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Abstract — This research was conducted with the aim
of analyzing two of the main metrological
characteristics of any measurement system:
Repeatability and Reproducibility. Both of these
features play an important role in the analysis of the
measurements and they can give us a lot of
information about who and what influences any
measuring system. The analysis of Repeatability and
Reproducibility is generally carried out through the
use of the study Gage R&R. This study is very useful
because it permits us to understand which are the
decisive factors in a measurement system, and,
definitively, if the process is stable, that is under
statistical control or out of statistical control.

I.  INTRODUCTION

The statistical control [1-2] of processes consists in a
set of techniques of analysis concerning the quality of
products and services, and in this particular case, of the
measures. To define the concept of quality is not simple,
in one of its definitions it is inversely proportional to the
variability: in fact a decrease of quality corresponds to an
increase in variability.

Many statistical tools can be used in the analysis of the
measurement system [3-9]. In particular, the SPC or
Statistical Process Control is a process of analysis of
variability, or rather to its reduction; and it uses some
methods or techniques such as the Gage R&R to achieve
that. The Gage R&R is a study on the variability
observed in a measurement and due to the measurement
system itself. R&R denotes Repeatability and
Reproducibility, that are two characteristics of each
measurement system.

In particular, Repeatability is the variation caused by
the instrumentation or the variation observed when the
same operator measures the same part more times with
the same instrumentation.
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Reproducibility is the variation caused by the
measurement system or the variation observed when
different operators measure the same part with the same
instrumentation.

A small variability of a series of measurements is a
good indicator of repeatability, meantime the
reproducibility is colligated to the stability of a
measurement process. The ANOVA or ANalysis Of
VAriance [10-12] and the DOE or Design Of Experiment
are very powerful methods to conduct a study Gage
R&R. The Gage R&R studies determine how much of
variability of processes is due to the variation of the
measurement system and they uses technique as ANOVA
to estimate Repeatability and Reproducibility.

Il.  ANOVA

The ANOVA consists in a series of techniques originating
by the inferential statistics theory, that are interested in
the comparison of data variability [13]. These methods
are used when there are two or more populations to
estimate the differences between their sample means;
analyzing the respective variances to achieve its purpose.
By the evaluation of two or more different distributions,
ANOVA allows to determine if the differences are random
or not.

ANOVA is based on a technique that compares the sample
means to estimate the data variation. It obtains this aim
decomposing the variability in between and within.
ANOVA is a process of statistical inference, in particular
it is a technique of parametric statistical inference based
on an hypothesis test.

If we suppose to have only a factor characterized by a
levels or treatments and n observations for each level we
must consider that the answer to each of the a levels is a
random variable. The observed data can be represented in
the following table:
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Table 1: Table of data detection

eis| ORI oy [FECTED
1 Y Y2 Yin | Y1 Y1,
2 Y1 Y22 Yoo | Y2 Y,
a -
Ya1  VYa2 Yan Ya. Ya.

In general the observations can be described through a
statistical linear model:

i=12,---,a
Yij = HF T F & j=12,-n
Considering that z; = i+ 7; , this model becomes:

i=12,---,a
Yij = Hi Tt &jj j=12,-n

Each level can be considered belonging to a population

with mean z; and variance o2,

As we have just said, the experiment must to be
completely randomized, or rather the observations are
extracted in a completely random way.

So the analysis of variance consists to perform the
following hypothesis test:

Ho =y ="=11=0
Hyiy %20

The analysis of variance checks if the means of the a
populations are equal.
It is possible to consider z; as the first order deviation by
the general mean u , so:
a

IRLE 2. i

i=1
Consequently trying the equallty between the means is

trying the equality of levels effects. So the hypothesis test
can be written as:

HO:T].:TZ -
Hii7; =0

=7,=0

Moreover the following relationship are valid:

n
yi.:Z Yij Yi =%
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a n
v
y.= ;Zy Y=
with: N=an and i=1,2,...,n

Regarding the total variability of the samples, we can
decompose in a variability due to the treatments and in a
variability relative to the errors. The variability can be
described by the sums of the squares of the deviations of
the average values, then we can write [1]:

Zalzn:(yu ‘9)2 zzn:(yij —yi)2

i=1 j=1 i=1 j=1

a
)2 “Z(Yi

i=1
We can therefore write:

SSt = SStreatments + SSE

Where:

ii(yu -vf

i=1 j=1
a
SStreatments = nZ(yi _9)2
i=1
a n _
ZZ(YU yi)2
i=1 j=1

Considering the expected values we can write the
following equality:

a
2 2
E(SStreatments )= (@—1)o* + nzfi
If the null hypothesis is true, z; =0, so:

E[ SStreatments j -
a-1

While it is true the alternative hypothesis:

a
S

E( SSTreatments j R S

a-1 a-1

Then we can define:

SSTreatments

MS =
Treatments a1

And:



SSg
a(n-1)

MSg =

In the final analysis, if we assume, as said, that each of
the a populations is described by a normal distribution, if
the null hypothesis is true, then the ratio:

_ SSTreatments / (a _l) _ MStreatments
sse /[a(n-1)] MSg

has a Fisher distribution with (a-1) and a(n-1) degrees of
freedom.

