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Abstract—Multi-tone signals are discrete-spectrum sig-
nals with spectral components located at non-harmoni-
cally related frequencies. Their spectral analysis can be
performed in short observation intervals by means of a
method that combines the use of a virtual time domain
and statistical techniques. The contributions to uncer-
tainty that specifically arise from the implementation of
the method are discussed in the paper and a study is
developed to optimize the measurement technique in the
case of bi-tone, periodic or not, signals. Finally, experi-
mental results, which confirm theory, are reported and
discussed.

Keywords - Uncertainty analysis, Multi-tone waveforms;
Random sampling; Digital signal processing; Statistica
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1. INTRODUCTION

Discrete-spectrum signals with components located at
frequencies not harmonically related to the in
dustrial frequency are a special case of almost-
periodic functions, in the sense of Bohr [1], and
are usually referred to as multi-tone. They can be
periodic or nonperiodic. Multi-tone voltages and currents
can be observed in electrical circuits with time-varying
loads in steady-state operation.

The traditional digital techniques for periodic-signa
analysis use short observation intervals and can therefore
lack accuracy when applied to multi-tone signals. For in-
stance, if the conventional Discrete Fourier Transform
(DFT) agorithm isimplemented, leakage effects occur.

Windowing techniques are very often implemented to
overcomethis problem, seee.g. [2-9].

A different approach, which alows using fi-
nite observation intervals even in the analysis of
nonperiodic multi-tone signals, was proposed by
the authors in [10-11]. It combines the use of a
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virtual time-domain (which allows exploiting the DFT ago-
rithm advantages) and statistical techniques so that |eakage
effects and aliasing are reduced. However, the implementa
tion of the approach proposed gives rise to specific compo-
nents of uncertainty that will be discussed in this paper. In
particular, a study will be developed to optimize the meas-
urement technique in the case of bi-tone signals. Finally, the
results of some experimental work for the theory validation
will be reported and discussed in this paper.

2. THEORETICAL BACKGROUND

Let us consider a nonlinear circuit forced by m tone
generators and denote by {w} the set of the fundamental an-
gular frequencies of the tones (j is1 £ ] £ m). Let also be
w= 2p/T; = 2pfj, where T; and f; are the period and the funda-
mental frequency, respectively, of the generic tone. The ge-
neric multi-tone signal x(t) forced by the above tones can be
expressed by means of the following equation:
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If (1) contains spectral components located at non-rational
frequencies, it is referred to as quasi-periodic. In (1), the

complex quantity Lnl._.nj__nm —L_nl_._nj_"_ - (the asterisk
denotes the complex conjugate) isthe generic Fourier coef-
ficient relevant to the angular frequency
Nywit..+Nwi+..+NmWi, the elements of the set {n;} areinte-
ger, whereas those of {H;} are natural numbers.

Thevirtua signal x(t4,...tj,..tm), defined asfollows:
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is periodic in each virtual coordinate tq, ...tm. If itis: t; =
..tm = t, (2) represents the actual signal (1); hence, the
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spectral components of (1) can be determined by applying
the Fourier Transform to the signal (2) in each virtud
coordinate. The spectral analysis of discrete-spectrum, even
nonperiodic, signals can therefore be performed by using
short observation intervals To, in the order of those used by
the commercial instruments.

In many practical situations, the electrical power sys-
tems can be modeled by means of nonlinear circuits forced
by bi-tone generators. This could be, for instance, the case
of power systems containing static converters. Let us con
sider the generic virtual bi-tone signal:

D Hp H2
x(t,t,)= & a annz elnwity gingwata (3)
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If the so-called virtua time-domain approach is used [11],
the generic spectral component of (3) can be determined
according to the following equation:
T /2] Tol2 ﬂ
0 = Oty to) e anWztzdtzye InWitigey . (4)
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In (4), T, and T, are the periods of the tones, which are peri-
odicinthevirtua coordinatet; andt,, respectively.

