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Abstract — The effect of measurement uncertainty on esti- 2. MEASUREMENTS AND QUALITY CONTROL
mates and decisions performed under a regime of quality con-
trol and improvement, is considered in this paper. Standard
statistical quality tools are analyzed such as control charts
and instrument calibration procedures. Their performanceis
characterized under the assumption of both Gaussian and uni-
formly distributed measurement uncertainty. Exact and ap-
proximate expressions are derived that allow the design of
suitable proceduresincluding the contribution of measurement
uncertainty.

Running a program of statistical quality control and manag-
ing measurement apparata in accordance to the requirements
of metrological confirmation [1], affects the procedures re-
garding process surveillance through

« control charts;

« conformance testing;

« calibration.

Many of the above cited techniques require prior evaluation
of the principal statistical properties of the random variable
modeling the process outcome. Since uncertainty will affect
Keywords — Test uncertainty ratio, metrological confirma- the measured data, the manufacturing process behavior can be

tion, statistical quality control, calibration. determined only up to a disturbing contribution related to the
measurement procedure. If the random variabtepresents
. A .
1. INTRODUCTION the measurement uncertainty, then= x + € is the random

variable describing the measurement process outcome. Con-
The extensive application of management models aimed a&equently, if is zero-mean, under the common assumption of
the assurance and improvement of company process qualifitatistical independencg,, =/, ando—g = 02 + o2, where
levels has produced stimulating debates on the role of test ar)g andao? represent the mean value and variance of the corre-

measurement in the development of a documented quality Sygponding random variables, respectively. The sampling mean
tem. A prominent position has been taken by the widely ac-_

JAN N—1 . .
cepted models described in the 1SO 9000 series of standarddy = /N 2_,—¢ ¥[n], is commonly employed to estimate
which have been applied worldwide with steadily growing /v» WhereN is the number of processed samples ghdlis
rates. In fact, in 1ISO 9001:1994 paragraph 4.11 it is stated thaf® Sequence of measurement process outcomes. Similarly, the

“The supplier shall identify, calibrate, and adjust all inspec-Standard deviation of is usually estimated using

tion, measuring and test equipment” Even in the recently N1
published revision of such standards, in many other guidance N 1 . \2 (1)
norms and in topic-specific standards [1], [2] the importance of T TAIN 1 z_;) (y[n] = f1y)"

test and measurement activities has always been highlighted.
Moreover, the recognition by the international agencies, of thavhile the sampling mean is an unbiased estimator of the
impelling need to regulate such a complicated matter has legrocess mean, it is known that, when is Gaussian,

to the publication of an European Prestandard [3], known a$s, /o, )+/N — 1 is distributed as the square—root of aran-

the “Guide to the Expression of Uncertainty in Measurement,’dom variable withV — 1 degrees of freedom. Thus, it can be
and of an important norm regarding the accreditation of laboproved that [5]:

ratories [4], which now supersedes the former ISO/IEC Guide

25:1990. Ay A |2 I'(N/2)
According to the cited documents and to the best practices E{oy} = oyea(N), - ea(N) = N—-1T[(N -1)/2)
in managing instrumentation and product quality in a mature (2)

industrial environment, several tasks are commonly carriesvhere E{-} is the expectation operator afid-) is the so—
out, that require caution in dealing with uncertainty and relateccalled gamma function [6].

probabilistic risk assessment. This paper addresses the is-In the following subsections, it is shown how to include the
sues arising in a quality—oriented organization, from the use oéffects of measurement uncertainty in quality—oriented prac-
measuring equipment involved in decision—making processesices aimed at process surveillance.

