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Abstract — The paper presents the results of studies on
the performance of flash analog-to-digital converters
(ADC) and adaptive cyclic ADC (AC ADC), their
information characteristics and probability of satura-
tion. Currently, these parameters are not used as the
performance criteria in A/D conversion theory and
applications, and their introduction would extend
possibilities of designing both ADCs and utilizing them
systems. There is also presented original approach to
the improvement of ADCs performance under additi-
onal condition guaranteeing that probability of their
saturation does not exceed a given confidence level.

I.  INTRODUCTION

The first signal processing units of every modern
communication system (CS) transmitting the signals from
the analog sources are ADCs. The provided by them
speed of conversion, resolution and level of conversion
errors determine the upper boundaries of performance of
digital CS and other digital systems processing analog
signals. This makes ADCs the core element of high
quality analog-digital systems and the subject of active
search of new concepts, technical and technological
solutions improving ADC performance. The result is
appearance of quickly growing number of different
versions of the converters, and growing number of the
parameters describing their performance [1], [2].

Nowadays, the set of these parameters does not include
information characteristics of ADC. However, informa-
tion rate [bit/s] at the ADC output is an important
parameter in design of many systems, especially, of CS
transmitting the analog signals. It is evident that amount
of information delivered by CS to addressee per second
[bit/s] cannot be greater than amount of information
generated per second by ADC. This means that
information rate of ADC determines the capacity of
communication channels necessary for the accurate and
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reliable transmission of the signal codes. Known
information rate of ADC also permits to transmit the
signals using less complex channels or optimally utilizing
resources of high speed channels.

In the paper, information and accuracy characteristics
of the flash ADCs and AC ADCs are considered. The
research develops the results of earlier works [3]-[6] in
optimization of AC ADCs where information characteris-
tics of the converters were also studied. The particularity
of the research is consideration of possible saturation of
the converters. In this aim, we employ the developed in
[71, [8] general approach to optimization of the adaptive
estimation, measurement and communication systems
with feedback [8]-[10]. Optimization is carried out under
additional condition that the parameters of their input
analog units have the values excluding saturation errors at
the given confidence level.

The paper shows practical methods of saturation exclu-
sion and correct analytical optimization of the converters
approaching their performance and information rate to the
theoretical bounds. In Sect. 11, this task is solved for the
flash ADC. In Sect. Ill, we describe the complex of
conditions permitting to solve this task for AC ADC and
creating the effects unachievable in conventional cyclic
ADC (CADC). Final discussion is given in Sect. V.

Il. INFORMATION RATE, MSE OF CONVERSION,
AND CAPACITY OF FLASH ADC

Below, we assume that the signal V, at the input of the
ideal N-bit flash ADC is stationary Gaussian process with
the zero mean and variance af, , and its realization can be
presented by the sequence of samples V" = V(mT),
(m=12,...) where T =1/2F is the sampling period,
and F is the baseband of the input signal. It is assumed
that each sample V™ is converted independently. In this
case, analysis of ADC functioning can be reduced to the
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analysis of a single sample conversion that permits to
omit indexing of the samples in the further analysis. The
samples are routed to the quantizer (block of comparators
with quantization levels uniformly spread in the interval
of voltages [—D, D]) and dividing it into 2" quantization
levels A, each of the length

A= 22D Do (1)
The N-bit flash ADC converts the samples V of the
input signal into the corresponding N-bit codes S . The
set Q, = [—D, D] of input signals is continuous, and the
set Q of 2% code words (code bins) S is discrete. We
assume that, under given full scale range (FSR) [—D, D]
of the quantizer, each code S permits to recover (e.g.
using D/A converter) its analog equivalent vV ¢ Q,
where Q is the discrete subset of the set Q, =[-D, D].
Dlstances between the adjacent points V“) are constant
and equal to A. This permits to express the conversion
errors in the variables belonging to the same set Q. :

V=V -V and V=V )

Formula (2) enables analytically correct formulation of
the mean square error (MSE) of conversion:

P=E{[V -V} = E[&")] . (3)

For ADC (quantizer) with sufficiently large number of
comparators 2%, A is small. In this case, conversion
errors ¢ can be considered [2],[11] as random values
uniformly distributed in the interval [—A/2,A/2] inde-
pendently from the number of quant. Then, the power of
quantization noise (MSE of conversion) takes the value:

2 2
?2 l; 2 @

A. Optimal exclusion of flash ADC saturation

The step-wise characteristic of quantizer is not a single
source of the conversion errors. The other and much less
investigated source of errors is always limited FSR of
ADCs — the source of their possible saturation. Each case
of ADC saturation causes a full loss of information about
the value of the input sample. Even if saturation appears
rarely, e.g. with a probability <10~ per sample, it
causes appearance, in average, of x percent of erroneous
codes S (word error rate - WER) in the sequences of
codes formed by the converter. On the other hand, WER
w is numerically equal to the percent of erroneous bits in
these sequences. Thus, saturation causes the errors similar
to the bit error rate (BER) — one of the basic measures of
digital CS (DCS) performance. These errors may substan-
tially increase BER of DCSs and should be counted in
evaluations of their real performance. Importance of the
problem was stressed by many authors, (e.g. [11], p.
13.2.3: “saturation noise is more dangerous than
quantization noise”).

P = B[(c")]=
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Nowadays, input range [-D, D] of ADC is established
by the standards or manufacturers regardless of
distribution of the converted signals. To exclude
saturation, users assess the mean value and variance aj
of the input signals and choose corresponding ADC “with
a reserve”, i.e. with FSR wider than necessary. However,
such a choice decreases the number of comparators
directly participating in the conversion and, as the result,
increases MSE and decreases the real (effective)
resolution of ADC. We did not find in the literature
analytical recommendations for optimal utilization of FSR
and below we employ the original approach based on the
approach proposed in [7],[8]. One should stress that
solution of this task is possible only if the prior
distribution p(1") of the signal values can be assessed.

Let us place, before the quantizer with FSR [—D, D],
a linear pre-amplifier with the gain G . Then, the signal
routed to the comparators has the value y =GV, and
ADC will be saturated, if |y[>D. Under known
distribution p(V) of the samples values one can easily

assess a probability of this event:
D/G

P =Pr(|y2 D) =1~ [ p)iV =
-D/G
e ©)
=1- exp av.
Oy ‘/2_” Z[/L‘ { }

Saturation of ADC (of the quantizer) will be excluded at
the confidence level 1-p, if the gain G has the
“permissible” value guaranteeing that probability of the
sample saturation will be less than a given small value u :
P* < u, (in applications x <10™*). Using in (5) a new
variable z =g,V , this condition (“statistical fitting

condition” [7], [8]), can be written in the form:
2

1Ffexp{—}dz1 20(a) < p, (6)

where @(a) is tabular Gaussian function, and saturation
factor o= D /Go,. Inequality (6) determines the set
Q =|a,,00) of permissible values o which guarantee
elimination of saturation at the confidence level not
smaller than 1— x. The set of permissible values a has
the low boundary: Q ={a, o), where o is solution
of the equation @(a) = (1 — /4)/2

Dependence a = D/Go, and inequality a >a, de-
termine the set of permissible gains of preamplifier Q :

G<G = . @

-
Pre-amplifier transforms the initial FSR of ADC to the
permissible one determined by formulas ¥y = GV and (7)

(=D, D] =[-D/G,D/G] =

[—aoy, a0, ]. (8)

B. Minimal MSE of conversion
For the gains (7) and FSR (8), MSE of conversion is



determined by formula (4) where FSR 2D is replaced by
2D, =2ao, . According to (4), the smaller FSR, the
smaller MSE Taking into account that o > a, , minimal
MSE (MMSE) of conversion P for ADC’ Wlth pre-
amplifier fitted to the S|gnal attains the value:
2 2
.2 2N’ (9)

_ " O-V

u 92N

o
where optimal FSR of ADC and the gain of pre-amplifier
have the values:

FSR =2D =20.0,, G, =D/ao,. (10)

Further, ADCs satisfying these conditions are called
optimally fitted to the signals with the given variance af,
or, briefly, optimally fitted ADCs.

All the samples V of the signals with the variance

aé < af, will be converted by the optimally fitted ADCs
without saturation at the granted confidence level 1— u
per sample. However, these signals will activate only
comparators with switching voltages placed within inter-
val [—ao,,a0,]. All the other comparators will be exclu-
ded from the conversion with a probability not less than
1—w. This means practical reduction of the number of
active comparators and ADC resolution by y =0, /0o,
times. In turn, conversion of the signals more powerful
than o, increases WER up to the values greater than the
permissible level u . It permits to conclude:
Claim 1. Under given u and D, full utilization of the
resources of optimally fitted ADC can be achieved only if
the parameter o, determining the gain of pre-amplifier is
equal to the standard deviation of the input signal.

