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Abstract: The variogram incorporates the basic infor-
mation for the geostatistical analysis of spatial data, mak-
ing it one of the most popular and widespread approaches for
the evaluation and assessment of environmental data. Fitting
an experimental variogram with a proper model, capable of
catching the main characteristics of the sampled data, is a crit-
ical stage of spatial analysis. This stage is generally carried
out using a semi-automatic approach, with different levels of
user’s contribution. Once a model and the related starting pa-
rameter values have been defined, they can be refined using
a trial-and-error strategy and the impact of such changes can
be evaluated through several calibration indices. In this pa-
per, we present an overview of the main indices used for the
refinement of the variogram model parameters, highlighting
the specific information provided by each of them together
with a few heuristic strategies for driving the trial-and-error
refinement process.
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1. INTRODUCTION

Data sampled at specific spatial locations usually show an
evident spatial correlation, as stated by the well-known To-
bler’s first law of geography, everything is related to every-
thing else, but near things are more related than distant things
[1]. Taking advantage of the aforementioned law, it is possi-
ble to expand a small set of sampled values and to estimate the
values of the variable of interest at nearby locations from the
observed spatial data, with the ultimate goal of up-scaling the
knowledge of these properties from single spatial locations
to larger areas [2]. Geostatistics is the main methodological
framework that provides suitable methods for modeling the
spatial behavior of a specific variable.

The main tool for capturing the features of a spatial prop-
erty is the variogram model, a functional law that describes
the structural and random components of a spatially auto-
correlated variable. The construction of a variogram model
is commonly achieved through three stages: computation of
the experimental (or empirical) variogram, selection of an ac-
ceptable theoretical model, fitting of the theoretical model to
the empirical variogram. A theoretical variogram model is a
conditionally negative definite function [3, 4]. Since the em-

pirical variogram does not usually satisfy such a property, it
is not straightforward to derive from it the theoretical model,
complicating the task of capturing the underlying spatial auto-
correlation from the sampled data [5].

Such a task is commonly accomplished using one of the
following strategies: (i) trial-and-error, where the parame-
ters of the selected theoretical model are changed manually,
checking the effect of each change on suitable calibration in-
dices; (ii) Bayesian methods, which allow a limited user in-
tervention during the optimization stage; and lastly (iii) au-
tomatic optimization methods, such as ordinary least squares
(OLS), weighted least squares (WLS), maximum likelihood
(ML) and restricted maximum likelihood (REML) methods
[6]. Bayesian or automatic optimization methods are usually
used to define a possible theoretical model and the related
initial parameter values. The model is then further refined
by trial-and-error, and the effect of the changes to the model
parameters is evaluated through several statistical calibration
indices (accuracy indices). The trial-and-error strategy uses
the (Leave-One-Out) Cross-Validation procedure for comput-
ing the calibration indices and tuning the variogram model
parameters. Such procedure iteratively omits one of the sam-
pled data and estimates the variogram from the reduced set of
observations, computing indices based on the residuals. If the
variogram model is optimal, the indices meet some predefined
numerical criteria, otherwise the variogram model parame-
ters are changed until the results satisfy such criteria. If the
expected criteria cannot be reasonably met by adjusting the
parameters of the theoretical variogram function, calibration
needs to be reinitialized using a different theoretical model.

The paper focuses on the refinement of the theoretical
variogram model using the trial-and-error strategy. We intro-
duce the main calibration indices used for the refinement of
the model parameters and describe the heuristic strategies for
manually improving the agreement of the model to the exper-
imental data. The application of the trial-and-error strategy to
a specific case study is also briefly reported.

2. TRIAL-AND-ERROR STRATEGY

2.1. Variogram Model Parameters

The main parameters of a variogram model are the nugget,
the length and the scale (Fig. 1). The nugget accounts for
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Figure 1: Main parameters of a variogram model.

the data uncertainty at small scale, the length represents the
distance beyond which the auto-correlation vanishes and the
scale indicates the variability assigned to the model, which
should be approximately equal to the variance of the exper-
imental data. Other useful model parameters are the range,
which is proportional to the length, and the sill, defined as the
sum of the nugget and the scale. These parameters are refined
by trial-and-error in order to improve the fit of the variogram
model to the observed data.