In conclusion, the answer to the hypothesis testing will be
based on the p-value: observing the p-value relative to the
value of F, obtained from statistical tables or software,
and comparing it with the level of significance o, we can
decide whether to accept or reject the null hypothesis. In
particular, we accept the null hypothesis if the p-value is
greater than the significance level, while we accept the
alternative hypothesis if the p-value is less than o.
Refusing, or rather not accept the null hypothesis means
that we can conclude that among the observed data there
may be significant differences.

Intuitively it can be stated that, if the null hypothesis is
true, so the data differ for the effect of random factors,
and the changing the levels of the factor does not change
the response, but if the null hypothesis is false means that
the variability total phenomenon can be attributed to
systematic factors. So the method allows to value if the
difference between the variances of two distributions,
namely the total variability, is due to chance or is
significant.

Il.  GAGE R&R

The Gage R&R is a study on the ability of a measuring
system. The Gage R&R techniques are used to determine
how much of the variability of the processes observed is
due to the variability of the measurement system. To do
this, the study is able to isolate the various components of
variability and estimate them individually, with the aim to
assess whether the measuring system is capable or less (a
measurement system is defined capable when it is
appropriate to application which is predetermined). The
purpose of Gage R&R is to verify that a measurement
system is acceptable. The Gage R&R studies the
accuracy, parameter which indicates the variability of a
measurement and that can be decomposed into
Repeatability and Reproducibility. The total variability
can be, according to this method, divided into:

2 2 2 2
Ototal = Omeasurement system T Orepeatability + O reproducibility

Consider a instruments and b operators, both randomly
selected. Suppose further that each operator measures
each part for n times. We assume that i = instrument, j =
operator and k =measurement.

Then, similar to the ANOVA method, the measurements
can be represented by the following model:

i=1,2,"-,a
k=12,--,n

This is a standard model for a Gage R&R experiment,
but it is only a model of variability analysis with casual
effects.

If we hypothesize that I;,0 (PO)ij & have a
distribution with null mean and variances defined as
Var(IOij )Z Gizo

var(l)=of  Var(oj)=03

and:

Var(yijk):a|2+aé+ai7‘o +O'2

Now we can estimate the components 0,2, aé, 0'|20 and,

to do this, we can apply the methods of analysis of
variance. This implies, however, the decomposition of the
total variance of the measurement:

SStotal = SSinstrumentss + SSoperators + SSpo + SSError

Dividing each sum of squares by its degrees of freedom
we get:

MS, = SS nstruments

a-1
MSO _ SSC;Jpefz;-tors
MSF’O — SSPO

(a-1)b-1)
SSError
MSg = —F—2~
E " ap(n-1)
and:

E(MSg)= o+ n0'|20 + bn0'|2
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E(MSg )= o+ n0'|20 + bna(%
E(MSpo)=0%+nck,
E(MSg )= o2

Using the software Minitab it is possible to perform the
analysis of variance; the components of variance can be
estimated equating the means with their expected values
and solving in the variance components. Obtaining:

MS,o - MSg
n H
- MSy - M - MS, - M
62 = So ~MSjo 62 - SI —MSio
an bn

62=MSg, 6% =

We generally consider that the Repeatability of the
variance corresponds to the component of variance due to

the random error 2, while the Reproducibility is due to
the sum of the components of the variance of operator

and operator by parts: crcz) + 0|20 . So:

2 2 2
O Instrument = O Repeatability T O Reproducibility

And the estimate is:

« 22, 22, A2
Olnstrument =0 + 00 +0po

IV. APRATICAL EXAMPLE

The test phase configurations use the oscilloscope LeCroy
SDA 6000 to measure 10 values of both rise time and fall
time by setting a sampling frequency of 10GS/s. We have
used two different waveform generators to generate the
signal: Agilent 33220A and Tektronix AWG 420 [14].
Starting with the analysis of the Two-Way ANOVA data,
we can look the values of the p-value. Considering the
confidence interval of 95%, its level of significance is o =
0.05. Considering this value, we can analyze the values of
p-value there are in the table:

- the p-value relative to components (rise / fall) is 0.542,
so greater than o. Then in this case we can say that it
is reasonable to accept the null hypothesis, ie that
there are no significant differences between the rise
and fall times.

