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Abstract: In this paper, we consider a dual channel sig- Sy, (f)
nal model with common frequency that is appropriate in
a plurality of measurement setups, including impedance () _| v (LTyn)
measurements and imbalance measurement in direct con- Sampling at;7;

version RF receivers. We investigate on a new approach 7 F
and present analysis of parameter estimation, specifically F, > 2F
the seven parameter dual channel sine fit in which the sig- Son(F)
nals from both channels are uniformly subsampled with
coprime pair of sparse samplers and combined in a singley,(:) ) o (MTom)
array. Simulation results shall show acquired improve- Sampling at;7;

ment in complexity as well as loss in estimation perfor-
mance compared to that of an estimation from Nyquist
sampled signal.

—F F

Fig. 1. Basic set-up. Compared with Nyquist sampling of theltan-
nels, the channels are down-sampled by/2 of the coprime factors

L and M, respectively.
1. INTRODUCTION

Demands on sensors, instruments and intrinsic measureetry [5], impedance measurements [6], and characteriza-
ment devices, such as analog to digital converters (ADCs),tion of mixers in radio-frequency receivers [7]. In [8], the
are mostly related to the sampling frequency required for dual channel model was studied and an extension of the
the application at hand. As the current trend for test- four-parameter fit in [1] to a seven-parameter fit was pro-
ing and verification of devices is demanding for higher posed.The Gaussian scenario was studied in some detail
bandwidth, there is a need for schemes based on underin [9]: including the Cramér-Rao bound (CRB) for perfor-
sampling, employing the sparseness of the analyzed datamance assessments, and non-linear least-squares for pa-
The problem formulated in this paper is categorized rameter estimation. Asymptotic results were derived and
among the set of problems dealt with in compressive sens-compared with numerical results based on limited set of
ing, or compressive sampling. The underlaying study in samples indicating good agreement between theory and
compressive sensing/sampling introduces approaches tgractice.
sensing and acquiring signals based on sampling at rates  The purpose of this paper is to apply some ideas of
significantly below the Nyquist rate. The theory devel- compressive sensing to the considered dual channel sine-
oped thus far has made it possible to combine sub-Nyquistwave model. In particular, the seven parameter dual chan-
sampling with current available computational power for nel model is studied under coprime subsampling; See Fig.
solving estimation problems efficiently. A number of ad- 1 for the basic set-up and notation. Employing coprime
vantages have been pointed out to employing compressivesubsampling corresponds to a reduction of the sampling
sensing; one major outcome has been to significantly re-rate by a factof. /2 in the first channel, and a factds /2
duce the sampling rate required by analog-to-digital con- in the second, wheré > 2 andM > 2 are coprime in-
verters for wideband applications [3], [4]. tegers. To use coprime subsampling of the channels was
The well known sin-wave-fit algorithm defined e.g. by proposed in a similar context in [10], [13]-[15]. Among
IEEE Standard 1057 [1] has provided an essential tool for other things it was shown in [10] that dual channel co-
testing of ADCs, waveform recorders and communication prime sampling allows to sample a signal sparsely and es-
electronics. The method extract the in-phase and quadratimate some aspects of the signal at a significantly higher
ture components of the sine-wave, the direct-current (DC), resolution.
and (for the, so-called, four parameter fit) also the angular ~ The main motivation for the paper is the fact that the
frequency of the sine-wave. See e.g. [2] for details on its sought for signal parameters can be uniquely determined,
performance. by a clever choice of under-sampling strategy with the
Dual channel measurements relying on the sinewavebenefit of amin(L/2, M /2)-factor reduction of the sam-
model are common, e.g. in applications like laser anemom-pling rate. A result of the sampling strategy is that (1) for



