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Hypothesis Test on the ratio between two measurement uncertainties
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Abstract- In a measurement context often it is fundamental to verify if two independent measurement
processes give origin to the same uncertainty. The comparison between these two uncertainties is important, for
instance when we use two or more different instruments. We apply this method to the uncertainty of a digital
oscilloscope measuring rise/fall time of a signal. We apply this test to verify this property if it is requested by
other important hypothesis tests like that about the difference between the measurand estimators. This technique
is also the base to the ANOVA (ANalysis Of VAriance) procedure. Such statistical tools are widely adopted in
the measurement since to draw conclusions from experimental results, see for example [1-3].

I. Testing the ratio between two combined uncertainties

If we consider two measurement processes with normal distribution, we extract two samples of independent
measures of size ny and n, respectively. The variances of these two sample are uf and u% where uf is the
greater.

The test to verify null hypothesis Hy :ul2 :u§ is based on the ratio between the two combined uncertainties. If

these hypothesis are true, it is possible to assume that the statistic:
2
F="1 @
uz
corresponds to a F Fisher distribution [4,5] with v; =m -1 and v, =n, —1 degrees of freedom. The critical

values, corresponding to the quantiles of the Fisher distribution, depend on the degree of freedom and they can
be identified as F,(v1,v,) and F_,(v1,v,), respectively, deduced by F distribution. For this distribution we

have: F,, (v1,v5) =1/ F_,(v,11). Generally the a-levels commonly used for this test are: a=0.01 and a= 0.05
[4]. In Table I the critical values in function of a-level for one-side and two-side test are summarized.

Table | - critical values in function of a-level for one-side and two-side test

Test Alt. Hyp. H1 | o Level | Critical values Reject Ho if:
One side u12 > u§ 0.01 |:a =Fyo1 F> F0.01
005 | F, =Fos F>Foos
One side ul2 < U§ 0.01 Fl—a = Fo.99 F < Fo.99
005 | F_, =Fogs F <Foos
Two sides u 12 £U g 0.01 Flfa/Z — |:0.995 F < F0.995
Fo2 = Fooos F > Fy 005
005 Figio =Fogrs | F <Fogrs
Fo2 = Fooos F > Fooos

ISBN-10: 84-616-5438-2 | ISBN-13: 978-84-616-5438-3 400



19" IMEKO TC 4 Symposium and 17" IWADC Workshop
Advances in Instrumentation and Sensors Interoperability
July 18-19, 2013, Barcelona, Spain

This approach represents an extension of the uncertainty evaluation describes in [6-12].
11. A first case study: DAC rise and fall time, testing the uncertainty ratio

Referring to the measurement setup describe in [13], the method described in the previous Section has been
applied to the measurement of rise time and fall time of square waveform produced by different equipment
including DAC output sections, i.e. arbitrary waveform generators and data acquisition boards. The measures
have been carried out by automating the preset measurement functions of a digital oscilloscope. In particular, the
DAC is embedded in an Agilent 33220A arbitrary waveform generator has been used in the measurement set-up.
The 10 values of both rise time (S1) and fall time (S2) have been measured by means of the oscilloscope LeCroy
SDA 6000 on a square wave having an amplitude of 1V and a frequency of 20 MHz at the sampling frequency of
20GS/s.

We hypothesize that the uncertainties of the oscilloscope rise time / fall time square wave measurement process
(S1/S2 signal) are approximatively the same.

The results of the test are reported in Table Il. In Figures 1 and 2 the standard deviation for 95% confidence
interval , the boxplots and the plot F-distribution are shown. All the results are in nanoseconds.

