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Abstract- This paper describes a design methodology of a square Helmholtz coil with finite cross-sectional
area to be used as a magnetic flux density standard up to 50 mT at NIMT. Magnetic field inside the square
Helmbholtz coil was considered to be assembled from the magnetic fields produced by every pair of square loops,
which were analytically derived from the Biot-Savart law. This design technique, based on physical properties of
the copper wires, allows the coil resistance to be easily predicted to match the output characteristics of the DC
power supply. Temperature rise in the coil and the decrease of the coil constant due to thermal expansion were
also taken into account. The calculated magnetic field was found to be closely agreed with finite element
modelling (FEM). A design prototype was constructed and results showed good agreements with the numerical
calculation.

I. Introduction

Helmholtz coils are widely used as magnetic field sources in calibration systems of magnetic field measuring
instruments [1], [2]. Square Helmholtz coils provide better field homogeneity over the common circular
configuration with a trade-off in the maximum field intensity [3]. In general, design of Helmholtz coils is based
on calculation of the axial field derived from the Biot-Savart law, where the conductor is approximated to be
infinitesimal [3]. In order to achieve a higher flux density, a number of turns have to be used causing the cross
section to be thick compared to the coil width. Franzen [4] proposed a calculation method for Helmholtz coils
with finite cross section, where choices of width to height ratios of the conductor cross section can be chosen.
However, Franzen’s method is applicable for the circular Helmholtz coils only. Kuns [5] presented an analytical
method for calculation of magnetic field inside a plasma chamber by summing magnetic fields produced by
individual conductor loops.

Thus, this paper describes a design method for of a square Helmholtz coil based on analytical calculation of
every pair of square conductor loops, with a maximum centre flux density of 50 mT. Limited power constraints
of the DC current source, temperature rise and thermal expansion in the coils were also taken into account.

11. Design methodology
A. Calculation of magnetic field
Figure 1(a) illustrates the square Helmholtz coil configuration, consisting of a pair of N turn square wire loops.
Each has the width of 2a and they are separated by a distance of 2c . The conductor diameter is considered to
be infinitesimal. Its magnetic field along the z direction, B, is of interest, which is derived from the well known

Biot-Savart law given as
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where y, is the permeability of free space, and x, =y,=a, X,=Yy,=-a, z,=C, z,=—C. The value of coil
space of ¢c=0.544506a was reported to be satisfied the Helmholtz condition [3]. In order to increase the flux
density at the coil centre, higher current and turn numbers must be used. However, the insulation and thermal
expansion of the copper wire limits the maximum coil current. On the other hand, increasing the turn numbers
creates the conductor cross section not to be negligible compared to the coil width. This makes the axial flux
density deviates from the Helmholtz condition in (1). In this case, the finite conductor cross section into account
has to be taken into consideration. Figure 1(b) shows the cross section of a square Helmholtz coil. Each coil
comprises M layers of round conductors with diameter of d. Each layer has N turns for the odd layers and N-1 for
the even layers. This coil configuration can be considered to be assembled from individual pairs of single turn
square loops located at turn n and layer m. The axial magnetic flux density produced by each pair of square loop,
B, can be easily calculated using (1). Their individual coil width, a,, and coil space ¢, are defined as follows
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amza—H/2+d/2+(m—1)§d 2
c,=C-W/2+dx(n-1/2) for m=odd numbers; ¢, =Cc—-W/2+dxn for m=even numbers (3)
, Where a and c are the average coil width and coil space respectively, and W and H are the width and height of
the conductor cross section. The total axial magnetic flux density, B, is then the summation of each loop pair
B, given by
M N
B, =YY B,,- 4)

1 n=1

Equations (1)-(4) can be easily implemented in a spread sheet program or in MATLAB m-file, which is more
economical and requires less computing power than a finite element package.
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Figure 1. (a) Filamentary square Helmholtz coil, (b) Cross section of a thick square Helmholtz coil

B. Design under power constraints
The maximum rating of a DC power supply at NIMT magnetics laboratory is 30 A at 70 V [6]. Thus, the size of
copper wires had to be carefully selected to keep coil voltage and current at the maximum flux density below the
power supply rating. Coil resistance R was determined from the coil geometry from
|
R=p y (4)
, where A is the cross sectional area, | is the length, and p is the resistivity of the copper wire respectively.

