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Abstract-Analog-to-digital converter additive post-correctioringslook-up-tables is considered. In

a practical post-correction system, the correction valmest be stored using limited (fixed-point)

precision. In this paper the effects of limited precisiontive correction values is investigated. A
theory for approximating the SINAD after correction usingefi-point values is presented. The theory
shows good agreement when compared with simulation results

I. Background

Analog-to-digital converter (ADC) post-correction hagberoposed in many different forms, many of
these applying look-up tables (LUTS) [1]. In a practical fpoarrection application it is very likely that
the correction values will be stored with fixed-point prémis However, most of the evaluations and
experiments reported in the literature have been condustddinfinite (or floating-point) precision
in the representation of the correction values stored inLih€. One of few exceptions is [2], where
experimental results indicated that the precision of theeotion values strongly affect the outcome
of the correction.

In this paper we present a theory for the relationship betwtbe precision of the correction values
and the resulting ADC performance after correction.

Il. ADC and Correction System Model

The ADC to be corrected is assumed to consist of an ideal saem-hold circuit followed by a
non-ideal quantizer. Thus, we can omit the sample-and-apttiperform a discrete-time analysis. We
assume a static model for the quantizer. The mapping of @wvaiuto a quantized value = Q(s) is
determined by a partition of the real numbers into disjoéts$8j}§b:51; if s € S;, then the quantized
value x = x; is produced.

We assume that the input valué¢n) is drawn from a stochastic variablewith probability density
function (PDF) f.(s). The temporal properties for are immaterial since the quantizer is, for now,
assumed to be non-dynamic, i.e., the output of the quandizéme n depends only on the input at
the same time. The MSE for the quantizer without correct®on i

MSEq = Efis — 7] = [ (s~ Q(s)* £.(s)ds =3 [ R ACTEY

Assume further that an additive correction is employed. @tweected valuey is produced by adding
a correction terne(x) to the outputr so thaty = = + e(z) as in Fig. 1. Every possible output value

b . . . . b_
{z;}?_," is associated with a correction terfn,}5_;'.
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Fig. 1. Additive correction system.
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A. Optimal Correction Values

Optimal correction values for minimizing the mean-squareret[(s — y)?] have been derived in [3]
(E[-] is the expected value operator taken with respect(tg, noting thaty is a function ofs). In

[3] a quantizer operating on a valueis considered; the quantization region model above is used.
Just as above, the input is regarded to be drawn from a stichasiable with a PDFf(s). If the
quantization regiongS; } are assumed fixed, then it is proved that the optimal recoctstn value
{z;}, in the mean-squared sense, are given by

Jics, s Fs5) ds
fsESj fs(s) ds’

i.e., the optimal reconstruction value for each region & ‘ttenter of mass” of the region. Hence, the
optimal correctionvalues are

Yj.opt = arg min Bl (y — 5)’ls € §;] = )

€j = Yj,opt = Lj- 3

When representing the correction values with infinite pienisi.e., using the values (3), the resulting
MSE after correction is

MSE, = E[(s — %)) = E [(s —z— e(x))ﬂ =E[(s—2)®—2(s —z)e(z) + e(z)]
= MSEq + E [¢(Q(s))*] = 2E[(s — Q(s)) e(Q(s))],

where the last equality comes from applying (1). In orderitopdify the expression, we use (3) in
the last term of the expression above. Thus,

EW—Q®M@®H=/®—QW4%%&@®=§;/v@—MQﬁ@%
—ZGl wmwﬂw/ fuls )
=/mm@xlﬁsmgm=@+myL&ﬂ@@/ (5)

= ; <€i (ei + i) fols)ds —wier s fs(s) ds)

sES;
=Y [ f(eas =B [eQ)]
i sES;
which is in fact nothing but the variance of the correctiotueae. Reapplying this in (4) yields

MSE, = MSE; — E [¢(Q(s))?] - (6)

We have now seen how an ideal, or infinite precision, cowectffects the MSE of the quantizer. In
the next section we will study the effects of fixed-point desion for the correction values.