a given resolution of the front-end ADC, a lower cost unit whereA; and B; are the amplitudes of the in-phase and
can be employed, (2) for a given cost of the ADC, the reso- quadrature components, ad4 is the DC component for
lution can be increased, leading to improved performance,the first channel; whilel,, B, andC, are the correspond-
and (3) by a reduced rate the integration time in the ADC ing parameters for the second channel. The angular fre-
can be extended, leading to superior signal-to-noise ra-quencyw = 27 F/F,, whereF is the absolute frequency
tios. The price paid is for a given measurement time, lessin Hertz (Hz), is common to both channels as can be seen
amount of data is collected leading to reduced estimationfrom (4). For the problem at hand, the sought for parame-
accuracy, however it may be motivated by a reduced im- ters are gathered in the vector:

plementation complexity. We will apply the methodology

of [9] and consider the problem at hand under the Gaus- T

sian assumption, and resolve some fundamental questions 0= (A1 B1 C1 w Ay By (9) (5)

on estimation accuracy and parameter estimation, com- . —
bined with some simulation results. The provided anal- _The 5|gnal model (.1)_(5) has been studied in [.9]' There
O?XIS'[ a variety of algorithms for parameter extractionjsuc

ysis is conservative, because the benefits above are n as iterative non-linear least-squares methods [8, 9] or el-
considered, but can be analyzed one-by-one by the giver‘. . q [8, 9]
ipse fitting [11].

methodology.
The organization of the paper is as follows: Section ) )
2 presents the employed dual channel signal model upor?-2. Coprime sampling

which the problem is formulated and the computed CRB giarting with the measurements in (1)—(2) the subsampled
for coprime subsampling implementation is shown in Sec- data, wherey, andy, are sub-sampled by half of the co-
tion 3. Section 4 discusses on proposed technique for €Sprime factorsl and M respectively, is given by

timating the common frequency including nonlinear least

squares (NLS) methods for the seven parameter subsam- y; = (y;(0), y1(L/2),...,51((N — 1)L/2))T  (6)

pled sine-fit. In Section 5, we present simulation results

and analysis for the practical case in testing of direct con-and

versation RF-receivers for 1Q-imbalance problem in RF

receivers based employing coprime subsampling. we draw Y™ = (12(0), y2(M/2),....y2((N = 1)M/2)" (7)

our conclusion in Section 6. We emphasize that the subsampling of a longer data vector

is only introduced for notational convenience. In a practi-
2. PROBLEM FORMULATION cal set-up, measurements are directly collected employing

a reduced sampling rate. For notational convenience we
First the Nyquist sampled model is reviewed, followed by have further denoted the sub-setyafby y, which is a
introducing the model corresponding to sub-Nyquist sam- vector of lengthV; = 2N/L, and sub-set of» by yar,
pling. which is a vector of lengtiVy = 2N/M. The integerd.
and M are the integer coprime subsampling factors. By
requirementN; and N, have to be integers, which can be
assured by proper selection .
For easy reference, the dual-channel (Nyquist sampled)  Due to the different sampling rateX;; /L and2F; /M,
signal model is given by the measurements collected inthe angular frequency of the sinewave components are no

2.1. Signal model

the measurement vectors longer equal. In addition, the subsampling may result in a
folded component (aliasing) which will present an ambi-
yi = (41(0),...,y:(N —1))T (1) guity when trying to resolve the frequency estimates. Let
vy, andvy, denote the (possibly) folded angular frequency
and in channell and channe® respectively, withvy, vy, €
y2 = (42(0), .-, y2(N = 1))" 2) [0, 7). Then
where the indeX1, 2} denotes the channel number, and I
N the number of samples per channel. Furtiiedenotes vp=Gw modulor (8)

the transpose operator. An additive model of the measure-
ments is introduced as and Y

vy =S w modulor 9)
yr(n) = sp(n) +vg(n), k=12, n=0,...,N—1 )

3) For example, withv = 7/8 for L = 3 andM = 4, then
wherevy,(n) is white Gaussian noise with variane@, vz = 37/16 andva, = /4, respectively and from which
jointly independent between the channels (that is, circula the parameter is to be determined.
white noise). Further, the signal of interest is modeled by
(forn=0,...,N —1) 3. CRAMER-RAO BOUND

The CRB is a lower bound on the error variance of any
sk(n) = Ay cos(wn)+ By sin(wn)+Cy, k=1,2 (4) unbiased estimator [17]. Under the Gaussian assumption,



Table 1 . Comparing CRB for the estimation the seven paramets
using standard Nyquist sampling and using the employed Copme
sampling.