In practice, this can be done using pre-amplifiers with

the gain G, = = D/a,0, adjusted using the preliminary
measured values o, Or using automatic gain control. The
adaptive adjusting can be used also.
Remark 1. Direct comparison of MSE (4) and (9) is not
correct: formula (4) is derived under implicit assumption
that the converted signals never cross the boundaries [-D,
D], while (9) takes into account distribution of the input
signals and possible saturation of ADC (see also p. I1.C).

C. Information rate of optimally fitted flash ADC

Let ADC is optimally fitted to the Gaussian signals with
the variance 0' , FSR ADC is 2D, =2a 0, and G, =
Dja,0, . The mean amount of information I(V V) in the
codes V' of the samples about their values V' can be
evaluated in different ways. The simplest one is a

computation of I(V,V) using the relationship:

IV,V)= HV)-H(V|V), (11)
where H(V), H(V|V) are the prior and posterior
entropies (one should stress that entropies are the functio-
nals of distributions p(V" | VY, p(V?y, and values V',
V in (11) are not the arguments but only indicators of the
sets Q , ;). The particularity of I(V, V) (11) is that,
unlike the continuous set Q =[-D D |, set Q. s

discrete, and expression for the posterior entropy
H(V | V) is to be written in the form:

D, oN

HV V)= fzpvv<>)1og p(V | VP) dv. (12)
—D i=1
Taking into account the uniform distribution of

guantization noise and formula (2), one may conclude that
p(V V) = p(e") =

L[ for [V-VO < oA (13)

_A_ﬂ 0 for |[V—-V7| > A /2
where A =2D, 2" Substitution of (13) to (12) gives:

H(V|V)= Zp(V f (V [ V) log, p(V [V)dV =
(14)
Vi4a,/2
Zp V) f log, A, dV =1log, 4, .
/l =1 vi_a,/2

In turn, the prior entropy H(V) of the converted signals
is to be computed on the finite set V ¢ Q‘f = [—Dﬂ,Dﬂ].
According to the results of point II.A, extension of the
input range of the statistically fitted ADCs to [—o0, ]
may increase a probability of saturation to the values not
greater of u . In this case, prior entropy is determined by
known formula [12]:

H(V)=1/2-log,(2mec’,) (15)

This value may differ from the entropy computed on the
interval [—D , D | by the negligibly small terms of O(u)
order. Substltutlon of (14),(15) to (11) gives the following
relationship:
27Teaf,

I(V,V) = N [bit/sample], (16)

1
= 2 log,

which determines the effective (real) resolution N of
the converter. Then, information rate at the ADC output
R =2FI(V,V) [bit/s] is determined by the formula:

R=Flog, |2~ e"‘ —2F N—|——1 6"; =
% 2D;
a7
=2F|N + = log2 —||=2FN .
U
Formulas (16), (17) determine maximal -effective

resolution and information rate for flash ADCs optimally
fitted to the Gaussian signals with the variance af, , and
saturation eliminated at the confidence level 1- .

D. Capacity of flash ADC

In [3], [8], also in [13], it is noted that every ADC can
be considered as a special case of communication channel
with the capacity determined by the relationship:

C = Lmax I(V,V) = 2F max{H(V) — H(V | V)] =
T »2) p(x) (18)
= 2F [max H(V) —
p(z)

log, A].
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As it was mentioned above, technical documentation
for ADCs determines their (comparators’) FSR [—D, D]
without any connection with distribution of the input
signals. It is known [12] that, if no other information is
given, distribution maximizing the entropy H(V) at the
interval [-D,D] is uniform and H__ (V)= log,(2D).
This and formula (18) allow us to formulate the claim:
Claim 2. If only FSR [—D, D] of the flash ADC is known,
maximal amount of information in the codes S" of the
samples about their values V', and capacity of ADC are
determined, respectively, by the relationships:

- 2D
I, .V, V)=log, Y = N [bit/sample], (19)

C = 2FN [bit/s] . (20)

Remark 2. None real signal has uniform distribution. For
this cause, users evaluate the mean value and variance of
the input signals. However, if these parameters are
known, distribution of the signals which maximizes entro-
py H(V) is Gaussian [12]. This proves that (16), (17)
determine upper boundaries of the effective resolution and
information rate of the statistically fitted ADC. Never-
theless, these values are always smaller than (19), (20).