To implement (4), x isfirst sampled at regular time in-
tervals equal to T, within To and starting from a given in-
stant, which we denote by g3, thus acquiring a sequence of
length Ng. This procedure turnsinto a sampling strategy such
that (3) isacquired at regular time intervalsin the virtual co-
ordinate t,. Since the two tones are not harmonically re-
lated, this can lead to arandom sampling of (3) in the virtua
coordinate t;. If the two tones are non-commensurable, this
condition of random sampling isintrinsically met, otherwise
the autocorrelaion matrix must be analyzed [12]. Perform:
ing a random sampling in t; is a necessary condition to get
consistent and efficient estimates of the spectral compo-
nents (4). As soon as the acquisition process ends, a nonpe-
riodic finite-length sequence denoted by Xq2[h] = x(gz,hT2),
with h integer, is got, which is a function of a random vari-
able. If g, isvaried within atime interval equal to T, so that
02= kTs (Ts being the sampling period and k an integer) the
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estimate annz of the spectral component X5, isthen
given by the following equation:
~ Ts 1 T2/ Ts-1 e
L iyhp _T_ﬁ & & xglhle ANt g Ji2v2kTs - (5)
2 k=0H {h}

where N is the nonperiodic-sequence length, n, and

n, refer to given values of n; and n,, respectively.

In practical situations, the actual values of the funda
mental frequencies of both tones could not be known. It was
shown in [13] that knowing ap-
proximate frequency values,
such as the nominal ones, is
enough to perform the spectral
analysis of abi-tone signdl.
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3. UNCERTAINTY ANALYSIS

Besides the effects of well-known contributions, such
as gain, nonlinearity, quantization, noise, the uncertainty in
spectral -components estimate (5) also depends on other
sources that are intrinsic in the method implementation.
They mainly are:

a kind of time jitter, which affects the first exponential
in (4) and occurs when the ratio T4 T, is not integer. In this
case, the generic sampleis acquired at an instant that differs
from the theoretical instant hT, by a quantity randomly
changing in value and sign. Thisjitter can be treated as aran-
dom variable and turns into a contribution to uncertainty
that, for convenience, we refer to as Type A standard uncer-
tainty, in accordance with [14]. It can be avoided if a clock
signal is available to trigger the acquisition process with the
period T,. Otherwisg, it can be reduced by increasing either
the sampling rate or the sequence length N.

A contribution arising when either f; or f,, or both, are
not exactly known. The nature of this contribution depends
on whether fsis multiple of f, or not. In the former case, it is
similar to a leakage effect. If fsis not multiple of f,, this
turns into leakage and jitter effects on the spectrd-
components estimates.

A further contribution to uncertainty arises from the sta-
tistical procedure adopted and is given by the variance asso-
ciated to the spectral-component estimate. This Type A
standard uncertainty represents the lower limit of uncer-
tainty of the method proposed.

To optimize the measurement strategy of X .. itis

EANLIL)
therefore necessary that f, is known, or the relevant clock is
available to trigger the acquisition process, and that the sam-
pling frequency is a multiple of f,. The method implementa
tion described in the following Section will meet the above
conditions. Therefore, the study will mainly be focused on
the Type A standard uncertainty associated to the variance of
the spectral -component estimate.

The statistical properties (expected value M{ X - Xy } and

variance Var{ X .- }) of the above spectral-component

22 o
estimates will therefore be investigated in this paper. It will
be shown in the Appendix that the expected value and the

variance of the estimate —— & xq,[he ™4 which
h {n}

appearsin (5) and is denoted by the symbol X B

by the equations (6) and (7):
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In (7), yn isarandom integer variable. It is then possible to
determine how the component (7) of uncertainty propagates
through the DFT algorithm to affect the estimate (5). It is

worthwhile noting that Xﬁl is asymptotically unbiased. If

{e' i2pfiT2(ne- f)yy, }><M {Xm}Jr

the condition of independent random variablesis not met, so
that the estimates (5) are biased, or the sequencelength N is
not properly chosen, the effect of this Type A standard
uncertainty can exceed that of all other error sources.

4. EXPERIMENTAL WORK

Experiments were carried out to both verify the theory
leading to (6) and (7) and test the performance of the
method. To this purpose, the
spectral analysis of a bi-tone signa
was simulated, since simulations

" i2pfAToh (- fy) o J2pfI ATk (M- ) o

In the case #1, the tone frequencies were: f;=52.125

Hz and f,=4 kHz; the signa in the case #2 only

differs from the previous one because of the

frequency value of tone 1, which was taken f;

=30.108 Hz = 52.134729..Hz. Hence, the signal (9)

in case #1 is periodic with period 10%s, in case #2 is

quasi-periodic.

A Monte-Carlo procedure, in which each
experiment was repeated 200 times, was adopted to
investigate on the expected value and variance of the
spectral -component estimates.