Table Il - Test for Equal Variances — S1/S2 Rise Time — Fall Time

95% confidence intervals for standard deviations

Signal #Sample  Lower StDev Upper
S1 10 0.0640289  0.0978851 0.197107
S2 10 0.0480947  0.0735254 0.148055

F-Test (Normal Distribution)
Test statistic = 1.77; p-value = 0.407

Test for Equal Variances for signal 1; signal 2

F-Test
TestStatisic 1,77
signal 14 b | P-Value 0,407

signal 24
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Figure 1 — Standard deviation @95% confidence interval and box-plot for the two signals

Distribution Plot
F; df1=9; df2=9
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Figure 2 — F-distribution plot with the test statistic in the acceptance region
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I11. Testing the two populations means given large and small samples

Following the previous case, when the variances of the two populations are unknown but tested and assumed

equal, u12 = u% =u?, to test the difference between the two normal populations means, i —up =d, given two

large samples, we first find the parameter s2 as an estimate of u?, as follows:

ny B 0, B
s gy S e R
- A ) N +ny—2 2)

it is now possible to evaluate the following statistic parameter:

Z:X1—X2—(ﬂ1—ﬂ2) A3)
s{Yn +1/n,

that we can test using the Gaussian distribution.

In the different case when we have to test the difference between the two population means, 4 — x5, but given

2

two small samples (n, n, <30), we can use the same s© as an estimate of u? but now we build the following

statistic parameter:

tzx_l_g_(,u _/12) (4

sUn +1/n;

To test again the null hypothesis about 4 — g, but using t-Student distribution with n; +n, —2 degrees of
freedom.
So, performing an hypothesis test on the difference between the two populations means with two small samples
available and when the two uncertainties are unknown, the test can be carried out in two different phases:
e the first step consist in the verification of the equality of uncertainties by Fisher’s test;
o if this equality is verified we perform the t-test on the difference between the population mean. In this
case we test the null hypothesis Hg:zg — o =d .

In Table 111 the critical values in function of a-level for one-side and two-side t-test are summarized.

Table 11 - critical values in function of a-level for one-side and two-side t-test

Test Alt. Hyp. H1 o Level | Critical values | Reject Ho if:

Oneside | 44 —pp>d | 001 | t, =tyq T>t,
0.05 ty, =toos T >t505

Oneside | 14 —pp<d | 001 |t =—t50; T <—too1
0.05 ta = _t0.05 T< —t0_05

Twosides | sy — gy =d | 001 |t 5 =195 | T >to005

to/2 = —tooos | T <~tooos

005 |ty =toos | T>toozs

T <905

ty/2 = —t0.025
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V. A second case study: DAC rise and fall time, testing the expected values

The results of the test are reported in Table IV. In Figures 3 and 4 the individual value and the box-plot for
signals S1 and S2 are shown.

Table IV - Test for the difference of the two signal expected values — S1/S2 Rise Time — Fall Time

Mean and standard deviations for both signals

Signal #Sample  Mean StDev  Type A uncertainty
S1 10 9.2331 0.0979 0.031
S2 10 9.1541 0.0735 0.023

T-Test of difference (Normal Distribution) - Estimate for difference: d= 0,0789
Test statistic = 2.04; p-value = 0.056 ; DF=18; pooled standard deviation s=0.0866

Individual Value Plot of signal 1; signal 2
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Figure 3 — The line connecting the two means

Boxplot of signal 1; signal 2
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Figure 4 — The line connecting the two means

V. Conclusions

In this paper we test the ratio between two combined uncertainties to apply the t-test on the means of the two
populations. As discussed in literature [1-5] the inference approach is very useful to obtain more information
about the uncertainty assessment.
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In the first practical example, a p-value of 0.407 is greater than reasonable choices of a, so we fail to reject the
null hypothesis of the variances being equal. That is, these data do not provide enough evidence to claim that the
two different populations have unequal uncertainties. Thus, it is reasonable to assume approximatively equal the
uncertainties when a two-sample t-procedure is used. In the second practical example a p-value of 0.056 is so
close to a=0.05 that leads to a difficult decision about the rejection of null hypothesis because this decision is
strictly dependent on the choice of the a-level so in this case we prefer to reject the null hypothesis. That is, these
data do not provide enough evidence to claim that the two different populations have approximatively equal
expected values.
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