Nyquist sampling Coprime sampling
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the CRB for the Nyquist sampled model (1)—(5) was de-
rived in [9]. The methodology in [9] can be employed
for the situation at handnutatis mutandisWith coprime
subsampling, the signal model in (4) is modified to

= Ay, cos(agw n)+ By sin(agwn)+C, k=1,2

(10)
with o, € {L/2, M/2}. The CRB is derived based on
the subsampled signal model (10). Let

sk (agn)

y=(yr YM)T (11)
wherey, andy,, are given by (6) and (7) respectively.
The derivation of the CRB involves inverting thiex 7

Fisher information matrix given below

ez

wherep(y; 0) = p(yL; 0)-p(ywm; 0) , which is multiple of
two Gaussian pdfs with variance$ ando3 respectively.
Computing (12), the elements in the matli§d) are given

by

3(0) = EKalng(Hy;H)

Np—1

D

n=0
Nz*l

1
=0

2 n=o0

1

[JO)i; = o2

asl(én; 0) 651(%71; 0)
00; 06

M. M. (13)
0s2(5n;0) 0s2(5n;0)

06, 00,

Asymptotic CRB is derived by taking the inverse the ma-
trix J(0) using similar method and applying the simpli-
fying properties for large enougN employed in [9] and
[12].

CRB in dB

I I
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Fig. 2. CRB of w for varying measurement time 7' employing
Nyquist sampling (solid line) and Co-prime subsampling (dts).
Here, L =3 and M = 4.

In Table 1, the CRBs of the seven parameter model
is shown, comparing Nyquist sampling and the employed
coprime sampling strategy for a given signal-to-nois@rati
(SNR). The SNR is defined as

SNR= SNR; + SNR,

where SNR = (A7 + B})/207 for k = 1,2. The table
presents the obvious outcome in estimation performance
under subsampling, that is for a given measurement time
T the number of acquired samples will be less than the
number of samples collected in Nyquist sampling, conse-
guently making the CRB larger. A direct observation is
that if both channels were to be subsampled with the same
factor such thal. = M, then the CRB for all parameters
obtained from Nyquist sampling would increase by a fac-
tor of L/2 or M /2. In general however, wheh and M

are c oprime, the CRB still increases but by a non integral
factor which is a function of. and M as shown in Figure

2 forw.

4. FREQUENCY ESTIMATION

In this section, a method to estimate the angular frequency
is discussed. Noting that due to subsampling each chan-
nel, which possibly renders one of or both waveforms to
be undersampled, it is impossible to uniquely determine
the frequency from only one of the subsampled channels.
However, as presented in [10], [13]-[15] determination
of frequencies from multiple undersampled waveforms is
possible. [13] showed the Chinese Remainder Theorem
(CRT) for estimation of a single frequency in complex
valued undersampled waveform, while [15] introduced an
algorithm employing real valued waveform corresponding
to two symmetric frequencies in a complex valued wave-
form which also corresponds to the set-up in this paper.
In this paper, we form four set of equations based on fre-
guency estimates of each subsampled channel from which
the true common frequenayis to be resolved.



4.1. Resolving the frequency ambiguity

The relations in (8)—(9) present &h M) /2-ambiguity in
w within [0, ) which has to be resolved to uniquely de-

termine its estimate. Denote initial estimates of the fre-

quency by, andv,,, respectively, both belonging to the

interval [0, ). Because of the real valued signal model,

Solving (16) results in the two solutiof& 7, 7, ;) given
by (0, 0, 1, 2) . In which the frequency estimates is given
by o = 57/8.

