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Abstract - We present an analysis of the quantization
error for generalized (nonuniform and/or nonmonotonic)
quantizers. The mean value and mean squared value of
the quantization error and the quantized output are de-
rived in terms of the observed signals. The results can
be used to identify basic parameters of ADC converters.
The results can be utilized in the reference models used in
the ADC test methods recommended by the IEEE.
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1. MOTIVATIONS

Widrow’s model of the quantization error [1] treats the
quantization error as an additive random variable. The
classical Quantization Theorem [2] became the basic ana-
lytical tool for this model and led to practical results for a
sinusoidal test signal without and with dither [3, 4], or for
a sinusoidal signal with an offset [5]. Unfortunately, while
Widrow’s model structure can be applied to a broad class
of quantizers, the classical Quantization Theorem along
with its later generalizations and refinements (see e.g. [8])
can be applied only to uniform quantizers, i.e. the quan-
tizers with equidistant transition levels (switching points)
and equidistant digital codes. Since quantizers’ quality
is related, among other, to a precision and stability of
setting the switching points, the classical quantization
theory cannot be applied to quality analysis of ‘real life’
quantizers.

One of the basic determinants of quantizers’ quality
is based on the notion of the effective resolution (efr)
or related concepts. Popular definition of the effective
resolution, like the one in IEEE standards [9, 10], hides
several simplifying assumptions. These assumptions are
not fulfilled for real-life quantizers. The effective resolu-
tion calculated on the base of IEEE standards for physi-
cally the same quantizer varies from a measurement to a
measurement, not because the quantizer’s effective reso-
lution varies but because the simplifying assumptions are

better or worse fulfilled. In other words, the definition
which was to measure a quality undergoes uncontrolled
variations whose extend depends on the quality itself. In
order to derive a more stable definition it is necessary
to analyze the quantization error in more detail in order
to make the efr definition dependent only on quantizer’s
parameters rather then on the testing signal.

There is also a second reason for the approach other
than the one based on classical Quantization Theorem.
The formulas which express basic quantization error char-
acteristics, like mean and the mean-square quantization
error, look compact yet require infinite summations. For
instance, for the most popular sinusoidal test signal, they
require infinite summation of Bessel’s functions. Number
of terms needed to obtain a sufficient accuracy is quite
high and use of finite summation leads to a numerical er-
ror. This error combines with the error resulting form a fi-
nite sample length. Consequently, the quantization error
characteristics are biased. We found [13, 14] alternative
versions of the quantization error characteristics which
call only for finite-term summations. The alternative ver-
sions are not based on ‘characteristic functions’ approach
of classical theorem but rather on exact analytical ap-
proach. This approach can be applied not only to ‘ideal’
quantizers, but can be extended to general quantizers. In
this order we developed a novel direct approach to ADC
analysis [15], verified the theory in extensive simulations
[12], and then applied the theory to actual experimental
data [17]. The theory leads to a corrected definition of the
effective resolution [7] which is stable in measurements. It
is well suited to applications and omits most of the simpli-
fying assumptions applied to IEEE standards [9, 10]. Our
approach basically follows the ideas of Gray [11]. For the
application of the presented theory to efr measurement
see [6, 7]. Our approach is valid for any static quantizers,
including non-uniform and/or non-monotonic ones, and
for both deterministic and stochastic input signals.

A comprehensive mathematical basis of this theory will
be presented elsewhere [16]. Here we present the results
obtained with the use of the proposed method for uniform
quantizers, for which an alternative approach of Widrow
exists. We compare usefulness of both approaches. We



also present examples of general results obtained for sine
wave signals, which belong to the most popular test sig-
nals.

2. A REVIEW OF THE RESULTS FOR GENERAL
QUANTIZERS

2.1. Definitions and notation

We first introduce — for a better reference – a notation
and a terminology related to quantization. Quantization
can be understood as a mapping of the real axis

�
(the

analog axis) into a finite set of codes (the digital axis),
Fig. 1, the upper part. Such a quantization does not
involve any dynamics and may thus be called the static
quantization. Any quantization which does involve dy-
namics, through a hysteresis or another dynamic effects,
can be in this context called the dynamic quantization.

