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Abstract-In this paper, the exponentially damped sinusositzhals are analyzed. Simple algorithms for fast
measurement and estimation of the unknown damfriegyuency, amplitude and phase are presented. ddiesp
of the discrete Fourier transform (DFT) results adepted to obtain the parameters. The idea ofjtindient
interpolation using the Hanning window for the lgakiree parameters can be adopted also for theidgniphe
Hanning window very efficiently reduce the systeimatror in the case of damping estimation, butgfor this

is in increasing of the estimatation standard dmnan comparison with the rectangular window.

|. Introduction

The estimation of parameters of the exponentiadijnped sinusoids is of great importance in manyiegins
including in linear system identification, in sphegnalysis, and in transient analysis. The resflignear and
time-invariant differential equations are mostlyrqsed of exponential signal forms. Parameterspdreential
signals include frequency, amplitude, damping ahdsp. There are two types of exponential signélthel
damping is equal zero, the signal component isogéri conversely, if the damping is not equal toozehe
signal component will be aperiodic, and it will dgcto zero with time. Several papers address tbblgm of
estimating the damping besides the basic threakjmarameters [1]- [4]. Measurement methods folyairey
and estimation the parameters of the componentbeatassified as parametfis],[6] and nonparametric ones
[7]-[10]. Parametric methods are model-based and have gaog selectivity and statistical efficiency, but
require computationally intensive algorithms andyvgood ‘model agreement’ with a real multi-compone
signal. The non-parametric approach to spectrurtysisdas computationally efficient and has lesss#rity to
algorithm design parameters but has inherent peefoce limitations as frequency resolution and lgaleffects
in the non-coherent sampling. This paper presdifgsteve algorithms for fast measurement and egionaof
the component damping besides the frequency, ardplitand phase by the interpolation of the disdretarier
transform.

I1. Estimation of parameters

The sampled multi-component analog signg(t):zmﬁ\n@"’mt &in(2nf t+¢,) is obtained in two
measurement steps. The data cord is extracted @mginal signal by sampling fi =1/At - sampling
frequency) and windowingw(k) - windowing coefficientsk = 04,...,N —1).

g(kat), =w(k)m(kat), = w(k)D A, & Bin[2af kot + ¢, ]
m 1)

In the case of the zero dampiag, = , the DFT at the spectral lineis given by

G(i) = —%Z Anh/\/(i -6, )e -w(i +6m)e’j¢f“] .9, :% =i_+d,; -05<¢, <05 )
where W(J) is a spectrum of the window functiow(k) and 6, is a frequency divided by the frequency
resolutionA f :1/(NAt). The displacement terdy, is due to the non-coherent sampling. Non-cohereacybe

reduced by the interpolation of the DFT coefficgerit has been shown [8] that the best estimatisults in
reducing long leakage effects gives the three-pedtimation using the Hanning window. In the estioraof
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the particular component, the three largest local DFT coef‘l‘icier}tts(im —1] ,|G(im] , and |G(im +1] are used
for frequency:

Gl +2) - [(i., ~1)

G(i,, -9+ 2G( ) +[6(i, + 1) (3)

When the displacemend,, for the specific component is determined, it isgible to estimate also the amplitude

by summing the largest three local DFT coefficieantsund the signal component in the same mannir the
frequency estimation [11]:

3A"Dsif:(ﬂ7%m) = 52):24 JZ)EHG 1) +26(i,) +[G +1) (@)

.8, 02

and the phase [12]:

B = (1— Jm)¢im—1 + 4?,“ + (1+ Jm)¢im+1 _ ZanSm +% 5)

where phase parts of the DR ., =ardG(i,, +s)| ands=-10,1 are used.

I11. Damping estimation

Estimating of the damping means analyzing of theoeent functionx(t) = e [w(t) , whereu(t) is the unit step
function. The Fourier transform of this express®fiL3]:

0

1

o - ia+ j2nf ' ©

- T e j2nft dt = 1 ef(m jorf )t

—ia+ j2nf '

with amplitude and phase part:

Ix(f)= a; . argX(f))= —arctar( 2:: j )

2.+ (2nf )?

Observation in the limited measurement time (w(t) D((t) = e‘m| ) gives us the following expression:

rect 0->T.

Tu T
— J‘ e M2ty = " +1j2nf e—(mjznf LY - - +]j-2nf (1_ e—(a+j2nf )TM) (8)
[ j 0 [ j
X(f)= M - )= T (1 o gyieme) 9)

iaTM + j2afT,, ) i@a + j2n6’5

where 8, = aT,, is the normalized damping like frequen@&= f T,,. If the measurement time is long the

amplitude part can be approximated ﬂ)),« /JHZ 21:49 and for the two largest local DFT
coefficientsd,, and1-4,, apart from the component origin, it can be expressed:

. T
G(i, )= M . l6(i,, +1) = (10)
) 62 +(2n3,) | | V& +(2n(1-3,))
Using quotient like in DFT interpolation scheme
|G(Im +1] = 65 + (271:(5m))2 (11)