At first, a brief description is made of the industrial practices

requiring strict—sense measurements. Then, potential cons2-1 Control Charts and Measurement Uncertainty

quences of uncontrolled sources of uncertainty are analyzed

both qualitatively and quantitatively. Control charts are usually employed to monitor the aver-

age behavior and the variability of quality characteristics in a
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manufacturing or service process [5]. A widely applied pairtest uncertainty ratio (TUR). Expression (3) holds approxi-

of control charts is the&—o pair, which are used to control mately, since LCL and UCL are usually estimated in a prior
the behavior of sampled mean and sampled standard deviatiammart design phase using the sampling mean and (1) applied to
of x. Both control chart limits, that is the boundaries that if a large number of samples.

trespassed will trigger aout-of-control event, are frequently With the aim of determining how measurement uncertainty
set by estimating the mean value and standard deviation of thefffects the probability of Type Il errors, (3) has been plotted in
random variable. Fig. 1 as a function of /o, assumingR € {1,1.5,2,5, o0},

In fact, in a chart designed to monitor the process averagealong with the corresponding values of ARLR) = 1/[1 —
(z—chart), it is common to set the control limits around a givengz(R)] reported on the right axis. The symbab' applies
process mean valugy at a distance of-30,1. This choice wheno, = 0, that is when measurement uncertainty can be
sets also the probability of Type | errors. However, siage  neglected. The graph in Fig. 1 shows that for giveando .,
is known only through (1), the contribution efwill affectthe by decreasing, the effect of a given deviation is increasingly
chart property with respect to probability of Type Il errors and obscured by the presence of measurement uncertainty. In order
out-of-controlaverage run length (ARL ;). The former quan- to highlight the role of TUR in determining the behavior of
tity represents the probability of concluding that the procesg3) as a function ob/o, < 0.5, 5z(-) has been expanded
average is in control while it is out-of-control, while ARL asymptotically assuming — oco. Accordingly, the following
defines the average number of tests to be carried out before aesults
out-of-control status is detected. Clearly, both the probabil-
ity of Type Il errors and ARL are required to be low, so to Be(R) ~ Bz(o0) + Y [¢ <3 _ i) -6 (3 _ i)}
improve the effectiveness of the control chart. 20, R? z 0. )]’

In order to appreciate the magnitude of the deviation from R— oo (4)
nominal behavior resulting from the effect of measurement un-
certainty, assume the random variables to be Gaussian. Then, which ¢(-) is the probability density function of a zero—
the probability of Type Il errors;jz(), that is the operating- - mean unity—variance Gaussian random variable&(do) =
characteristic curve, is given by: limp .. Bz(R), that is the probability of Type Il errors when

A measurement uncertainty can be neglected. Simulation re-
Bz(R) = P{Typellerr} = PHLCL <y < UCL|us # o} sults show that the absolute difference between (4) and (3)
5 5 ishboundzd b}éi -1073 as long asl?] >d3 aarg@%g)m < ?5)
~do[3—- —— | - p|-3——— |(3 Thus, under these assumptions, the devi - B(R
os/1+ % os/1+ % © vanishes approximately dg R2. Moreover, numerical simu-

lations show that, for a given value &f > 1, (3) well approx-

where LCL and UCL are the chart lower and upper controlimates the probability of Type Il errors also when uniformly
limits and ®(-) is the distribution function of a zero—mean distributed uncertainty is assumed.

unity—variance Gaussian random variable. Moreover, in (3), A o control-chartis designed in order to monitor the equiv-
alence of the measured process standard deviation to a preset

o A, value oy, representing the standard deviation of the process
justifies the out-of-control status, artl = 7= represents the when in statistical control, and usually determined in a prior
phase of the chart design. Because of measurement uncer-

L A single observation is assumed in this paragraph. In the caseiotie- taintv. such prior evaluation provid - T 1/R2
pendent observations, results still hold provigeds replaced by, /v/N. Ys p p €50 = 0o :

52 Itz — Mo, that is the deviation from the mean value that

=]
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Figure 1. Probability of Type Il errors and ARwhen running a@—control Figure 2. Probability of Type Il errors when runningsacontrol chart as-
chart under the assumption of a Gaussian—distributed quality characterist®msming Gaussian—distributed quality characteristics as a function of the ratio
as a function of normalized deviation from the mean under the effects of mebetween out—of—control and in—control process standard deviations and under
surement uncertainty. the effects of measurement uncertainty.
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Thus, since (1) is employed to evaluate estimate to be pd2R and PR depend on whether the uncertainty is Gaussian
sitioned on the chart, the resulting control chart will exhibit or uniformly distributed. By assuming uniformly—distributed

a central line equal te,oca(N). Moreover, by assuming uncertainty the following results:

LCL= 0, for a given valuey of the probability of Type | errors,

UCL=0yXN-1,1—a/VN — 1 results, where(y_1,1—q, is the erf(%\/g - %) (571% - %)
(1 — a)—quantile of the square—root of a chi—square random Z = = =
i ithiV — _of— terf( Ly /2+ ) (2L + 1) — Blerf( 2
variable with N — 1 degrees—of—freedom [5]. Consequently, (R\/; V2)\2v3 " 2 V3 vz
the probability of Type Il errors is given by (App. A): 72ie_%(%+§2) sinh (g_ﬁ S< 3
CR= ver R 2
AN 1+ 2
Bo(R) = X <7RX?V 1,1— a> (5) SR | 1 1 /3 E S
A2 L ﬁ+§ erf & §+ﬁ) *erf(\ﬁ :|
) ) e - I P S 5o\
whereXy () andx%_, ,_, representthe probability distri- Jor 5k
bution function and th¢l — «)—quantile of a chi—square ran- 9)
dom variable withV — 1 degrees—of—freedom, respectively.
Moreover, in (5),A £ o, /oy where is th - —Lerf(Z) (RS - S<¥3
: , 2/ 00 o # 00, is the pro serf( %5 ) (RS V3) S<y
cess standard deviation justifying the out—of-control condi- 3 L /5 3 . Br
tion. Observe that, wheR — oo andX — 1, (5) is equal PR= [erf(ﬁ) + erf(ﬁ\/g— ﬁ)} (5 - m)
to1 — «, as expected. In Fig. Z,,(-) has been plotted assum- R _5 | (BB__s) = 3
: _ : +—=e" 7 e F "2rZ/ -1 S>> X
ing N = 5 and25 for various values of the TUR. The curve V6r 2R
labeled withR = oo corresponds to the absence of measure- (10)
ment uncertainty. Conversely, by assuming Gaussian—distributed uncertainty,

By following the same reasoning leading to (4) we obtain: CR and PR are in the form of double integrals, which can not
) be integrated analytically. Then, using numerical approxima-
-1, 9 (XN_L;L_Q> tions, and assuming < R < 4, andl < S < 10, with

ﬁo’R:ﬁo’OO +—X7 70(1.7 _
B (00) 3T XN 110N 1 A? S £ S/0,, the following applies (App. B):

R — o0 (6) —
. CR ~ erf (\/5 - R?) {1 —erf (w)]
whereg, (o0) = limp_. - (R), andz%_, (-) represents the V2K 20V Ko
probability density function of a chi-square random variable o LR o (77R§+5o§2+301~z2) (11)

with N — 1 degrees—of—freedom. Numerical investigations
show that the absolute error between (5) and (6) is boundeglarerc. 2 38R2 — 3R + 55. and erf-) is the error function
by 10~2 aslongask > 3,5-1073 < a < 5-1072 and [6] Moreoover oo t)

5 < n < 100. Moreover, as evidenced by (6), the deviation™ ’

from 3, (o) vanishes a$/ R2. 5 R(756R5” +11005v/3—605R)
PR~ 5 ﬁe_ 8K
2.2 Conformance Testing and Measurement Uncertainty v -
L . . 1005 + 151 RS + 55v/2R
Conformance testing is the procedure by which a quality . {erf[ + +55v2
characteristic is measured against pre—set limits. These spec- 10V K,

tion or part of the production regime. A common situation (12)
occurs when the product fails the test if the measured quan- 2VEy

tity is found to be external from a given interval. The con-

tribution of measurement uncertainty may alter the final decwvhereK1 = 250 + 189R?. Simulation results show that (11)
sion. In fact, because of the measurement procedure, an ou&nd (12) are accurate to withif¥; to the corresponding prob-
of-limit product may be wrongly accepted or a valid productabilities evaluated without using approximations. By integrat-
may be wrongly rejected. Both situations can be characterizeithg the expressions arising from (7) and (8) or by using (9)
through corresponding probabilities of occurrence which de— (12) directly, the conformance test parameter can be set, by

fine the so-calledonsumer—risk (CR) andproducer—risk (PR)  also taking into account the effect of measurement uncertainty.