According to the copper wire specification, p/A at 20°C is provided [7]. Thus, the coil resistance was
calculated from only the coil length

I=1,+1, ®)
, where |, and |, are defined as follows
M
l, =16 a, xN for odd layers (6)
m=1
M
I, =16 a, x(N-1)  for even layers. )
m=1

C. Temperature rise prediction
Helmholtz coils are usually fed with a constant current, | and assume that there is no heat exchange, so the

change in the coil temperature can be predicted the energy supplied to the coil (12R-At)
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where C_ is the specific heat capacity of the copper windings (385 J/kg-C), At is the time change after applying
the coil current, m is the mass the copper wire. The copper wire specification sheet also gives the value of
I/ m[7], resulting in the temperature change can be predicted from

(L) [2) LAt
TmEe <9>

m

It can be observed that the increase in the coil temperature depends only on the physical properties of the copper
wire.

D. Thermal expansion

Decrease of the coil constant, k, (k, =B/1) due to thermal expansion in the coil and former materials is
normally found in standard Helmholtz coils [8]. It is assumed that the effect of thermal expansion causes the coil
width, a to increase with AT as a=a,(1+aAT), where a, is the initial coil width and & =17 x 10°°C? is the

thermal expansion coefficient of copper [9]. In fact, the coil constant, k, is proportional to 1/a [3]. Thus, the

effect of self heating on the coil constant can be written as
ks __ (10)
ko, @+aAT)

where Kk, is the initial coil constant. It should be noted that the thermal expansion of the former material is
neglected.

D. Design procedure

Figure 2 details the design procedure of a thick square Helmholtz coil. It begins with the calculation of a
filamentary coil, providing initial information (coil width, coil space, and turn number/current ratio) for the thick
coil. If the resistance of the calculated thick coil does not match the output characteristic of the power supply, the
wire size has to be changed.
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Figure 2. (a) Design procedure of a thick square Helmholtz coil, (b) Cross section geometry of the designed
square Helmholtz coil
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D. Numerical results

The criteria for the square Helmholtz coil in this design were to produce the maximum flux density of 50 mT
with an excitation current less than 17 A, and field homogeneity along the axial direction (z) range of £15 mm
within 0.01 %. Table 1 compares two design choices met the requirement above. Coil#1 with the conductor
diameter of 2.6 mm has the resistance of 5.4 and current at 50 mT of 13 A. This will easily the maximum rating
of the power supply when coil resistance increases due to self heating. Thus, coil#2 with the wire diameter of 2.9
mm was then chosen for implementation. Figure 2(b) depicts the cross section geometry of the coil#2 which has
559 turns each coil. Flux density of this coil configuration was also calculated using 3D finite element modelling
(FEM) to verify the proposed design scheme. Figure 3(a) shows that B, of the designed thick coil along the z

direction agrees with the filamentary coil with similar coil width and coil space. The FEM calculation of B, also
confirms this proposed method. The distribution of B, to the flux density at the centre B, in the xz plane in

Figure 3(b) also exhibits the typical characteristic of Helmholtz coils, where the field distribution is flat around
the centre region.

Table 1. Comparison of two design choices of square Helmholtz coils

Coil Coil geometry Wire parameters 1@ R A AT Ak,
[mm] 50mT | [Q] @ o
a | ¢ | W ][ H]| d [ p/A ]| ml [A] M gmin | T
[mm] [Q/km] [kg/km] [°C]
1 145 | 79.0 | 69.5 | 70.1 2.6 3.324 47.77 13.00 5.4 70 9.16 -0.0156
2 150 | 82.0 | 70.8 | 67.1 2.9 2.665 59.36 16.34 35 57 9.34 | -0.0159

4

W 2 el v e
b /20

— Filametary equation 999 £
. o Quasi-analytical method [ ’ 0

----- Finite element modelling 30 20 e S /<20
4. -10 0 N et Y Axial direction, » [mm

B -60 -40 . X 20 40 60 80 10 20 740
Position along the z direction [mm)] Transverse direction, & [mm| 30
(@) (b)

Figure 3. (a) B, produced by a filamentary square Helmholtz coil compared with a thick coil calculated by the
quasi-analytical method and FEM, (b) Image of a design prototype under construction