Example 2: Consider also the example with = 97/16x
andvy; = 3r/4 for L = 3/2andM = 4/2, correspond-
ing to a sought for frequenay = 37/8.

the ambiguity extends such that each frequency estimate

from the sine-fit algorithm is paired with its conjugate,
vy = 2n — vy andvy, = 2w — Uy, in the interval
(m, 2m]. The paired estimate§y,,, 5} and{Dy, U5, }
are related to the true frequeneyby (8)—(9). Therefore,
for some integerg andm, where/ = 0,...,L/2 — 1
andm = 0,...,M/2 — 1 the following sets of candidate
estimates are computed

@471 = 2(17L Jrf?T)/L
We2 = 2] +4n)/L (14)
(for¢=0,...,£ —1)and
a'rn,l = 2(31\/1 + mTF)/M
Ome = 20y +mm)/M (15)
(form =0,...,4 —1). The solutions is then obtained
by choosing

ee{o, 1, 1},m€{0, 1%1}

andi, j € {1, 2} for the pair(J, ;, &m,;), such that

Z) T?L, /i\v j]\: arg émln |ae,i - am7j| (16)
s, 9
Equation (16) will have a unique solutiah € [0, 7). In
the noise free case, it follows that whérand M are co-

prime the relation below holds [15]
min |@g,i — am,jl =0
l,m,i,j
We therefore have the frequencua? and & D55 which
minimize (16) and from which the final estlmaffzes esti-
mated by averaging as below

a:%( 73+ 0nj) (17)

The two examples below try to elaborate the discussion

for any solution(@m, w
in the noise free case.
Example 1: Consider the example withy, = 157/16 and

v = 3m/4for L =3/2andM = 4/2, corresponding to
a sought for frequenay = 57/8. Then

~) such thaﬁzg =W~ -~ =00,

m,j m,J

ey € I{5} (18)
W € —{17} (19)
Bm1 € g{3, 7} (20)
B € %{5, 9} (21)

Doy € 1{3} (22)
Ben € —{23} (23)
Wm,1 € g{S, 7} (24)
Bma € %{5, 9} (25)

once again solving (16) results in the solutions given by
(0,0,1,1).

4.2. Initializing with dual four-parameter fits

The four-parameter fit, [1], [2] is applied once per channel
to obtain estimate of the frequenci&s and?,, from the
subsampled waveforms. Equations (14)—(17) are further
employed on the two individual initial estimates to obtain
an unambiguous initial estimate of the common frequency
@°, around which a numerical maximization procedure is
to be employed in the non-linear least squares problem
discussed in the following section.

4.3. Non-Linear Least Squares

A nonlinear least squares framework was provided in [9]
for solving the dual channel seven-parameter sine fit in
which Gaussian noise with known variance was assumed
for each channel. Following similar notations, we form a
generalization to solving the nonlinear least squares-crit
rion for coprime subsampled channels. The least squares
criterion given below

Np—1
> (yr(n) —si(n; 0))° +
Nt

> (war(n) = sa(n; 0))°

n=0

Vi (0) =
(26)

whereNy, = 2N/L, Ny, = 2N/M and

L L
sp(n; 0) = Ay cos(aw n) + By sin(gw n) + C1,

M M
sp(n; 0) = Ag cos(gw n) + By sin(gw n) + Cy

(27)
noting that the models;, (n; 6) andsy,(n; 0) are equiva-

lent to the coprime subsampled signal model in (10). The
least squares problem therefore reads