2.2. (Leave-One-Out) Cross-Validation Procedure

Let Z be the set of N experimental observations,
{z(x;), i=1,...N}. From this set, N reduced sets of size
N — 1 can be generated. For i = 1 up to N, the i-th reduced
set Z_; is obtained by dropping the i-th observed value z(x;)
from the full set,

Z_;= {Z(xl)aZ(XZ)v o 'Z(X,;l),Z(XiJr]), .. 'Z(XN)} Y

The estimation of the i-th observed value is performed us-
ing the kriging method, as follows

N—1
) =Y Aixj)z(x)), 2)

=

where A;(-) is the generic kriging weight and N — 1 is the
size of the reduced set of observations. The kriging variance
associated to the estimated value is

N—-1

op(xi) =Y Aj(x;)y(xj,xi) — p(x), 3)

=1

where A;(-) is the generic kriging weight, y(-) is the vario-
gram value associated to the pair (x;,x;) and p(x;) is the La-
grange multiplier [4]. At the end of the cross-validation pro-
cedure, a number of statistical calibration indices are com-
puted.

2.3. Calibration Indices
The cross-validation kriging error (or residual), r;, is de-
fined as

ri = 2(x;) — 2(x7), i=1,...N, “4)

where z(x;) are the observations and Z(x;) are the estimations.

A first criterion for assessing the goodness of the cross-
validation results is the unbiasedness condition, that requires
that the mean-bias error (MBE) is close to zero [7],

1 n
MBE = -} ri~0, (5)
nia

balancing under-estimations and over-estimations during the
cross-validation procedure.

Probabilistic statements concerning the actual value of z
at an unmeasured location and its kriging estimate and krig-
ing variance at that location, can be made by analyzing the
distribution of the cross-validation kriging residuals.

Therefore, an analysis of the distribution of the residuals
should be done to check for the Gaussianity with zero mean
of such a distribution.

A second reasonable criterion for selecting a theoretical
variogram is to minimize the sum of the squared errors,

r? (©6)

1

-

1

with respect to the variogram parameters. Unlike ordinary
least squares regression, the minimization of the sum of the
squared errors (6) is not sufficient for kriging because the re-
sulting model can yield inconsistent estimates of the kriging
variance, ok (x;), at location x;, giving unrealistic measures of
the accuracy of the kriging estimates. To prevent such a bias,
one should use the reduced kriging residual [4],

=1

! Ok (x,-)

If the kriging variance is a consistent estimate of the true

mean-squared error (MSE) of estimate, then the standard de-

viation of the reduced kriging residuals should be close to 1.0.

Therefore, the standard cross-validation technique for

evaluating a theoretical variogram requires the minimization
of the root-mean-squared error (RMSE) [8, 9],

: (7

n

12& ®)

ni3

RMSE =

subject to the condition that the reduced root-mean-squared
error (RRMSE)

1 1l ri 2
RRMSE = 4/ - ~ 1. 9
n Z{ {GK(M’)} ©

=

The requirement in Eq. (9) can usually be relaxed, requir-
ing that the RRMSE falls within the interval 1 —24/2/n and
1+ ZW [10]. It is also important to check that the distri-
bution of the reduced residuals is Gaussian, with zero mean
and variance equal to one.
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The average standard error (ASE) is defined as

ASE = [0k (x:)]*. (10)

S|
-M=

i=1

A numerical condition almost equivalent to the condition im-
posed on RRMSE, Eq. (9), can be imposed on the ratio be-
tween ASE and RMSE,

ASE

_ lzn"[GK(x.)]Z \/li[”r:al. (11)
RMSE n = : n = | ox(x;)

It is well known that MBE suffers of the cancellation ef-
fect, due to the reciprocal cancellation of positive and negative
residuals. Therefore, MBE cannot be considered a valid esti-
mator of the average residual magnitude. A reliable estima-
tion of the residual magnitude should be based on different
indices, such as RMSE, Eq. (8), or the mean average error
(MAE), defined as

n
MAE:%ZM\. (12)
i=1
In principle, the values of RMSE and MAE should be
equal. However, as pointed out by several authors, the squar-
ing effect in RMSE magnifies the larger residuals, resulting in
RMSE > MAE. As a rule of thumb, a ratio MAE/RMSE >
0.8 indicates a good performance of the selected variogram
model [9].
A last index accounting for the relative magnitude of the
average of the error (RMAE) is needed in order to consider
the magnitude of the error in relation to the observed value,

I ¢ lz(xi) — 2(x; I i

nS o 2 n 5 2(xi)
An excellent variogram model gives an RMAE of about 10%,
but a value of 15 —20% can still be considered acceptable.

2.4. Tuning of Model Parameters

The length is the main parameter to be tuned in order to
refine the theoretical variogram model. The tuning of the
length parameter affects the magnitude and sign of the kriging
weights and also changes the kriging variance.

In general, the impact of the length on the magnitude of
the kriging weights is small. However, even small changes
in the kriging weights can cause significant effects on kriging
estimations. Since there are no explicit constraints on the sign
of the kriging weights, they can potentially become negative
at high values of the length, or when the search ellipse that
defines the neighborhood of the site being estimated becomes
too wide. Negative weights can distort the estimate, but this
issue can be easily addressed by decreasing the value of the
length.