- The p-value relative to operators (generator) is 0.008,
so less than a. In this case is therefore permissible to
reject the null hypothesis in favor of the alternative
and affirm that there are significant differences in the
use of two different waveform generators.

- The p-value relative to components and operators
interaction (generatore*rise/fall) is null, ie 0.000 and
that means that we reject the null hypothesis and that
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the interaction between the two factors influence the

quality of the measurements of times.
Analyzing the table Gage R & R we can pay attention on
the columns for % Contribution and %StudyVar. The first
indicates which are the percentages of contribution of
each source of variation of the process, while the second
is the standard deviation expressed as a percentage and
relative to the various sources of process variation.

= for %Contribution:

o0 the value of Repeatability is 0.02%, so
<1% and this means that the
measurement system is acceptable, in
fact measuring rise and fall times by the
same generator there were not
significant differences.

o the value of Reproducibility is instead
very high, ie 99.98%, that is >9%, so

the measurement system is
inacceptable. This happens because
measuring rise and fall times by

different generators there are significant

differences. In fact this value is due, for
99.95%, by the used operator.

= for %StudyVar we can observe the same results
(thought the threshold values change):

o0 the value of Repeatability is 1.44%, so
<10% and this means that the
measurement system is acceptable, in
fact measuring rise and fall times by the
same generator there were not
significant differences.

o the value of Reproducibility, as the
previous case, is instead very high, ie
99.99%, that is >30%, so the
measurement system is Inacceptable.
This happens because measuring rise
and fall times by different generators
there are significant differences. In fact
this value is due, for 99.97%, by the
used operator.

Gage R&R (ANOVA) for tempo [ns]
Reported by :

Gage name: Tolerance:
Date of study : Misc:

Components of Variation

1004

Percent

0- u T
Gage R&R Repeat Reprod Part-to-Part

Figure 1. Graph Components of Variation




The graph Components of Variation (Figure 1) is an
histogram that express graphically that is present in the
columns %Contribution e %StudyVar of ANOVA table. In
fact it shows the percentages of contribution and standard
deviation relatives to various sources of variation. As we
have analyzed previously this graph show that the greater
part of total variation of measurement system is due by
reproducibility and, in general to the measurement system
itself.

So the new measurement system adds a lot of variability
to the overall variation (over 90%) and the fact that also
the reproducibility is very high, it means that the
operators, or the generators, they measure the
components, ie, the rise and fall times, in a very different
way. This graph reveals that the variation of the
measurement system is the largest source of variability
observed in the experiment, with different operators
(reproducibility) as major contributors to the variation.

V. CONCLUSIONS

The Analysis of Variance (ANOVA) and the Gage R&R
(Repeatability & Reproducibility) techniques, little
known if compared to the other existing, are essentially
the only ways to identify any problem in a measurement
system. In a Gage R&R Study, measurements of one part
measured by one operator are analyzed to estimate the
level of variation, the gage repeatability, and the accuracy
of the measurements. By analyzing the measurements of
one reference part by one operator, it is always possible
to determine whether a measuring device is capable of
measuring a particular characteristic under conditions
with relatively small variation.

In fact any time we want to measure the results of a
process we will see some variation.

This variation comes from two sources:

1) There are always differences between parts made by
any process

2) Any method of taking measurements is imperfect -
thus, measuring the same part repeatedly does not result
in identical measurements.

Even though in a Gage R&R study it is important that the
measurements are done in a random order and that the
parts selected provide a representative sample across the
possible range of responses, the ANOVA methods, that
form the basis of Gage R&R studies, determine what
portion of the variability in measurements may be due to
the measurement system.

We conclude with a sentence of one of the greatest of all
statisticians who defined our problem for us: “A statistics
is a value calculated from an observed sample with a
view to characterizing the population from which is
drawn (Fisher R.A., The Design of Experiments. (6" ed.).
New York: Hafner, 1950). The “observed sample” of
which Sir Ronald Fisher speaks is a part of the

membership of a total set of elements of which we desire
knowledge. This total set of elements is called
“population”. The point of Fisher’s definition is that the
sample mean is an estimate of the population mean, and
its uncertainty in that role is a function of the sample size
and of the variability on the measured characteristics of
the elements of the population, and of the care with which
the sample members are selected from population. The
many subtleties which can be introduced into the design
and analysis of experiments are treated in the ANOVA,
one of the greatest of Fisher’s inventions, where is
possible to partition variance in outcomes of an
experiment into many independent components assigned
to different influences or sources. In the subject of this
multivariate analysis the interrelationships among
numerous variables are taken into consideration with the
powerful and essential computer support.
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