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Abstract – Marine geodesy, offshore surveys and 
physical oceanography are usually related to the highly 
precise kinematic positioning of surveying platforms 
such as vessels, buoys and aircrafts. Currently, the 
Global Navigation Satellite Systems (GNSS) can 
provide a kinematic positioning accuracy of decimeter 
to centimeter level in relative mode, being potentially 
an appropriate choice for determining marine 
platform positions. However, these positioning 
techniques are related to the presence of reference 
stations and are not applicable in remote areas. In this 
work, two approaches are considered to determine the 
altitude variations of GPS antenna, which is an 
important parameter for the analysis of a ship motion. 
In detail, time-differencing of carrier phase 
measurements and precise point positioning 
approaches are applied on static data, collected by a 
single-frequency receiver, in order to assess the vertical 
variations performance. 

 I. INTRODUCTION 
Nowadays the vessel navigation is supported by a 

variety of independent sources of navigational 
information. The Global Navigation Satellite Systems 
(GNSS) is considered the key component in maritime 
navigation for provision of an absolute position, velocity 
and precise time (PVT) information.  

Techniques of precise positioning have been developed 
and largely adopted for new maritime applications, related 
to accurate positioning requirements for anchoring or 
manoeuvring floating platforms, control of maritime 
works, sea level measurement and hydrographic 
surveying. 

For example, buoys and ships, equipped with GNSS, are 
used to measure sea level for validation/calibration of 
satellite radar altimetry [1]. Using kinematic GNSS precise 
relative positioning for vertical control in hydrographic 
surveys is now a commonplace after being in a research-
to-operations mode for several years [2]. Accurate 
positioning of ships and buoys will provide valuable 
information of the Sea Surface Height (SSH) to 
complement satellite altimetry data or as an additional 
sensor for tsunami early warning systems. GNSS 
measurements collected aboard a ship can be used as input 

parameter to algorithms determining the sea spectrum 
from the ship motion [3][4]. However, these applications 
are currently restricted to coastal areas, near one or a 
network of reference stations. 

GNSS precise positioning in the oceans is an attractive 
possibility, which needs to be exploited. Indeed, precise 
positioning of a moving ship is especially challenging due 
to the high dynamics of the antenna and the high 
reflectivity of the water. The capabilities of GNSS for 
shipborne applications have been extensively investigated 
and the core of these studies is based on the possibilities to 
obtain reliable and accurate antenna coordinates and 
velocities [5]. A wide variety of different approaches to 
achieve reliable and accurate PVT has been developed in 
the past. 

Carrier phase (CP) measurements are highly precise 
observations but they are very sensitive to signal 
obstruction and inevitably affected by an ambiguity which 
is unknown to the user. The “classical” way to deal with 
this issue is realtime-kinematic (RTK) approach. Suchlike 
method is based on double-differenced carrier phase 
observations from a rover and a base receiver. The method 
is usually applied to raw data from geodetic grade 
receivers and is restricted to baseline lengths of about 10 
km. Several minutes of static initialization data are 
required in order to estimate the unknown ambiguities to 
fixed values. 

Precise Point Positioning (PPP) is going to become an 
efficient alternative to relative kinematic positioning for 
maritime applications. PPP aims for precise static and 
kinematic position determination using a single GNSS 
receiver. The success of this method will significantly 
improve the operational flexibility of GNSS precise 
positioning, reducing the field operational costs. Such 
method will increase the number of applications using 
GNSS technology, and will play a major role in marine 
geodesy, offshore surveys and physical oceanography 
allowing precise positioning in extensive ocean areas 
where it was not possible before. Applying precise satellite 
orbit and clock corrections as well as ionospheric 
correction maps, the method allows to achieve centimeter 
precision after successful static initialization of typically 
more than 20 minutes using a stand-alone GNSS receiver 
[6].   