The points of the analog axis at which the mapping
switches from one digital value to another one will be
called the transition levels. To keep as close as possible
to the real world, we assume that the number of transi-
tion levels is finite. To simplify the derivation we assign
index 1 to the smallest transition level and continue to
the biggest one, thus indexing the transition levels by
consecutive integers

u1 < u2 < . . . < un (1)

The transition levels divide the analog axis into n+1 bins
Uk, k = 0, 1, . . . , n, namely

U0 = (−∞, u1),

Uk = [uk, uk+1) k = 1, . . . , n − 1

Un = [un, ∞)

(2)

Each bin Uk is mapped to a code which has certain nu-
merical value yk (Fig. 1, upper graph)

Uk �−→ yk, k = 0, . . . , n (3)

Formally, the general quantizer Q can thus be defined by
a sequence of n transition levels and n + 1 code values

Q = (u1, . . . , un, y0, y1, . . . , yn) (4)

The static quantization is uniquely defined by its static
characteristic g (Fig. 1, lower graph) which in general is a
step function which switches from one level (code value)
to another at the transition levels. Assumption on finite
number of transition levels makes g saturated both from
above and from below.

We assume that quantizer’s input signal � is stationary
and denote by f � and F � the density and the cumulative
distribution function of � , resp., namely

F � (u) =

u�
−∞

f � (x) dx (5)

Figure 1. Upper part: Mapping the bins into the code values
for a general static quantizer. Due to non-monotonicity, the
arrows which characterize the mapping may cross, and the
code values may not be unique, namely the arrows may point
to same code value (here y2 = yn−1). Lower part: The static
characteristic y = g(u) of a general quantizer characterized by
this mapping.

The complement of F � to its limit value at ∞ (equal to
1) will be denoted by F � , namely

F � (u) = 1 − F � (u) =

∞�
u

f � (x) dx (6)

Moreover, the difference between F and F will be denoted
by �F , namely

�F � (u) = F � (u) − F � (u) = 2 F � (u) − 1 (7)

We assume that the first two moments of � (t) (the mean
value E � and the variance V � ) exist and are finite. This
guarantees the existence of the incomplete mean function

H � (u) =

u�
−∞

x f � (x) dx, (8)

its complement to its limit value Hu(∞) = E � , namely

H � (u) = E � − H � (u) =

∞�
u

x f � (x) dx (9)

and the difference of the two, namely

�H � (u) = H � (u) − H � (u) = 2 H � (u) − E � (10)



We also use the difference operator δ, defined as

δzk = zk − zk−1 (11)

for any sequence {zk}.

2.2. Basic results for general quantizers

The most important characteristic of the quantizer is the
quantization error defined as

� = g( � ) − � (12)

This notion has a practical meaning only if the digital
values are to be “close” to the analog values so it is im-
portant to measure this closeness. We will be interested
here in the mean quantization error

E � (t) = Eg( � (t)) − E � (t) (13)

and the mean square quantization error

E � 2(t) = E(g( � (t)) − E � (t))2 (14)

Since we assumed that the analog signal � is stationary,
the above error characteristics do not depend on time and
depend only on the distribution of � (t) which is also time
invariant. Further results presented here are based on the
following result proved in [16].

Proposition 1 (General Quantizer) For any static qu-
antizer (3) with stationary random input � , the mean
quantization error is given by

E � = −E � +
y0 + yn

2
−

n�
k=1

δyk

2 �F � (uk) (15)

and the mean square quantization error is given by

E � 2 = V � + 0.5 (y0 − E � )2 + 0.5 (yn − E � )2

+
n�

k=1

δyk � �H � (uk) − yk �F � (uk) � (16)

where V is the variance and yk denote the averages of two
consecutive code values, namely

yk = 0.5 (yk + yk−1), k = 1, . . . , n (17)

2.3. Bounded signals

Formulas (15, 16) are valid even for analog signals which
extend beyond the quantizer range, including “infinite”
amplitude signals. In the usual practice, the input signal
is yet kept within the quantizer range and is bounded to
a certain interval U = [u, u]. Consequently,