Lastly, the increase of the length decreases the ordinary
kriging variance, since it increases the neighborhood of the
estimated site. Conversely, when the length becomes very
small, all the known values fall outside the neighborhood

of the estimated point. This leads to the undesirable case
of a kriging estimation that becomes a simple average, with
weights equal to 1/(N—1).

The degree of spatial auto-correlation is usually inversely
related to the nugget-to-sill ratio. Therefore, the size of the
nugget should be always thought as a percentage of the sill
and not as an absolute value. Decreasing the nugget affects
the kriging variance and prevents the introduction of a sys-
tematic error in the kriging estimation. Conversely, increas-
ing the value of nugget leads to a more even distribution of the
kriging weights and to an increase of the kriging variance. If
the value of the nugget approaches that of the sill, there is no
information redundancy between the two values. The result
is a simple average of the available data with a complete lack
of spatial correlation. Changing the value of the sill does not
affect the ordinary kriging weights and the estimated value (if
the nugget is = 0), but affects the kriging variance and the re-
sulting error estimation. A change of the sill changes by the
same factor also the kriging variance.

3. VARIOGRAM MODEL REFINEMENT

The tuning of the variogram parameters is quite holistic
and involves the analysis of the calibration statistics as well
as of several graphical plots, in order to widen the insight of
the structure underlying the data.

The main graphical tool is the variogram plot, which al-
lows to visually check the degree of agreement between the
model and the experimental variogram. The variogram model
should fit as much as possible to the experimental variogram,
capturing its main spatial features and at the same time avoid-
ing over-fitting, which would add to the model inessential
and erratic characteristics of the experimental variogram. The
change of any of the model parameters has a strong effect on
the variogram plot. Therefore each change must be visually
inspected in order to correct excessive departures of the model
from the experimental plot.

The Q-Q plot of the reduced residuals compares the nor-
mal quantiles with those corresponding to the reduced resid-
uals distribution. If the points on a Q-Q plot are arranged
along a straight line in the first quadrant bisector, the distri-
bution of the reduced residuals can be considered Gaussian,
with zero mean. Marked deviations from linearity provide
evidence against this hypothesis.

Another useful graphical tool is the variogram plot of the
residuals. When this plot does not show a spatial structure of
the residuals, it means that the variogram model of the data
has captured the underlying structure in its entirety.

The last tool considered here is the post-plot, which shows
the position of the residuals together with their values. This
plot is particularly useful because it highlights the effect of
tuning the variogram parameters on the estimations.

Before dealing with the heuristics of parameter tuning, it
is worth noting that the goal of parameter adjustment is to
improve cross-validation statistics and should be carried out
only if the indices depart unacceptably from their limit val-
ues. All modifications to the parameters should avoid to lead
to a drastic deviation of the theoretical model from the ex-
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perimental variogram. If the support of the sampled points
cannot achieve acceptable cross-validation results within the
given variogram model, a different model should be investi-
gated.

The calibration indices described above can be divided
into two separate groups: sensitive and inertial indices. The
first group is sensitive to small changes of the model param-
eters, and comprises MBE, RRMSE and ASE. The inertial
statistics indices, RMSE, MAE and RMAE, are usually less
affected by modifications to the model parameters.

When sensitive calibration indices assume unacceptable
values, they can usually be improved by varying the length
or the nugget. Small changes to the length parameter have a
direct impact on the MBE and the RRMSE. If RRMSE is too
small, < 1, increasing the length (equivalent to decreasing the
slope near the origin of the variogram) decreases the kriging
variance and increases the value of RRMSE. The converse is
true when the RRMSE is too large, > 1.

If changes to the length do not significantly improve the
RRMSE calibration index, the tuning of the nugget parameter
should be considered. Geometrically, the nugget is the in-
tercept of the variogram model with the y—axis. The nugget
represents the variance near the axis origin and is always non-
negative. A decrease of the nugget decreases the kriging vari-
ance and, consequently, the value of the average standard er-
ror ASE. When the MBE is negative, an increase of the nugget
can adjust this statistics, while for positive values of MBE, a
decrease of the nugget should be considered.

As already noted, the value of the scale parameter should
be approximately equal to the data variance. In general, the
increase of this parameter increases the ASE and decreases
the RRMSE.

Considering the inertial statistics indices, when MBE > 0,
the only way to decrease the magnitude of RMSE and MAE
and the relative magnitude RMAE is to reduce the value of
the nugget. In fact, the larger the ratio between the nugget and
the sill, the larger the values of the inertial statistics indices.
When MBE < 0, an increase of the nugget can improve such
index. It is worth considering that improvements to one index
usually occur at the expense of the other indices, therefore
that a particular care should be taken to properly balance the
various statistical indices, for example by following a law of
conservation of variance, where on average the variance of
the data should be reproduced by the kriging variance. There-
fore, to avoid both over-estimation and under-estimation of
the kriging variance, the value of RMSE should be similar to
that of ASE.