0 = arg mﬁin Vn(6) (28)



in order to continue, let us define matricdg andd,,
along with a block matriXD such as given below

k

cos%w-O singw -0 1
cosguwl sin%uwl 1
d; = . .
cosfw- - (Ny—1) sinbw-(N,—1) 1
(29)
and
_(dp O
D= ( 0 dy > (30)

where0 is a zero matrix of appropriate size ahdenotes
the coprime subsampling factofs and M and N, =
2N/k. Therefore, (26) can be put in a matrix form as
shown below

Vn(0) = (y -Dx)"(y - Dx). (31)

wherex is the parameter vector with the linear parame-
ters, see [9]. By condensing the loss functign(d) with
respect to the linear parameters, a maximization problem
given below remains [9]

& = argmax g(w) (32)
whereg(w) is given as
g(w) y'D(D'D)"'D"y (33)
= gr(w) + gm(w).
such that
_ Td de 71dT
gr(w) =yrdr(dpdr) "dryr (34)

gn(w) = yardy(dida) " disym

As earlier noticed, coprime subsampling introduces an am-

biguity in the determination of the underlying angular fre-
quency. Therefore, having acquired the initial and un-
ambiguous estimate’, the final estimatey, is obtained
using numerical maximization of (32) around the initial
value with the iterative solution provided in [8] or with the
aid of the scalar bounded nonlinear function minimization
routinefminbndprovided by MATLAB as suggested in [9]
and from which simulation results are provided in the next
section.

4.4, Linear parameters

The criterion defined in (26) is within the set of separable
nonlinear least squares problems [17] in which it is sepa-
rated into two subproblems that depend on the linear and
non-linear parameters respectively. Having obtained esti
mate of the nonlinear parameterfrom the subsampled
set signals, the parameter vector

X = (A17 Bl; Cl) AQ; BQ7 CQ)T

which contains the six linear parameters is estimated by
solving the least-squares solution

X = (D'D)'DTYLy
(dzdL)fldjLﬂYL (35)
(df,dar)~tdy, Yar |
One may note that (35) is equivalent to employing the

dual three-parameter sinewave fits.

5. APPLICATION AND SIMULATION RESULTS

Subsampling may for example be used to speed-up test
during the production phase. Massive parallel testing of
a large number of receivers put demands on efficient test-
ing methods. Coprime subsampling loosens the require-
ment on memory and processing power to a moderate cost,
and may therefore be the method of choice for testing and
determination of 1Q-imbalance in direct conversion RF-
receivers.

5.1. Estimation of IQ-Imbalance parameters

IQ imbalance is among the multiples of impairments that
occurs in radio frequency (RF) receivers’ circuitry. For
direct conversion receivers where signal in the RF band is
translated directly to baseband frequency, 1Q-imbalance
causes distortion of the 1Q-signals leading to degradation
of the reception performance. In [7], a single tone test
for estimation of 1Q imbalance parameters was employed.
The problem was parameterized in such a way that it al-
lowed for a nonlinear least squares approach for the esti-
mation of parameters. modeling of the noise free signals
in the I-branch and the Q-branch of a direct-conversion
receiver is given by

si(n) = greos(wn+ ¢r) + Cr (36)
= /A2 + BZcos (wnJrarctan%j) + Cf.
= Ajcos (wn—i—g) + By sin (wn—i-g) + Cy.

and

so(n) = ggsin(wn+ ¢q)+ Co. (37)
= /A + Bgsin (wn + arctan g—g) +Cq

Ag cos (wn) + Bg sin (wn) + Cq.

where the parametery andgg are gains,¢; and ¢¢

are initial phases and@’; andCg are DC offsets in each
branch. After employing coprime subsampling, the mea-
sured signal samples from each branch can be put in the
form of (2) assuming gaussian distributed measurement
noise for implementation of the seven parameter sine-fit
from subsampled pair of signals (I branch is equivalent to
channel 1 and Q branch is equivalent to channel 2). Typ-
ically, the gain imbalanc& = ;’—é , the quadrature skew

Q = ¢1 — ¢¢ and the DC leakage in the local oscillator
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6. CONCLUSION