Time-differencing of CP measurements is a way to use 
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CP, cancelling the ambiguity. The conventional way to 
compute velocities using a stand-alone GNSS receiver is 
either by differencing two consecutive positions or by 
using Doppler measurements relative to user-satellite 
motion [7]. Doppler-based velocity is the most widely used 
technique with a cm/s accuracy, while differencing 
consecutive positions from single point positioning (SPP) 
yields velocity with an accuracy one order of magnitude 
larger. Alternatively, velocity can be computed by 
processing differences of consecutive carrier phase 
measurements, which enables accuracies at the mm/s level 
[8]. Generally, the use of CP observable is limited by the 
resolution of carrier phase ambiguity, but the Time-
Differenced Carrier Phase (TDCP) technique overcomes 
this problem, because the ambiguity, in the case of no cycle 
slip, is constant and is erased by means of differencing two 
consecutive carrier phases. The TDCP observables are 
directly related to the position variation (delta position) 
and so are suitable to estimate the average velocity 
between two considered epochs. Differencing two 
consecutive carrier phases removes or greatly reduces the 
effects of various common errors between the 
measurements allowing a very accurate estimation of 
velocity and displacement.  

The aim of this paper is to compute vertical position 
variations using two GNSS techniques, both based on CP, 
such as TDCP and PPP. To this purpose, data from a single 
frequency (SF) GNSS receiver are processed. The 
performance of the considered approaches are verified 
using a static data collection of 4 hours. 

 II. GPS SINGLE FREQUENCY POSITIONING 
MODEL 

A. TDCP 
The TDCP method uses as measurements the single 

differences in time of the carrier phase measurements, 
whose equation is given by: 

 (1) 

where  is the measured CP (expressed in m) on the 
considered frequency f, the indices r and s are referred, 
respectively, to receiver and satellite. The satellite-receiver 
distance (m) is indicated by , c is the speed light (m/sec),  

 and  are the receiver and satellite clock offset (sec), 
 is the ionospheric delay,  is the tropospheric delay 

(m),  is the wavelength of the carrier,  is the phase 
ambiguity term (in cycles) and  includes multipath and 
receiver noise. 

Computing the time-difference of successive carrier 
phases to the same satellite at small sampling intervals (≤1 
Hz), the TDCP measures are obtained. So, the constant 
integer ambiguities are eliminated as well as most of the 
common errors such as satellite clock bias, ephemeris 
error, tropospheric error, and ionospheric error, which vary 

slowly within a small interval [8]. The expression of TDCP 
observations at two successive epochs  and  is: 

 

 
(2) 

where  denotes the differencing operation. The integer 
ambiguity is not included in Eq. (2) as long as a cycle slip 
does not occur. TDCP is sensitive to a cycle slip; if it 
occurs, velocity errors of several cm per seconds can be 
obtained. To overcome this problem, a technique for the 
detection and repair of cycle slip should be applied before 
differencing two consecutive carrier phases. Furthermore, 
to obtain precise velocity estimation, the errors have to be 
mitigated. Indeed, the individual carrier phase 
measurements have to be compensated; corrections for 
satellite clock error are extracted from broadcast 
ephemeris while the Klobuchar and Saastamoinen models 
[8] are applied to mitigate, respectively, the influence of 
ionospheric and tropospheric effects [9], [10]. In this way, 

,  and  terms become time-
differences of residual errors and are negligible;  is 
negligible too in case the ephemeris errors remain quasi 
constant between the two consecutive epochs considered. 

Therefore, the compensated TDCP measurement is: 
 (3) 

where  includes the errors relative to multipath and 
receiver noise, and the residuals of the partially corrected 
error sources. 

For the representation of the geometric range change 
between two epochs, , the approach in [8][9] is 
considered and its final expression, is given as: 

 (4) 
where 

 (5) 
and 

 (6) 
with 

, 

 
(7) 

being the line of sight unit vectors, and a*b being the inner 
product of vectors a and b,  is the satellite position vector, 

 is the receiver position vector;  is the receiver 
position change (delta position), which is proportional to 
the average receiver velocity between epochs  and  
The term  takes into account changes in the relative 
satellite-receiver geometry that occur because the line of 
sight vector changes its orientation; the term  represents 
a change in the range and is proportional to the average 
Doppler frequency shift caused by satellite-receiver 
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relative motion along the line-of-sight [8][9]. 
The TDCP measurement compensated and adjusted for 

the terms  and  becomes: 
 
 (8) 

Assuming  equations ( ) like (8), it is possible to 
solve for the unknowns  and  using the Weighted 
Least Squares (WLS) method as detailed in [8], [11]; the 
weights of the weighting matrix are chosen related to the 
elevation of the satellites [12].  

