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Abstrac t-In this paper, the exponentially damped sinusoidal signals are analyzed. Simple algorithms for fast 
measurement and estimation of the unknown damping, frequency, amplitude and phase are presented. The peaks 
of the discrete Fourier transform (DFT) results are adopted to obtain the parameters. The idea of the quotient 
interpolation using the Hanning window for the basic three parameters can be adopted also for the damping. The 
Hanning window very efficiently reduce the systematic error in the case of damping estimation, but price for this 
is in increasing of the estimatation standard deviation in comparison with the rectangular window. 

I. Introduction 

The estimation of parameters of the exponentially damped sinusoids is of great importance in many applications 
including in linear system identification, in speech analysis, and in transient analysis. The results of linear and 
time-invariant differential equations are mostly composed of exponential signal forms. Parameters of exponential 
signals include frequency, amplitude, damping and phase. There are two types of exponential signals. If the 
damping is equal zero, the signal component is periodic, conversely, if the damping is not equal to zero, the 
signal component will be aperiodic, and it will decay to zero with time. Several papers address the problem of 
estimating the damping besides the basic three signal parameters [1]- [4]. Measurement methods for analyzing 
and estimation the parameters of the components can be classified as parametric [5],[6] and nonparametric ones 
[7]-[10]. Parametric methods are model-based and have very good selectivity and statistical efficiency, but 
require computationally intensive algorithms and very good ‘model agreement’ with a real multi-component 
signal. The non-parametric approach to spectrum analysis is computationally efficient and has less sensitivity to 
algorithm design parameters but has inherent performance limitations as frequency resolution and leakage effects 
in the non-coherent sampling. This paper presents effective algorithms for fast measurement and estimation of 
the component damping besides the frequency, amplitude, and phase by the interpolation of the discrete Fourier 
transform. 

II. Estimation of parameters  

The sampled multi-component analog signal ( ) ( )∑ +⋅⋅= −
m mm

t
m tfAtg m ϕα π2sine  is obtained in two 

measurement steps. The data cord is extracted from original signal by sampling ( tf ∆= 1s  - sampling 

frequency) and windowing (( )kw  - windowing coefficients; 1,...,1,0 −= Nk ). 
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In the case of the zero damping 0=mα , the DFT at the spectral line i  is given by 
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where ( )∗W  is a spectrum of the window function ( )kw  and mθ  is a frequency divided by the frequency 

resolution ( )tNf ∆=∆ /1 . The displacement termmδ  is due to the non-coherent sampling. Non-coherency can be 

reduced by the interpolation of the DFT coefficients. It has been shown [8] that the best estimation results in 
reducing long leakage effects gives the three-point estimation using the Hanning window. In the estimation of 
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the particular component m , the three largest local DFT coefficients ( )1−miG , ( )miG , and ( )1+miG  are used 

for frequency: 
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When the displacement mδ  for the specific component is determined, it is possible to estimate also the amplitude 

by summing the largest three local DFT coefficients around the signal component in the same manner as in the 
frequency estimation [11]: 

 ( )
( )( ) ( ) ( ) ( )[ ]121

3
41

sin

22

3 +++−⋅−−≅ mmm
mm

m

m
m iGiGiGA

δδ
πδ

πδ
 (4) 

and the phase [12]: 
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where phase parts of the DFT ( )[ ]siG msim
+=+ argϕ  and 1,0,1−=s  are used. 

 

III. Damping estimation 

Estimating of the damping means analyzing of the exponent function ( ) ( )tutx t ⋅= −αe , where ( )tu  is the unit step 

function. The Fourier transform of this expression is [13]:  
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with amplitude and phase part: 
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Observation in the limited measurement time MT  ( ( ) ( )
M0rect e

T

ttxtw
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−=⋅ α ) gives us the following expression: 
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where MTαθα =  is the normalized damping like frequency MTf=θ . If the measurement time is long the 

amplitude part can be approximated by ( ) ( )22
M

π2 θθθ α +≈ TX , and for the two largest local DFT 

coefficients mδ  and mδ−1  apart from the component origin, it can be expressed: 
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Using quotient like in DFT interpolation scheme 
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the expression for αθ  can be deduced: 
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If αθ  is small 1<<αθ  then quotient (11) can be reduced to ( ) ( ) ( )mmmm iGiGQ δδ −=+= 11  and we get the 

expression using the rectangular window ( ) ( )rect0rect
M
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−α , for which the spectrum behaviour is well 

known ( ) ( ) θθθ ππsin
1rect =

>>N
W  and quotient of the two largest local DFT coefficients can be expressed as:  
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Using the Hanning window ( ) ( ) ( )( )2