F � (u) = 0 for u ≤ u,

F � (u) = 0 for u ≥ u

In other words, only the transition levels from the inside
of U , i.e. from (u, u) contribute to the overall value of

E � and E � 2. Consequently, the transition levels uk ≤ u
and uk ≥ u may be removed from the error formulas. Let
k1 and kn be the indexes of the smallest and the largest
transition levels uk still inside (u, u), and k0 be the index
of the transition level just preceding k1, namely

uk0 ≤ u < uk1 < . . . < ukn < u ≥ ukn+1 (18)

Therefore, (15, 16) may be stripped of the excessive sum-
mation terms by replacing y0 by yk0 , yn by ykn , and re-
stricting the summation to k0 + 1, . . . , kn. The following
Proposition is proved in [16].

Proposition 2 (Bounded signals) If an analog signals
bounded to an interval U , the mean and the mean-square
quantization errors of the general quantizer (3) are given
by

E � = −E � +
yk0 + ykn

2
−

kn�
k=k0+1

δyk

2 �F � (uk) (19)

E � 2 = V � + .5 (yk0 − E � )2 + .5 (ykn − E � )2

+
kn�

k=k0+1

δyk �H � (uk) − yk �F � (uk) (20)

where k1 = k0 +1 and kn denote the indexes of the small-
est and the largest transition levels uk still inside U (18).

Let us stress that if any end point of U is equal to a
transition level then it may be removed from the summa-
tions. In fact, we can as well leave such points, as any
other points that do not lay inside U , since they just do
not contribute to the overall values of E � and E � 2. Note
yet that leaving a point that does not contribute must be
matched by a parallel modification of yk0 and/or ykn , i.e.
always k1 and kn must be the indexes of the lowest and
the biggest transition levels included in the summation.

2.4. Offset signals

It is often useful to separate an offset of the quantized
signal in the error formulas. Suppose then that the input
signal to the general quantizers is modified by a deter-
ministic shift C, i.e. the input is equal to � (t) + C rather
than to � (t). It is proven in [16] that for offset signals the
mean and the mean-square quantization errors are given
by

E � = −C − E � +
y0 + yn

2
−

n�
k=1

δyk

2 �F � (uk − C) (21)

E � 2 = V � + .5 (y0 − C − E � )2 + .5 (yn − C − E � )2

+
n�

k=1

δyk � �H � (uk − C) − (yk − C) �F � (uk − C) �
(22)



3. UNIFORM QUANTIZERS

A quantizer will be called uniform if all the finite bin
widths are identical, i.e.

uk − uk−1 = Q, k = 2, . . . , n. (23)

and the code values are equidistant

δyk = yk − yk−1 = ∆, k = 1, . . . , n. (24)

The static characteristic of uniform quantizers has a stair-
case graph, with constant “raiser heights” equal to code
steps ∆, constant “tread depths” equal to bin widths Q,
and two “landings” of infinite lengths. The above prop-
erties do not uniquely define the quantizer, i.e. there is a
whole family of uniform quantizers. Since Q and ∆ de-
termine only the “scale” properties of the quantizer, it is
still necessary to know any point on the characteristics
to establish its position with respect to the origin. While
the error characterization of uniform quantizers are well
known, they are often derived for different quantizers.

To specify a uniform quantizer we may safely assume
that there are some nonnegative code values. Consider
the smallest nonnegative code value Y ∗ and the corre-
sponding transition level U ∗, Fig. 2. According to our
definitions, U∗ is equal to the analog value at which the
static characteristic jumps from Y ∗ − ∆ to Y ∗. We will
call the index k∗ of both U∗ and Y ∗ the reference index,
and the point (U∗, Y ∗) the reference point. The coordi-
nates of the reference point will be called the analog offset
U∗ and the digital offset Y ∗, resp., of the uniform quan-
tizer. In other words, the digital offset Y ∗ is the smallest
nonnegative code value, and the analog offset U ∗ is the
transition level corresponding to this code value. The
reference point fixes the position of the staircase charac-
teristic with respect to the origin, and the reference index
k∗ fixes the positions of the lower and upper “landings”.
It is easy to notice that the “stair edges” (uk, yk) belong
to the line

y − Y ∗

∆
=

u − U∗

Q
(25)

and the graph of the static characteristic (except for its
‘landings’ parts) belongs to a ribbon (see Fig. 2)