D. Construction and test of the prototype coil

Figure SWG11 copper wires coated by polyester-imide/polyamide-imide, which can withstand temperature up to
200°C, were used as the conductors. Their physical properties are listed in Table 1. The coil former and base
were constructed from Bakelite thanks to its resistivity to electricity and heat. They are assembled together with
polyether ether ketone (PEEK) screws because of their robustness. Figure 4(b) exhibits the experiment setup for
measurement of the coil constant of the prototype. The Helmholtz coil was fed by a constant current and its flux
density was measured by a continuous wave NMR magnetometer from Echo Electronics model EFM-2000AX in
the form of resonance frequency of the proton rich NMR sample. An Agilent 53131A universal counter locked
by a 10 MHz standard frequency from a Cesium clock was used to measure the resonance frequency, f,, which
was then convert to flux density by

274

e

where y7 =2.675 153 268 x 10° s T is the shielded proton gyromagnetic ratio [10]. The temperature rise in the
prototype coil was monitored by the coil voltage and a type J thermocouple attached on the wiring. The coil
constant was observed in this experiment instead of the flux density to minimise the effect from fluctuation of
the excitation current. The coil was positioned along the East-West direction. Test of the decrease of the coil

constant due to temperature change was conducted around 50 mT. Determination of the field distribution was
done approximately at 40 mT and the coil temperature was controlled not to exceed 28°C in order to limit

B =

z

: (1)
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measurement uncertainties due to the self heating effect. Each measurement point was carried out under positive
and negative current polarities and the average taken to minimise the presence of the Earth magnetic field. Each
was repeated five times. The laboratory temperature and humidity were controlled within 23°C £+ 2 °C and 50 %
+ 10 %.
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Figure 4. (a) Photograph of the square Helmholtz coil, (b) Measurement setup

111. Experimental results and discussion

It was found that achieving a centre flux density of 50 mT required a current of 16.64 A. This means the
prototype Helmholtz coil has the experimental coil constant of 3.005 mT/A £ 0.04 %, which is approximately
98.2 % of the calculated value (50/16.34 = 3.06 mT/A). The coil resistance was measured by a Keithley 2002
digital multimeter and found to be approximately 3.2 Q at 22°C. The experimental coil constant and resistance
lower than the calculation are believed to be due to the copper wire were not placed precisely as shown in Figure
2(b) resulting in lower total turns.

Figure 5 displays the increase in the coil temperature and the coil constant drops as a function of the coil
temperature after feeding a constant current of 16.64 A. Both two variables show good agreements with (9) and
(10). However, the measured temperature increased at a slower rate than predicted. This can be due to there was
heat exchange with the surrounding environment and the prototype coil is not a lump element of copper as
assumed in (9). The coil constant was estimated to drop about 0.016 % with a temperature rise of 10°C as given
in Table 1, but the experimental result show that the winding can go up to around 13°C to cause the same order
of reduction. This could be the copper wires were tighten on the former creating interacting forces that caused
the wires not to elongate freely as predicted in (10).
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Figure 5. (a) Temperature rise in the Helmholtz coil windings supplied by a constant current of 16.64 A, (b)
Decrease of the coil constant against the coil temperature.
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Figure (6) compares the measured and calculated uniformities of magnetic field along the axial, z and transverse,
x directions. It is noted that the uniformity was measured in the form of the coil constant because of the difficulty
in keeping the current equal in every measurement. The deformation at the end plate of coil B shown on Figure
4(a) is believed to cause the unsymmetrical field distribution on the positive side of the z direction. In contrast,
the measured field distribution on the negative side is close to the calculated value. The deformation also affects
the uniformity on the xy plane, which can be seen in the field distribution along the x direction in Figure 6(b).
Despite the imbalance of the field distributions, the centre region around 20 mm wide (-25 mm <z <5 mm, and
-20 mm <y < 10 mm) also has a good homogeneity better than +0.05 %.
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Figure 6. Comparison of the measured and calculated uniformities of the coil constant: (a) along the axial, z
direction, (b) along the transverse, x direction. The error bars represent the expanded uncertainties in the
measurement (k=2).

V. Conclusions

A square Helmholtz coil with finite cross section was designed to be used as a magnetic field source for
calibration of flux density using the proposed quasi-analytical method based on Biot-Savart law, which required
less computing power compared to FEM simulation. Physical propperties of coil conductors were directly fed
into the design equations. This allowed the coil resistance to be accurately predicted to suite with the power
supply output characteristics. Furthermore, temperture rise and reduction in the coil constant due to thermal
expasion were also estimated. Finite lement modelling and practical implementation verified the effectiveness of
the proposed design procedure. Construction Helmholtz coil coils should be done with great care in order to
obtain the desired field distribution.
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