1hann 12ππsin θθθθ −=
>>N

W  and adopted conclusions for the rectangular 

window in the case of 1<<αθ , the quotient can be expressed: 
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This expression for quotient can be used in (11) instead of the expression for the rectangular window and 
estimation for the damping using the Hanning window can be deduced: 
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IV. Evaluation of the estimation algorithms 

In simulations, estimation of the damping of the one-component signal in the form 
( ) ( )03.9π2sine1 +⋅⋅⋅= −ααg  was performed first (Fig.1), where the damping MTαθα =  has been changed 

from 0 to 3105 −⋅  and the non-coherent condition was simulated with 9.3 cycles of the signal in the measurement 
interval MT . 
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Fig. 1. Estimated values of the damping MTαθα =  ( 3.9=mθ , 1=mA , 0=mϕ ): a – reference value of α ; b – 

estimated values using the rectangular window (12), c - estimated values using the Hanning window (15) 
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The effectiveness of the proposed estimation algorithm using the Hanning window is much better than using the 
rectangular window due to the faster decreasing of the leakage spectrum tails (Fig .2). 

To illustrate accuracy of the proposed algorithms a two component signal (16) with the DFT spectrum (Fig. 2) 
was used as an example. 
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Fig. 2. Spectra of the two-component signal (16); a – using the rectangular window, b – using the Hanning 

window ( s1M =T , 1024=N ) 

In the estimations of the component parameters, the largest local DFT coefficients are used (Fig. 2: at the vertical 
doted lines). 
Emulating the real circumstances, random noise with the rectangular distribution and the standard devitation tσ  

was added to the signal. The noise propagation through the alghorithms was tested with three values of tσ  

(0.001, 0.01, 0.1). The largest standard deviation has the damping estimation (Table 1.). The Hanning window 
very efficiently reduce the systematic error in the case of damping estimation by (15) ( ) -3

Hann 10-15.91⋅=αe  ↔  

( ) -3
rect 10-509.05⋅=αe , but price for this is in increasing of the estimatation standard deviation using the 

rectangular window: 46.141.4089.58 ≈ .  

 
Table 1. Results of the parameters estimations (00010  iterations; ( ) valuereal-valueest.=E ,  valuerealEe = ) 

parameters real value estimated mean 
value 

systematic error σ  
( 001.0=tσ ) 

σ  
( 01.0=tσ ) 

σ  
( 1.0=tσ ) 

1f  9.3 9.2996 -310-0.408⋅=E  410521.0 −⋅  310521.0 −⋅  31022.5 −⋅  

1α  0 - - - - - 

1A  1.0 0.9994 -310-0.553⋅=e  410603.0 −⋅  310603.0 −⋅  31099.5 −⋅  

1ϕ  -0.5236 -0.5223 -3101.281⋅=E  41077.1 −⋅  31077.1 −⋅  3107.17 −⋅  

2f  20.7 20.7014 -3101.396⋅=E  410450.0 −⋅  310450.0 −⋅  31039.4 −⋅  
Hann 0.4920 -310-15.91⋅=e  310855.5 −⋅  31089.58 −⋅  31089.58 −⋅  

2α  
rect 

0.5 
0.2455 -310-509.05⋅=e  310984.3 −⋅  31041.40 −⋅  31041.40 −⋅  

2A ,   2A  1.5,  1.1807 1.1734 -310-6.174
2

⋅=
A

e  410510.0 −⋅  310510.0 −⋅  31004.5 −⋅  

2ϕ  0.2618 0.2824 -310.602 ⋅=E  410453.1 −⋅  310453.1 −⋅  31024.14 −⋅  
 
Since the estimated amplitude by the interpolated DFT is the average value in the measurement interval s1M =T , 

it is convenient to use the mean value 1.18072 =A  of the damped amplitude of the second component in the 
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measurement interval and in this case the relative form of the systematic error is -310-6.174
2

⋅=
A

e . 

 

IV. Conclusions 

In this paper, simple algorithms for fast measurement and estimation of the unknown damping, frequency, 
amplitude and phase are presented. Parameters are calculated from the DFT coefficients around the component 
peaks. The idea of the quotient interpolation using the Hanning window for the basic three parameters can be 
adopted also for the damping. The Hanning window very efficiently reduce the systematic error in the case of 
damping estimation, but price for this is in increasing of the estimation standard deviation in comparison with 
the rectangular window. 
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