Furthermore, the classic broadcast ephemeris selection 
criterion cannot be used for TDCP. Usually, the broadcast 
ephemeris set closest to the measurement epoch is chosen 
to compute position with pseudoranges or velocity with 
Doppler measurements. In this way, it can happen that two 
different ephemeris sets are used at two certain 
consecutive epochs. Conversely, the TDCP technique 
requires two consecutive measurements and the use of 
different broadcast ephemerides can give rise to a 
discontinuity in the TDCP measurements, affecting the 
velocity estimation. This limit can be overcome computing 
satellite positions using the same broadcast ephemeris set 
at epochs  and  [8]. 

B. SF-PPP 
SF-PPP is based on pseudorange (PR) and CP 

observations and their equations, at frequency f, are: 

 (9) 

 
(10) 

where  is the measured PR (in m) for the frequency 
f and  is the measured CP (expressed in m) on the 
considered f. The terms ,  and , ,  i ,  have 
the same meaning of eq. 1. In addition,  is the windup 
term due to the circular polarization of the electromagnetic 
signal. The terms  and  are the receiver and 
satellite instrumental delay for the code measurements, 
while  and  are the CP instrumental delay. 
Finally,  and contain the residual error for the PR 
and CP measurements [13][14].  

The core of the PPP is the use of several correction 
models to be applied to mitigate the errors and biases 
affecting the measurements, such as: the precise IGS final 
orbit and satellite clock corrections; GIM from the CODE 
for the ionospheric delay and Saastamoinen’s hydrostatic 
delay correction is used for the computation of the 
tropospheric zenith dry delay [14]. The wet component of 
the tropospheric zenith delay ( ) is considered as an 
additional unknown parameter in the estimation process 

[14]. Differential Code Biases (DCB) are downloaded by 
CODE to correct the satellite instrumental delays while 
code and phase receiver instrumental delay will be 
adsorbed into the receiver clock and phase ambiguity 
terms, respectively. Finally, effects of CP windup, satellite 
antenna offsets, ocean tide loading and relativity are also 
corrected [14].  

Applying the described corrections, the SF-PPP 
observation model considering GPS system is obtained: 

 

 
(11) 

where,  and  are the corrected PR and CP 
observables, C1 denotes C/A code on L1 GPS signal,. The 

 term is the wet part of the tropospheric delay and  
is the troposphere mapping function; c is the speed light, 

 is the combined effect of the receiver clock error and 
the receiver code hardware delay,  is the ambiguity 
parameter joined to the CP instrumental delays; ,  
are the noise terms [14]. 

After the linearization around approximate values of the 
unknowns, the SF-PPP measurement model expressed in 
matrix form is: 

 (12) 
where  is the measurements vector containing the 

difference between the measured and predicted 
observables, are the increments to the approximate 
solution,  is the design matrix and  is the vector of the 
residual errors.  

The unknown parameters in SF-PPP are the receiver 
coordinates, the biased receiver clock error, the wet 
component of the tropospheric delay and the non-integer 
ambiguity parameters. The ambiguities are estimated as 
real numbers by the chosen filter, so they are called 
floating ambiguities. For the SF-PPP solution 
computation, at least 5 satellites are necessary since the 
numbers of equations is 2m and the unknown parameters 
are m+5 [14]. 

The unknown parameters are estimated by the Extended 
Kalman filter, as explained in [15]. Furthermore, to apply 
the KF method, the stochastic models of both 
measurements and parameters need to be defined. A 
variance model as function of the satellite elevation is used 
for PRs while the variance of CP is empirically scaled by a 
1/100 factor. Finally, the stochastic model of the unknown 
parameters is chosen as detailed in [14]. 

