R   0 Pa 0.07 Pa 
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Figure 2: Frequency distribution for the left-hand endpoint 

obtained from 104 runs of GUM S1 and modified GUM S1 

adaptive procedure. The dashed lines 

indicate the endpoints of the requested numerical tolerance 

interval. The dashed-dotted lines depict an interval 

containing 95% of the frequency distribution (endpoints of 

the histogram).  
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