−1 <
y − Y ∗

∆
− u − U∗

Q
≤ 0 (26)

In other words, since y = Y ∗+j ∆ if U∗+j Q ≤ u < U∗+
(j +1) Q then the static characteristics is for y0 ≤ y ≤ yn

formally given by

y = Y ∗ + ∆ � u − U∗

Q � (27)

where �x� denotes the integer part of x (i.e. x rounded
down). It is convenient to express the offsets as relatives
values, namely u∗ = U∗

Q and y∗ = Y ∗
∆ . We see that the

relative offsets (u∗, y∗) together with the scaling parame-
ters Q, ∆ and the reference index k∗ uniquely determine

Figure 2. Uniform quantizer’s characteristic inside the char-
acteristic’s ribbon. The position of the staircase plot within
the ribbon is determined by the reference point (denoted by
a star). The analog and digital offsets are equal to the coor-
dinates of the reference point.

the uniform quantizer. Obviously, 0 ≤ y∗ < 1, while u∗

may take any value, both positive and negative. Various
typical uniform quantizers can be differentiate by their
offset u∗, y∗, for instance (Fig. 3)

(0, 0) ⇒ rounding-down quantizers

(−1, 0) ⇒ rounding-up quantizers

(−0.5, 0) ⇒ rounding (mid-tread) quantizers

(0, 0.5) ⇒ “mid-riser” quantizers

(28)

where for the last two quantizers the transition levels and
the code values, resp., are proportional to odd integers.
In fact, use of different offsets by different authors is re-
sponsible for apparent differences in their results obtained
for the error characteristics.

Figure 3. Typical uniform quantizers, the stars denote the ref-
erence points. Top left: rounding down quantizer, Top right:
rounding up quantizer, Bottom left: mid-tread rounding quan-
tizer, Bottom right: mid-riser quantizer

It is convenient to scale the analog values in Q units,
and the code values in ∆ units, which is equivalent to tak-
ing Q = ∆ = 1. We can formulate the following proposi-
tion for bounded signals:

Proposition 3 (Uniform quantizers) For the uniform
quantizer with unitary ∆ and Q, quantization error char-



acteristics (19, 20) simplify to

E � =
1
2

(γ0 + γn) − 1
2

kn�
i=k0+1 �F � (i + u∗) (29)

E � 2 = V � +
1
2

(γ0
2 + γn

2)

+
kn�

i=k0+1 �H � (i + u∗) − (i + y∗ − 0.5) �F � (i + u∗)

(30)

where
γ0 = y∗ − E �
γn = n + y∗ − E � (31)

and
k0 = 0

kn = n
(32)

If the analog signal is bounded to [u, u] then (32) may be
replaced by

k0 = �u − u∗�
kn = 
u − u∗� − 1

(33)

where 
x� denotes rounding up to the nearest integer.

3.1. Widrow’s formulas

We must stress that equivalent error formulas can be in
this case derived directly from Widrow’s quantization the-
orem. The results derived in [5] for the offsets (u∗, y∗) =
(−0.5, 0)

E � =
�
n>0

(−1)n

πn
J0(2πnV ) sin(2πnC)

E � 2 =
1
12

+
�
n>0

(−1)n

π2n2 J0(2πnV ) cos(2πnC)
(34)

can be generalized to any u∗, y∗. Denote by g∗ and e∗
the quantizer characteristic and the quantization error
obtained for the offsets (−0.5, 0), resp. We thus have for
any u, and any offsets (u∗, y∗)

g(u) = y∗ + g∗(u − u∗ − 0.5) (35)

therefore the quantization error e(u) = g(u) − u for any
u∗, y∗ is related to the quantization error e∗(u) by

e(u) = y∗ + g∗(u − u∗ − 0.5) − (u − u∗ − 0.5) − u∗ − 0.5

= e∗(z) ��� z=u−u∗−0.5

+ s∗ (36)

where
s∗ = y∗ − u∗ − 0.5 (37)