Gln) 62 +(2n(1-a,)y
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the expression fod, can be deduced:
0. =2n (1_ 5m)2|G(im +1]2 B (Jm)2|G(im]2 (12)
’ Gln)" -G+ 1)

If 8, is small 8, <<1 then quotient (11) can be reducedQc= |G(i +1]/|G(i )|: J,/[1-45,) and we get the

expression using the rectangular Wind(w(»t)rme""|07>T =W( )rect for which the spectrum behaviour is well

known [\N,em( )|N>>1 = sin(nB)/nB and quotient of the two largest local DFT coeéfitis can be expressed as:

_[600,+1) _ Weolt-6,) - na, sin=(1-3,) _ 4,
Gl W, (2,) sin(zs,) =li-o,) 1-4, (13)

Using the Hanning windoww,,,,(6)

window in the case of, << ,lthe quotient can be expressed:

=Sin(n6’)/(2n6’(1—6’2» and adopted conclusions for the rectangular

N>>1

Q |G(| +1)| [Whann(l—é_m)I:ZnJm(l—J,ﬁ) sin(z(1-4,)) .

Gl Mhan(@n)  sin(xd,)  2n(1-4,) h—l 5 F)
sf-02) _ 1-8  _1+g,
15(;(15) (-0, 25,,1)_2—5m

(14)

This expression for quotient can be used in (1%jebd of the expression for the rectangular windoa
estimation for the damping using the Hanning winadamw be deduced:

i, +1) \/92 . _ n\/(Z—Jm)2|G(im+1]2—(1+5m)2|(3(im]2
|G(im)| Jej 3) 0, pann = 2 6. -[66, +1f (15)

V. Evaluation of the estimation algorithms

In  simulations, estimation of the damping of the e@omponent signal in the form
g(e) =1 =in(2n 93+0) was performed first (Fig.1), where the dampiag 6, /T,, has been changed

from 0 to 5010 and the non-coherent condition was simulated @idhcycles of the signal in the measurement
interval T,, .

A
a.,/10°

est

0 1 2 3 4 5  a/10°

Fig. 1. Estimated values of the dampiag- 6, /T,, (6,,=93,A, =1,¢,,=0): a—reference value af ; b —
estimated values using the rectangular window (@ 2)gstimated values using the Hanning window (15)
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The effectiveness of the proposed estimation dlgoriusing the Hanning window is much better thangithe
rectangular window due to the faster decreasirthefeakage spectrum tails (Fig .2).

To illustrate accuracy of the proposed algorithnts/@ component signal (16) with the DFT spectrung.(R2)
was used as an example.

g(t) = 10sin 2203t - = |+ 15 sin 27 (207t + — (16)
6 12

0 10 20 ' " 40 f/Af

Fig. 2. Spectra of the two-component signal (16);using the rectangular window, b — using the Hamn
window (T,, =1s, N =1024)

In the estimations of the component parameters, the laoges$tDFT coefficients are used (Fig. 2: at the vertical
doted lines).
Emulating the real circumstances, random noise with thangelar distribution and the standard devitatign

was added to the signal. The noise propagation through gherdéhms was tested with three values af
(0.001, 0.01, 0.1). The largest standard deviation hadaimping estimation (Table 1.). The Hanning window
very efficiently reduce the systematic error in the case of dapgstimation by (15)3Hann(a) =-15.9110° -

e

rect(a):-509.OEELO'3, but price for this is in increasing of the estiai®@n standard deviation using the
rectangular window5889/4041= 146.

Table 1. Results of the parameters estimatia@9@0 iterations; E = (est.value— realvalué , = E/realvalue)

parameter§ realvalug estimated measystematic error o g g
value (0,=0001 | (0,=001) | (0,=01)
f) 9.3 9.2996 E=-0.40810° | 052110* | 052110° | 522010°

a 0 - - - - -
A 1.0 0.9994 e=-0.55310° | 0.60310“ | 0.60310° | 599107
é, -0.5236 -0.5223 E =1.28110° 177010 177010° | 17700°
f, 20.7 20.7014 E =1.39610° 0.450010* | 0.450010° | 439107
a, Hann 05 0.4920 e=-15.9110° | 5855010° | 5889[10° | 588910
rect 0.2455 e=-509.0910° | 3.984M10° | 4041M10° | 40410107
A, A |15, 1.1807 1.1734 e, =-6.17410° | 0510010" | 05100107 | 504010~
$, 0.2618 0.2824 E =20600° 145310 | 1.45310° | 1424007

Since the estimated amplitude by the interpolatEd 3 the average value in the measurement intéryat 1s,
it is convenient to use the mean valde =1.1807 of the damped amplitude of the second componettién
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measurement interval and in this case the relédive of the systematic error is; = -6.17410°.

IV. Conclusions

In this paper, simple algorithms for fast measurement estisnation of the unknown damping, frequency,
amplitude and phase are presented. Parameters are calculated fronT tbeeBi€ients around the component
peaks. The idea of the quotient interpolation using the idgnmindow for the basic three parameters can be
adopted also for the damping. The Hanning window vergiefftly reduce the systematic error in the case of
damping estimation, but price for this is in increasinghef estimation standard deviation in comparison with
the rectangular window.
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