(4)

Ill. Fixed-Point Resolution for Correction Values

It is not always feasible, let alone practical, to implemantADC post-correction system, such as the
one in Fig. 1, using floating-point representation for treed correction valuef;.‘ej}ib:gl. It is natural

to settle for a specific precision with which the correctiemis are stored, e.g., a certain nhumber of
bits. Obviously, the performance of the corrected ADC wébdnd on which precision that is used.
The precision of digitally stored values is often stated asumber of bits. Assume that the table is
stored usingr bits and that the ADC to be corrected converts the signaltifid values. If we know
that the ADC only has error in the lower bits, then we can ‘thife bits of the correction table and
obtain a correction with higher effective precision. Foample, if the ADC has 10 bits, but only the
2 LSBs need correction, then the remaining bits of the ctimeosalues (minus the sign bit) can be
used to get a better precision.

The problem gets easier to analyze if the resolutigrbeing the smallest possible difference between
two different correction values, is used instead of theaatumber of bits-. The relationship between
the two is straightforwardA = 2-%° LSBs, wherejb is the number of extra bits of precision the table
adds to the ADC. See Fig. 2 for an illustration. It is assuned the correction values never exceed
the largest number that can be represented byrtherrection bits.

1In [3] the reconstruction values are denoted ‘quanta’.
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Fig. 2. Addition of the ADC output with a correction value. & bits of the table value are shifted
in order to enhance the precision of the corrected ADC.
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Let ¢; be the (uniformly) quantized version of the table entyyi.e.,
éi = QA(B'L)- (7)

The notationQx is used to distinguish this quantization from the one penft in the converter. We
assume that one of the quantized cells is centered at zeab.ig hf a certain correction term is within
the interval[—A/2, A/2] it will be quantized to zero, and, since the quantization @fection terms
is uniform, all other possible quantized values are locattean integer multiple of\. Hence, we can
say that

ie{kA: k=..., -2 -1,0,1,2,...}. (8)

Also let §; = é; — e; be the error introduced by the quantization of the correctesm. The notation
0(x) denotes the correction term quantization error associaffid a specificz, i.e., §(z) = ¢; if
x = z;. Thus,d(x) ultimately depends on the stochastic variahle

A. MSE
The MSE obtained using the quantized correction terms besom
MSExr =E[(s —z —é(2))?] = E [(s —z — e(z) — 6(2))?]
=E[(s -z — e(2))’] + E[§(2)*] - 2E[(s — = — e(z)) 6(2)] )
= MSE, + E[6(2)?] — 2E[(s — = — e(z))d(z)].
Analyze the last term to find that

Blts =2 =) 82)] = 2 [ mnmense
=3 ([ e-min@as [ anwa)-o

where, again, the relationship in (3) has been used in theédasn. This results in that the MSE when
using quantized correction terms is

MSEx = MSE, + E[6(z)?]. (11)

(10)

The error variancé&[6(x)?] can further be written as

52 f.(s)ds
E[§(2)%] = /5(@2 fs(s)ds = Z/ES 82 f,(s) ds = Z/es £u(s) ds%

= S S 23 il
_zi:/se&fs( )dsE[52]s € S

Under the assumption that the quantization eftras uniformly distributed if—A /2, A/2], then each
E[62|s € S;] = A%/12 for all 4, and (12) becomes

12)

9 AQ AQ
Els@?) =5 Z/GS Fuls)ds = 2 (13)
The MSE in (11) then boils down to
A2
MSEa = MSE, + - (14)
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It is reasonable to believe that the assumption is valid foaels A, i.e., when the quantization is
assumed to be “high-rate”. (See [4] for a thorough discusaitd precise conditions for the uniformity
of the quantization noise.) However, Asgrows large the assumption will become invalid, motivating
the asymptotic analysis.