It was verified, as it is shown in Fig. 1, that taking A=2
optimizes the method performance, thus providing the
lowest uncertainties in the estimates of both the amplitude
and phase of the signal spectral components.

The expected values of the amplitude and phase, along
with their standard deviation s, of the tones of the signal (9),
in both the cases #1 and #2, are compared to the reference
onesin Tab. 1. The above results were determined by taking
A=2 (hence, by processing on average N,=Ny/2=540" sam-
ples). They prove that the method performance is the same,
no matter the bi-tone signal is periodic or not.

@

Table 1- Comparison between the results of the spectral analysis of the bi-tone signal (9) and the reference
values of amplitudes and phases.

have the advantage of providing Ui [V] 11 [rad] Yy I o[rad
. . Ref. | Exp. Ref. Exp. Ref. | Exp. Ref. | Exp.
reference Slgnals with exaCtIy Case value | value S value | value S value| value s value | value s
known parameters. #1 |50 | 4995 | 186-2| 05236 | 05217 | 38E3| 5 |500 | 11E2| 0 |-6E4 | 24E-3
In the simulations, the signal #2 |50 |4994 | 1852|0523 | 05217 | 383 | 5 |500 | 1462| 0 |-7E4 | 2663

was acquired with a sampling
frequency fs=100kSa/s to get a sequence of length N, A
sub-set of data was then built by extracting from the above
sequence al the samples relevant to instants spaced of a
time interval equa to the smaller between the two tone
periods (we assume it is T,). Finally, the elements of the
nonperiodic sequence X;2[h] were randomly extracted from
the above sub-set, according to a suitable law, in such away
that the generic k-th element corresponds to the instant t
given by the following equation:

te = (Ak+ Yy ) Ty, (8)
where: k=1, 2, ..., Np; N, refers to the number of processed
data; A is a suitable natural even number (which alows to
randomize the choice of tx) and yx arandom integer variable
with uniform distribution in [- A/2, + A/2]. On average, the
value of N, is egual to NJ/A. If we impose yi = 0, aleskage
effect arising from the fact that fsand T, are asynchronous

could affect the estimate of X nny *

Asfor the signal waveforms, two simple cases of voltage
bi-tone signals were first considered and analyzed. Both
were given by the sum of two sinusoidal tones according to
the following equation:

u(t) =U,cos@2pfit+j ;)+U,cos@pf,t+j ,). (9)
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Tab. 2 reports expected value and variance s of both the
amplitude and phase of the tone 1 of signal (9), in the case
#2. They were determined by increasing the length N, of ac-
quired data, i.e. by increasing the observation interval from
0.2sto 1s. Since the variance varies inversely to the number
of processed samples, the Central Limit Theorem is met.
The spectral analysis of a quasi-periodic signal (case #2)
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Fig. 1- Signal (9), case #2: plot of Var{ X } vs. N,
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was aso performed by assuming that the frequency f; was
known with very poor approximation. The method
performance was found to be very good in such a situation,
asit is shown by the results reported at the sixth line in Tab.
2. Asamatter of fact, they are the same as those determined
under the assumption that f; is known, except for an
increased phase angle error (the variance relevant to M{j 1}
increased of one order of magnitude). Asfor the value of f;,
it can be estimated with an approximation expressed by the
less significant digit of the floating point notation of the
microprocessor used.

Finaly, simulations were also performed under the as-
sumption that only the nominal value, not the actua one, of
f, was known. The results at the last line of Tab. 2 refer to a
situation where it was assumed the nominal value f,=4kHz,
whereas the actual value was 3.996 kHz, which is not a sub-
multiple of fs

Table 2- Signal (9), case #2: expected values of amplitude M{U;} and phase
M{j 1} of tone 1 compared to the reference values.

U, [V] 1 [rad]

Processed | Reference Reference .

samples value M{U} s* value M{J 2} s*
10000 50 4977 | 1540* 05236 | 05286 | .6740°
20000 50 4972 | 8540* | 05236 | 05259 | .3340°
30000 50 4975 | 5940* | 05236 | 05232 | .2440°
40000 50 4984 | 4540* | 05236 | 05217 | .1840°
50000 50 4994 | 3440* | 05236 | 05217 | .1440°
50000 50 499 | 3140* | 05236 | 05228 | 1.240°
50000 50 4997 | 3540* | 05236 | 05230 | .7140°

Equation (7) shows that the variance of a spectral-compo-
nent estimate depends on the number of the signal spectra
components. The waveform of the bi-tone signal (9) was
therefore modified by adding harmonics of the frequencies
of the two tones. The results of simulations aimed to in-
vestigate the effect of the presence of harmonics of tone 1
(in particular: number and order of harmonic components)
arereportedin Tab. 3and Tab. 4.