Gaussian distribution checks should always be carried out
for the residuals and the reduced residuals. In particular, the
reduced kriging errors should approximate a standard normal
distribution. If this is not true, a transformation of the data
might be needed to achieve a more normal distribution, fol-
lowed by a new variogram estimation procedure.

The Chauvenet criterion can be useful to identify out-
liers or badly located points (i.e., not robust points), which
can negatively affect the variogram model parameters. Such
points should be discarded (or at least adjusted) from the data
set [11]. Changes to the experimental variogram due to the

variogram  automatic refined units
parameter model model

length 1493948  16000.00 m
range 2587594  27712.81 m
nugget 0.047 0.035 m?
scale 1.048 1.115 m?
sill 1.095 1.150 m?

Table I: Variogram model parameters calculated (a) with an
automatic OLS optimization method and (b) after refinement
with the trial-and-error strategy.

removal of the outliers also require to repeat the whole vario-
gram estimation procedure.

4. APPLICATION TO A CASE STUDY

The trial-and-error strategy has been assessed using a data
set consisting of piezometric head measurements [12, 13]. A
Gaussian variogram model has been calculated using an au-
tomatic OLS method, obtaining a set of initial model param-
eters and the corresponding statistical indices. A thorough
structural analysis has preliminary been carried out to select
the proper variogram model among several possible isotropic
and anisotropic alternatives. The best agreement with the
measured data has been obtained with the selected isotropic
model.

A trial-and-error strategy has been applied to improve the
values of the calibration statistics, obtaining a new set of re-
fined model parameters.

The results are summarized in Table I and Table II, that
list the model parameters and the corresponding statistical in-
dices before and after refinement. The plots of the initial and
refined variogram models are shown in Figure 2, while Fig-
ure 3 shows the Q-Q plots and the post-plots of the initial and
refined models.

The automatic model fitting strategy performs quite well
with this data set, as it is evident by the values of the statisti-
cal indices of Table II, in particular MBE, RMSE and MAE.

statistical automatic refined % relative
index model model improvement
MBE —0.00150 0.00036 124.0
RMSE 0.25906 0.25581 1.3
ASE 0.29927 0.25767 13.9
MAE 0.19890 0.19652 1.2
RMAE 0.77509 0.76982 0.7
RRMSE 0.88233 1.02203 118.7
ASE/RMSE 1.15522 1.00727 95.3
MAE/RMSE 0.76778 0.76823 0.2

Table II: Calibration indices of (a) the initial variogram model
calculated with an automatic OLS optimization method, and
(b) of the model refined with the trial-and-error strategy. The
last column shows the relative improvement of the refined sta-
tistical indices with respect to the limit values of each index.
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Figure 2: Experimental variogram (red squares) together with
the initial (solid line) and refined (dashed line) variogram
models calculated from the measured data set.

Howeyver, the values of the ASE/RMSE and MAE/RMSE ra-
tios are not so close to their limit values (Table II), suggest-
ing the possibility of a further improvement of the variogram
model parameters.

Increasing the length and decreasing the nugget by small
amounts dramatically improves some statistical indices, in
particular MBE, RRMSE and ASE/RMSE and, to a lesser
extent, ASE, as shown in the refined column of Table II.
Other indices, namely RMAE and MAE/RMSE, change very
slightly and are almost insensitive to modifications of the
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Figure 3: Graphical plots of the initial and refined variogram
models calculated from the measured data set: (a)-(b) Q-Q
plots, (c)-(d) post-plots.

model parameters. Also the Q-Q plot of the refined model
shows only a minor improvement, since the reduced residuals
of the initial model are already very well aligned along the
reference line (Fig. 3). Inspecting the post-plot of the refined
model, it is apparent that the size of the posts, that is pro-
portional to the absolute magnitude of the residuals, has been
reduced by the refinement (Fig. 3), proving the effectiveness
of the trial-and-error strategy for tuning the variogram model
parameters.

5. CONCLUSION

The final and most important stage in the construction of
a theoretical variogram model is the refinement of the model
parameters, in order to improve the agreement of the theoret-
ical model to the available experimental data. We have re-
viewed the main statistical indices used to evaluate the effect
of the changes to the model parameters, highlighting the spe-
cific information provided by each index. We have also de-
scribed a few heuristic strategies for manually improving by
trial-and-error the agreement of the model to the data. The
application of the trial-and-error refinement strategy to a case
study is also briefly reported.
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