B. Asymptotic MSE

Recall that one of the quantization cells is centered at aacbthat all table values; that fall within
[—A/2, A/2] will be quantized tcg; = 0. When we enlarge the quantization step, i.e. wher> oo,

all &; will inevitably be zero, since all table values will fall mthe center region at zero. Consequently,
the resulting MSE becomes

MSEa = E[(s — z — 0)?] = E[(s — 7)?] = MSEg (15)
when the resolution tends to zero.

C. Approximation and Lower Bound on MSE,

The performance description provided in (14) above is dépenhon MSE — a quantity that is
dependent on the actual transfer characteristics of the Abder test, the accuracy of the calibration
and correction schemes, and on the signal considered. Aeagproximation can be obtained through
the following discussion.

We make these assumptions:

o The quantization step siZE of the ADC is assumed to be small compared with the varigbilit
of the source PDF - i.e., the requirements for high-rate tigetion are fulfilled;

« The actual quantization regions’ deviation from an idedafarm quantizer is small;

« The correction values are perfect in accordance with (3).
Then, we can say that the corrected ADC acts like a perfedoumiquantizer having the classical
MSE o

IVlSEuniform = E (16)

This can be used as an approximation of MSi (14).
Now, a counter-argument to the discussion above is that i€ éonsidered does in fact deviate from
an ideal uniform quantizer — otherwise there would be no rfeed post-correction — although we
assumed a perfect uniform quantizer in the derivation. Wetharefore see (16) as a practical lower
bound on the MSE of a perfect correction. However, if we wanbé rigourous we must consider
the (unlikely) possibility that the quantization regiordually deviate from the uniform quantizer to a
configuration which isnore beneficial for the considered test signak will therefore resort to results
from information theory to derive a true lower bound for thé&Rl of a perfectly corrected ADC.
From information theory (see e.g. [5]) we learn that thee-distortion functiontells us how small
the resulting distortion can be when describing the outwfea certain random variable with a
specific rate (resolution). The inverdistortion-rate functiorprovides the reverse relatitiin numerous
situations the rate-distortion function is inherentlyfidiflt to calculate, therefore, th&hannon lower
boundon the rate-distortion function is frequently used. Thedowound has the advantage that it is
often easier to compute.
If we are quantizing a random variabdeand using a squared-error criterion (MSE), the Shannonrlowe
bound is defined as

Rs18(D) = h(s) — %10g2(27reD), a7)

where h(s) is the differential entropy of, D is the squared-error distortion aritk g is the rate in
bits. The result says that it is impossible to represent daamvariables with less thanRg g bits if
the MSE should be no more thdn.

Now, since (17) is a lower bound on the rate-distortion fiomctand is strictly decreasing, the inverse
of (17) — D as a function ofR — is a lower bound on the distortion-rate function, which figgeater
interest to us. We get

1 1S)—
D - %22}( ) 2R. (18)

The differential entropy.(s) is a function of the distribution of. Therefore we cannot say anything
more about the lower bound before we choose a PDIs.fam this case, we let be a sample function

2The distortion-rate function is the inverse of the ratetatison function whenever the latter is strictly decregsin
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of a sinusoid with amplituded because it is the predominant test signal in ADC testing. FDb& of

s is then given by )

rAy1- (2)°

and the differential entropy (in bits) can be shown to be

fs(s) = |s| < A, (19)

A
h(s) = log, (%) . (20)
Inserting this result into (18) we get the lower bound
2
D= T4 92 (21)
16

Using this last result we can obtain a lower bound on the disto when quantizing sinusoids. For
instance, when quantizing a full-scale sinusoid witlb-hit quantizer, the amplitude igl = 20~!
(LSBs) and the rate i® = b (bits). The squared-error distortion can in this case nbeelower than
s
64
This result can be compared with the MSE of a uniform quantime(16), which upon inserting
T = 1 LSB equates toll—2 > 55-. Note, however, thaDrs is alower boundon the distortion of a
quantizertailored for a sinusoid input, while MSkiorm applies when we are restricted to uniform
quantizers.