ifications may be a customer requirement or a legal obliga- lllﬁR _ 20?1 }
_erf| X =7

respectively defined as, In order to illustrate the behavior of CR and PR, (9) through
(12) have been graphed in Fig. 3 as a function of the TUR, as-

CR2 Prix ¢ Aly € A} (7)  suming various values for the normalized threshold levels. No-

tice that, for a given value of TUR, the CR is larger when uni-

and formly distributed uncertainty is considered. Thus, from this
PRZ Prix € Aly ¢ A} (8)  pointof view, instruments exhibiting Gaussian behavior are to

A be preferred. Accordingly, refer to [8] and [9] for a description
with A = (u, — S, u. + 5), whereS is the test specification of experimental results reporting about commercially avail-
limit. Under the assumption of being Gaussian—distributed, able instruments characterized by Gaussian and/or uniformly
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conforming instrument may lead to even potentially harm-
ful consequences, being excessively conservative may put too
many costs on the producer’s side. In fact, besides economic
considerations, unnecessary calibrations might induce ‘peak-
ing and tweaking’ effects in analog instruments [12] and/or
might alter the managing habits in dealing with recalibration
procedures. The suggested technique of widening/shortening
the recalibration interval according to the instrument previ-
ous conformance status, in accordance with dimeple re-
sponse method described in [2], is certainly affected by unwise
choices regarding the consumer and producer risks.

CONCLUSION

In this paper, the effects of measurement uncertainties on
quality oriented measurements, are taken into considerations.
Directions are given on how to choose the accuracy of mea-
surement apparata in order to reduce their effects when dealing
with control charts, with conformance testing and with calibra-
tion of equipment carried out under programs of metrological
confirmation in documented quality systems. Producer and
consumer risks are recalled and new approximate expressions
are presented under the common assumptions of Gaussian dis-
tributed uncertainties. The analysis has proved that the risks
associated with the added measurement uncertainty are in all

cases regulated by the test uncertainty ratio.

Figure 3. Consumer (a) and producer (b) risks as a function of TURSand APPENDIXA
assuming Gaussian— (solid) and uniformly—distributed (dashed) uncertainties.

DERIVATION OF EXPRESSION(5)

The probability of Type Il errors3,,(-) is given by:
distributed uncertainty. Finally consider thguardbanding— N
based techniques may be adopted for dealing with risks in-  5,(R) = Pr{é, < UCL|o, # 0o}
duced by measurement uncertainty. For a discussion about

these methods refer to [10] and [11]. 0

JN Tl 7o

Pr{&y < XN-1il-a }(A-l)

2.3 Calibration and Equipment Uncertainty Thus,

The need of verifying if an instrument obeys the require- & T
ments of metrological confirmation demands that the instru- 5o (R) = Pr{a—yv N-1< XNfl,lfaO_kaz # 0’0} :
ment be periodically tested and eventually calibrated. Accord- Y Y (A.2)
ingly, a suitable source of known accuracy is employed asince, in (A.2), the leftmost term in the brackets is distributed
the stimulus signal, so that the tested instrument uncertaintys the square—root of a chi—square random variableMithl

can be estimated. If such uncertainty remains inside an i”te'aegrees—of—freedom we obtain (5), once observed that
val assuring the instrument working status, no calibration is ' '

performed. On the contrary, calibration may be required if, 1
. . . . . O'yo 1 + R2
for some particular input values, the instrument uncertainty is — =\g (A.3)
larger than acceptable. Again, the intrinsic uncertainty of the Ty A+ 7
stimulus source, can be at the origin of the two events leading