 III. TEST AND RESULTS  
To verify the performance of the proposed algorithms 

and their effectiveness to compute the altitude variations 
(Delta U), a static data collection of four hours is 
considered. Measurements, with a sample rate of 1 Hz, 
have been downloaded from ZIMM station of IGS network, 
located in Zimmerwald (Switzerland), at the 29th of January 
2019. The test is static, so the antenna is placed in a well- 
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known location and its velocity is zero.  
The operational scenario emerges from the analysis of 

satellite visibility and geometry, shown in fig. 1 where the 
total number of visible GPS satellites and the behaviour of 
the Position Dilution of Precision (PDOP) are plotted. The 
number of GPS satellites varies from 0 to 9, with an average 
of about 8. During the observation period, PDOP varies 
from a minimum value of 1.5 to a maximum of 2.9 with an 
average of 2.1. 

 
Fig. 1 GPS satellites availability and PDOP values 

during the data collection.  
 
The data have been processed using SF-PPP and TDCP 

algorithms and the performance analysis is conducted 
comparing the time history of the vertical component of the 
TDCP solution versus the SF-PPP vertical variation 
computed between consecutive epochs.  

The altitude variations computed using TDCP have a 
mean value of circa 0.49 mm and a RMS of circa 4.7 mm. 
Conversely, the vertical variations computed using SF-PPP 
have a RMS of 6.9 mm and the mean value is very near to 
zero (0.0015 mm). The highest value is obtained using the 
SF-PPP at the beginning of the data collection when the 
solution is not stable. This period, named time 
convergence, is due to the estimation of the floating 
ambiguities that need about 90 minutes.  

The variation of the vertical component computed using 
the two approaches are plotted as function of the time in 
the fig. 2 where the blue line represents the TDCP vertical 
displacements behaviour and the orange line refers to SF-
PPP. The altitude variations greater than 10 cm obtained 
using SF-PPP are not shown in the figure. 

 
Fig. 2 Time history of delta heights computed using 

TDCP (blue line) and SF-PPP (orange line) approaches. 
 
The figure confirms that the best result is obtained using 

SF-PPP that gives altitude variations more stable and near 
to zero with respect to TDCP. 

 IV. CONCLUSIONS 
The paper compares the performance of two approaches 

to compute vertical position variations using a single 
frequency stand-alone GPS receiver. The considered 
techniques are time-differenced carrier phase (TDCP) and 
precise point positioning (PPP), both based on the use of 
the precise CP measurements. 

PPP is a well-known GNSS processing technique 
providing decimeter to-centimeter positioning accuracy 
without the use of corrections from reference stations but 
using precise satellite products and error correction 
models. However, the existing SF-PPP methods can be 
hardly implemented for high-precision applications due to 
the large error sources that affect accuracy and converge 
time of navigational solution. For instance, since SF- PPP 
is fundamentally based on float solutions, the ambiguity 
term needs more time for the solutions to stabilize, 
influencing the convergence behaviour. Furthermore, 
during the convergence period, the floating ambiguities 
may also limit the accuracy and precision of the SF-PPP 
solutions during the initial observation time as shown by 
the obtained results. Indeed, fig. 2 shows a convergence 
time of 90 minutes where there are the highest PPP errors. 
So, the long convergence time becomes the limiting factor 
for the use of SF-PPP techniques for real-time 
applications.  

On the other hand, TDCP technique overcomes the 
problem due to the resolution of carrier phase ambiguity, 
removing the ambiguity by means of differencing two 
consecutive carrier phases when no cycle slips occur.  

The performance of the two techniques are analysed 
using a static data collection of 4 hours and the results have 
demonstrated that both methods can provide millimetre 
accuracy in an open sky scenario. In particular, at the 
beginning of the data collection TDCP vertical variations 
are lower than SF PPP ones that are affected by the floating 
ambiguities. Conversely, after the convergence time the SF 
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PPP solutions are very near to zero and more stable than 
TDCP. 

In conclusion, a combination of the two approaches can 
provide a potential and promising technique for precise 
kinematic positioning of remote marine platforms in open 
oceans and their performance can be improved using 
multi-GNSS constellation. 
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