Table 3 Bi-tone signal, case #2: expected values of amplitude and phase of
tone 1 vs. the number of its harmonic components. A=2; To=1s.

U, V] j 1 [rad]
Number of Ref. 2 Ref. . 5
harmonics | value M{U} s Value M{j 1} S
1 50 4995 | 4040° | 05236 | 05219 | .1940°
2 50 4994 | 6340% | 05236 | 05223 | .2140°
3 50 4994 | 8540% | 05236 | 05222 | .2640°
4 50 4993 | 1240“ | 05236 | 05223 | .2740°
5 50 4993 | 1440* | 05236 | 05223 | .3040°

An increasing number of odd-order harmonics (whose am-
plitudes and phases are listed in Tab. 4) was added to the
tone 1. Tab. 3 shows that the variance of the estimate of the
parameters of tone 1 increases as the number of harmonics
increases. Tab.4 reports the results of the spectral analysis
of a quasi-periodic bi-tone signal with five harmonics added
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to the tone 1. It shows that the variance (and, hence, s) in-
creases as the order h of the spectral component increases.
As for the influence of the amplitude Uy, of the generic har-
monic component, comparing the two last lines of Tab. 4
seems to show that the variance of the phase estimate im-
proves as the component amplitude increases.

Table4- Comparison between the reference and expected values of amplitude
and phase of the spectral components added to signal (9) , case#2. A=2; To=
1s.

Un V] j n[red]
Commana | " | mewy s | GEE [ i
3% 15 1501+ 0.06 0 (-4+ 310°
5% 10 9.98+ 0.07 0 (-7 740°
7 7 6.96+ 0.10 0 (-9+13)10°
of, 55 545+ 011 0 (-3+2220°
104, 45 446+ 015 0 (-7£35)40°
114 45 4497+018 0 (-0.4% 420°

Finally, the trends of Var{ X; }, which were derived

from both the theoretical model (7) and simulations per-
formed on a quasi-periodic bi-tone signal, are plotted in Fig.
2 vs. the nonperiodic-sequence length N. The value N=2000
corresponds to an observation interval To=1s. Note that the
above curves (like also those in the Fig. 1) are in agreement
with the Central Limit Theorem.

5. CONCLUSIONS

Multi-tone signals have discrete-spectrum waveforms
with spectral components located at non-harmonically re-
lated frequencies. They can be periodic or quasi-periodic;
the latter case occurs when spectral components are located
at frequencies expressed by non-rational numbers. A multi-
tone signal can be analyzed in short observation intervas by
using a virtua time-domain approach combined with a sta
tistical technique. Specific contributions to uncertainty
arise from the method implementation. They have been dis-
cussed in the paper, in the case of bi-tone signals, with the
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purpose of finding an optima measurement strategy. It re-
quiresthat the fundamental frequency of atoneis known and
is a sub-multiple of the sampling frequency. When these
conditions are met, the lower limit of uncertainty in spectral
analysis is a Type A standard uncertainty given by the vari-
ance of the statistical mean value of the spectral -component
estimate.

A study aimed at modeling the statistical properties of
the above estimates has also been developed in the paper.
Tests have been simulated to compare with theory the meas-
urement results obtained both under optimal and non-opti-
mal conditions. The simulations results confirm theory and
show the very good performance of the method proposed.

6. APPENDIX

6.1 Expected value and variance of X;

Since al the sampling instants are separated by a multi-
ple of Ty, Xm can be expressed by:
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Since ty, = (hA+ yn )T, , it holds:
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Moreover, it can easily be shown that:
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The last sumin (A4), which isa geometric series, gives:

178 " ganianta (- i) = giptma(nn- (-2 SPECBNATy (1 - )
N h 0 sinc( f;AT,(n, - 1))

so that (A4) provides (6).
Asfor the variance of Xm )

Var{Xﬁl}: M;}‘Xﬁl

it holds:
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which, with some steps, turnsinto (7).
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