Note that s∗ = 0 on the line which passes through the
point (−0.5, 0) and whose slope is equal to 1. In fact,
it may be proven that s∗ = 0 makes the condition for

the uniform quantizer to be optimal in the mean-square
sense, see [16]. Application of (34) in (36) finally leads to

E � = s∗ +
∞�

n=1

(−1)n

πjn
φo� (2πn) (38)

E � 2 =
1
12

+ s∗2 + 2 s∗ E � +
∞�

n=1

(−1)n

π2n2 φe� (2πn) (39)

Here

φe� (x) = �φ � (x) + �φ � (−x)
2

φo� (x) = �φ � (x) − �φ � (−x)
2

(40)

are the “even” and “odd” parts of a function �φ,

�φ(x) = e−jx(0.5+u∗) φ � (x) (41)

and φ � denotes the characteristic function of � (t). A se-
rious drawback Widrow’s formulas (38, 39) is that they
call for infinite summations. On the contrary, the summa-
tion in the direct formulas (29, 30) is over finite number
of terms. Consequently, the latter lead to more effective
and more accurate implementations.

The next Section illustrates our results by specializing
to a sine wave input.

4. UNIFORM QUANTIZERS FOR SINE WAVE
INPUT

Consider the uniform quantizers with unitary Q and ∆
and offsets (u∗, y∗), tested with the use of the offset sine
wave input, namely

� (m) = V cos(Fm + � ) + C (42)

where C is the sine wave offset, and � is distributed uni-
formly over [0, 2π]. The error characteristics (29, 30) take
form

E � =
1
2

(γ0 + γn) − 1
π

kn�
k=k0+1

arcsin κk (43)

E � 2 =
1
2

(V 2 + γ2
0 + γ2

n)

− 2V

π

kn�
k=k0+1 � 1 − κ2

k + (κk + β) arcsin κk (44)

where we denoted

γ0 = k0 + y∗ − C

γn = kn + y∗ − C

κk =
k + u∗ − C

V

β =
y∗ − u∗ − 0.5

V
=

s∗

V

(45)

and
k0 = �C − V − u∗�
kn = 
C + V − u∗ − 1� (46)



Note that the role of the signal offset C is not identical
to the role of the analogue offset U ∗ of the quantization
characteristic.

4.1. Relation to Widrow’s formulas

A specialization of Widrow’s formulas (38, 39) to the sine-
wave input (42) leads to relations equivalent to (43, 44).
Since for the considered sine-wave we have

φ � (x) = J0(xV ) exp(jxC) (47)

then by (38, 39) we obtain

E � = s∗ + �
n>0

(−1)n

πn
J0(2πnV ) sin(2πn �C) (48)

E � 2 =
1
12

+ s∗2+ 2s∗E � +�
n>0

(−1)n

π2n2 J0(2πnV ) cos(2πn �C)

(49)

where s∗ is given by (37) and

�C = C − u∗ − 1
2

(50)

While (48, 49) look more compact then their direct
equivalents (43, 44), they call for infinite summations.
Moreover, each term requires that a value of the Bessel
function J0 is calculated. Consequently, finite-term ap-
proximations are necessary and the resulting accuracy is
inferior to (43, 44). Accuracy problems can be expected
when the infinite sums in (48, 49) are replaced with their
finite n-term counterparts. Define the approximation er-
ror

∆E � (n; C, V ) = E � n(C, V ) − E � (C, V ) (51)

where E � (C, V ) denotes the exact value calculated with
the use of our formula, and E � n(C, V ) denotes the n-term
approximation of Widrow’s formula. A plot of this error
for chosen values of C and V is shown in Fig. 4. The
biggest errors, very slowly decreasing with n, correspond
to such values of C and V at which E � (C, V ) is not differ-
entiable. Since the exact values of E � (C, V ) are of order of
10−2, the approximation error at those points cannot be
accepted in applications. Note that non-differentiability
is not visible at all in Widrow’s formulas and only our
approach shows this phenomenon.