. L APPENDIXB
to the consumer and producer risks. Moreover, by defining
the test uncertainty ratio as the ratio between variances char- APPROXIMATIONS FORCONSUMER' S AND
acterizing the instrument uncertainty and the source intrinsic PRODUCER S RISKS

uncertainty, (9)—(12) still hold true.
Once the evaluation of such probabilities can be mastered,
the verification of instrument conformance can be achieved by A [RetS ppe=S
e [T [T oy
=S —00

The consumer risk can be expressed as:

following one of the many suggestions provided in the litera-
ture on how to choose specification limits [10], [11]. Partic-
ular caution must be exercised in this case when dealing with HattS oo
+ fay(@,y)dzdy
=S Jpz+S

both the consumer and producer risks. While passing a non- (8.1)
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where f;, (-, -) is the joint probability density function ot
andy. By assuming independent zero—-mean Gaussian randopy
variables, from (B.1) we obtain

(2]
(3]
[4]
(3]
(6]
(71
(8]

1 i 2

CR e Zy(R, S, t)dt (B.2)

wherey(R, S, t) £ {erf (R%) —erf (R%)} Since the

error function does not admit a primitive(-, -,-) has been
approximated using the expression

(R, S,t) ~ erf (\/§R§) e~ Pr(R)(1=5) = P2(R)(t=5)*
(B.3)
whereP; (-) andP,(-) are two polynomials iR and the term
erf(-) is justified by the need of forcing the approximating ex- [g]
pression to be equal ta(R, S, t) fort = S andt — co. By a
least—squares based numerical apprdagh) and P, (-) have

been identified as follows: [0l
[11]
Pi(R) =0.77TR,  P»(R) = 0.38R* — 0.03R + 0.05. 2

(B.4)
Then, by inserting (B.4) in (B.3) and the resulting expression
in (B.2) and by carrying out the integration, (11) results. A
similar approach has been followed to derive (12).

441

REFERENCES

ISO 10012-1:1992, Quality assurance requirements for measuring
equipment — Part 1: Metrological confirmation system for measuring
equipment.

ISO 10012-2:1997, Quality assurance requirements for measuring
equipment — Part 2: Guidelines for control of measurement processes.
ENV 13005:1999, Guide to the Expression of Uncertainty in Measure-
ment.

ISO/IEC 17025:1999, General requirements for the competence of test-
ing and calibration laboratories.

D.C.Montgomery,Introduction to Satistical Quality Control, John Wi-

ley & Sons, Inc., Third ed., 1997.

M.Abramovitz, I.A.StegunHandbook of Mathematical Functions, New
York, 1970.

E.S.Keeping,Introduction to Satistical Inference, Dover Publications
Inc., New York — USA, 1995.

W.Wong, “What TUR Do You Really Need? Putting Statistical Theory
into Practice,” ProcMeasurement Science Conference, Anaheim, CA—
USA, Jan. 28-29, 1999.

A.Dorchak, “Extending the Workload Coverage of a Calibrator Us-
ing Automated Techniques,” Probeasurement Science Conference,
Pasadena, CA-USA, Jan. 26-27, 1997.

A.R.Eagle, “A Method for Handling Errors in Testing and Measuring,”
Industrial Quality Control, pp.10-15, March 1954.

D.Deaver, “Guardbanding with Confidence,” PriiCSL. Workshop and
Symposium, pp. 383—-394, 1994.

M.L.Fecteau, “Test Uncertainty Ratio and Intelligent Instrumentation:
From 4:1 to SPC to IPC in the Army Measurement System,” IM@SL
Workshop and Symposium, pp. 19-33, 1997.



	PagNum437: 437
	Titulo0: 11   IMEKO TC-4 Symp. - Trends in Electrical Measurement and Instrumentation - September 13-14, 2001 - Lisbon, Portugal
	TituloUP0: th
	ISBN437: ISBN 972-98115-4-7 © 2001 IT
	PagNum438: 438
	PagNum439: 439
	PagNum440: 440
	PagNum441: 441