D. SINAD

When characterizing ADCs the signal-to-noise and distortatio (SINAD) is more frequently used
that the MSE. It is therefore interesting to state the resuitttained above in terms of SINAD instead
of MSE. The SINAD is defined as [6]

Des= (22)

SINAD = [dB], (23)

A
20logyg ———
10 ﬂpnoise
where A is the amplitude of the sine-wave test signal dhgise is the rms noise amplitude. For this
purpose we can use the MSE expressions above so that

Proise= VMSE. (24)

To obtain the SINAD as a function of correction table resolutwe apply the result in (14) and use
either (16) or (21) as MSE We obtain the expressions

SINADniform = b20 log;, 2+ 10 log, §710 log,o(1+A?%) = 6.020+1.76 — 10log,, (1 +A?) (25)
0 0 2 0 0

and

2A2
SINADs.s = 520 log;, 2 — 10 logy, (787 + 3> ~ 6.02b + 1.76 — 101og,,(0.59 + A%),  (26)

respectively, for the two different alternatives.

IV. Simulations

Simulations with a mathematical ADC model has been conduict@rder to verify the results above.
A 10-bit ADC is simulated using an ADC model with a 4th ordetymmmial describing the distorted
INL followed by an ideal quantizer. A sinusoid with 16384 sades is generated and fed through the
model. The output from the model is used to calibrate the L8Obsequently, 16 sinusoids having
4096 samples each are generated and the ADC model is applibeérn. The output samples of the
model are corrected using the LUT, and the SINAD is calcdldta the corrected signals (mean
SINAD over the 16 signals). The values of the LUT are subsetijeuantized to a lower precision
and the correction and evaluation procedure is repeatesef@ral differentA.

The SINAD for the corrected output is presented in Fig. 3. \We that the results align well with
the predicted value (25) (labelled ‘Prediction’) up to aléabesolution of approximately 2 bits less
resolution than the ADC (i.e.A = 22 = 4 LSBs or converter least significant bits). For lower
resolution, however, the SINAD becomes that of the unctececonverter marked with ‘+' in the
plot.
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Fig. 3. Simulation results using an ADC model with a polynaliNL function. The plot shows the
resulting SINAD after correction with different levels ofigntization on the correction values. The
x-axis grades how many extra bits in excess of the resolutidhe quantizer that the correction values
are represented with. Negative values correspond to whergrecision of the correction values are
worse than 1 LSB of the ADC.

V. Conclusions and Discussion

In this paper we have presented methods to predict the gfédimited resolution in additive ADC (or
quantizer) post-correction systems. The first resultsagmptl how the MSE of the corrected quantizer
increases with decreased resolution. This first result wpsmdent on the outcome of infinite resolution
correction, a quantity that is not always known. Therefa®,a second result, two theoretical values
for this starting point was suggested. The first was baseddeal iuniform quantization, while the
second was based on optimal quantization. Finally, sinwiatsults using a behavioral ADC model
showed good agreement with the presented theory. The #dsqmrésented here can be used as a design
tool to decide how many bits should be used for storing theection values ), and how much the
correction value should be shifted relative to the ADC biis).(

It is evident from the simulation results that the choice tdrting point, or MSE, adds to the
uncertainty of the overall results. We see that the unifotrangization approximation SINARiorm,
where MSE is selected as in (16), is closer to the simulation resulis tBINADs g. This is in fact
reasonable, since the actual quantizers transfer funigitkely closer to uniform than to the optimal
non-uniform quantizer needed to get close to the Shannoarltwwund. (It may even be impossible
to construct a quantizer that achieves the Shannon loweardopu

One reason for discrepancy between the actual outcome arttigbries is that the theories presented
here does not take estimation errors into account. Thahénbn-quantized table values may also
have errors, which stem from the calibration process.
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