4.2. Example: Mid-tread quantizer, sine-wave input

The error characterization of the mid-tread quantizers
can be obtained directly from the last example, by tak-
ing the offsets as (u∗, y∗) = (−0.5, 0). We thus obtain the
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Figure 4. Finite-terms approximation error for Widrow’s E �
vs. the number of summation terms, for chosen values of
C and V . Please note that the external curves are not the
asymptotes: they correspond to the extremal error charac-
teristics obtained for integer even values of 2C + 2V and
2C−2V . The error, otherwise negligible for about 200 summa-
tion terms, is for these special values of C and V unacceptably
high even for thousand summation terms. Consequently, the
use of Widrow’s formulas for C and V close to these values is
highly not recommended.

result derived in [14]

γ0 = k0 − C

γn = kn − C

κk =
k − C − 0.5

V
β = 0

k0 = � C − V +
1
2 �

kn = � C + V − 1
2 	

(52)

Actually, in [14] we used kn = �C +V + 1
2 � which involves

an additional term for integer C + V − 1
2 . As discussed

earlier, this does not influence the overall sum. For C = 0
and the mid-tread quantizer, similar result was obtained
in [11].

The mean quantization error E � and the mean-square
quantization error E � 2 are both functions of C and V .
The mean quantization error, Fig. 5, is periodic as a func-
tion of C, with the basic period equal to 1. The depen-
dence on V is more complicated, namely the graph shows
‘damped periodicity’, in a sense that

| � (C, V )| ≥ | � (C, V + 1)| ≥ . . . (53)

for every C, V . One can prove that E � is not differentiable
at certain C, V , see Fig. 5. In fact, it is easy to show that
E � is not differentiable if either of quantities C + V + 0.5,



C − V + 0.5 are integer. Consequently, the entire domain
is divided into squares by lines

C + V = n + 0.5

C − V = m + 0.5
(54)

where m and n are integers. The borders of these squares
form ‘edges’ along which E � is not differentiable, Fig. 7.

Similar analysis can be performed for the mean-square
quantization error. Similarly to the mean quantization
error, it is periodic in C, with the basic period equal to 1,
and ‘damped periodic’ in V . Contrary to E � , the mean-
square error is everywhere ‘smooth’, and show various
shapes, depending on particular parameters, see Fig. 6.
It attains minima and maxima at the same lines at which
the mean error is not differentiable, Fig. 8.

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
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Figure 7. Contour plot of the mean quantization error as a
function of the DC offset C (horizontal axis) and the sine wave
amplitude V (vertical axis). One period of C and three periods
of V are shown. Note the ‘edges’ along which the function is
not differentiable. Maximum of the function is attained at
points at the edges.

For comparison, Widrow’s formulas (48, 49) simplify
in this case to the well known relations (34). Again, they
only look simpler than our direct formulas, yet they in-
volve infinite term summations and may lead to large
numerical errors.

5. CONCLUSIONS

While a direct approach to quantization error can be ap-
plied to any static quantizer, e.g. non-uniform or non-
monotonic, it is instructive to use this approach in the
case for which another approach exists, namely for uni-
form quantizers. Here we compare the results obtained
with both approaches. In the general case, our direct
approach enables to avoid certain limitations of the clas-
sical approach, like the assumption of equal bin length.
Our approach shows yet its merits even for the uniform
case, since it leads to finite summations in error formu-
las, unlike the infinite summations involved in classical
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Figure 8. Contour plot of the mean-square quantization error
as a function of the DC offset C (horizontal axis) and the sine
wave amplitude V (vertical axis). One period of C and three
periods of V are shown. The minima are attained along upper
left-lower down diagonals, and the minima are along the other
diagonal.

Widrow’s formulas. Consequently, the direct approach
is very well fitted to applications. In particular, it can
be applied to effective resolution analysis to make the efr
measurements depend only on the quantizer’s parameters
rather than the test signal parameters. Although the last
revision of IEEE Standard 1057 provides a few new ma-
trix algorithms for the sine-wave test, it does not support
with an adequate theory of the reference quantizer. This
paper is aimed into making the uniform quantizer a ref-
erence one for real-life experimental conditions.
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