I11. INFORMATION CHARACTERISTICS OF AC ADC

The block diagram of adaptive cyclic (AC) ADC is
presented in Fig.1. As in Sect. Il, input signals are Gaus-
sian with the zero mean and variance af,. Each sample
V is formed by the sample and hold (S&H) unit and held
at the input of a subtractor X during the time T'=1/2F
sufficient for realization of n cycles of conversion, each of
duration 4t, =T/n. In the sequential cycles, all the
adjusted parameters of AC ADC are set to the new values.

A. General scheme of AC ADC functioning

Unlike known cyclic ADC (CADC), digital part of AC
ADC is realized as the application-specific digital circuit.
This unit computes estimates Vk of the sample
(k=1,...,n) in the form of N -bitwords, and N is by
3-5 bits greater than the expected resolution of the
converter. The digital circuit includes the store unit (ROM
in Fig. 1) which stores, during the time 4t , the code v
of the previous estimate cyclically replaced by the next
computed estimate. It also stores the set of independently
computed values G,, L, used for setting the parameters
of pre-amplifier A and digital multiplier M. This unit
computes the product Ly, of N_- bit coefficient L,
and digital signal y, formed by coarse (N,,, ~
46 bit) A/D converter ADC,, at the output of the
analog part. In each cycle, estimate Vk is computed in the
adder (Ad in Fig. 1) according to the equation [3]-[6]:

V, =V, +LYV, (k=1..,n) (21

Each k-th cycle of conversion begins from the setting
the gains of pre-amplifier A and multiplier M to the values
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Fig. 1. The block diagram of AC ADC.

G, , L, . Next, the subtractor X forms the difference signal
e =V -V amplified by the pre-amplifier A, where
V.2 is an analog equivalent of the estimate ¥, formed
by the high quality feedback converter DAC,
(Npie =>10bit). The amplified signal vy, =G.g, is
routed to the input of the coarse ADC,, with the input
range [—D, D]. The converted value ¥, is processed in
the digital part according to (21), new estimate Vk is
routed to the store unit ROM and to the input of DAC,.
The formed by DAC,, new value V;”A(’ is routed to the
second input of the subtractor X. Simultaneously, a
synchronizing unit sets the gains L _, G, to the values

L .G, ,and the next cycle of conversion begins.

B. Qualitative differences between AC ADC and CADC

Transition to computation of estimates Vk in the form
of long-bit ( Ny ~ 20 =24 bit) digital words allows their
description, with high accuracy, by the continuous varia-
bles. This permits to analyze AC ADCs using conventio-
nal tools of continuous mathematics and to optimize them
using methods of optimal estimation theory. Similarly to
Sect. II, errors v, at the output of DAC,, are considered
as the analog noise added to the analog equivalent of
digital estimates Vk routed to the input of DAC,:

VM=V +v,, (k=1..,n). (22)
The variance o of the feedback errors v, depends on
the truncation (round-off) errors of DAC,,, EM noises of

other elements and on the external noises. Formula (22)
permits us to write the difference signal ¢, in the form:

g =V -V =V -V, +v,. (23)
The amplified signal y, = G, ¢, is routed to ADCy,, and
the signal y, at its output can be presented in the form:
Ve =Ge +& =G (V =V +v)+<,, (24)
where & is the quantization noise of ADC,,. Formulas
(21), (22)-(24) potentially enable analysis of AC ADC
functioning during all cycles of the sample conversion.
Similar relationships can be formally written for the
conventional cyclic ADCs (CADCs). However, all
CADCs form the estimates Vk by shifting and adding the
low-bit code words ¥, formed by ADC,, [2]. Therefore,
the length of the codes Vk (in bits) grows in sequential
cycles k =1,...,n. Moreover, in CADC, gains L, ,G,
have always discrete values proportional to 2  Thus,
for CADC, formulas (21)-(24) have only illustrative value
and cannot be used for derivation of analytical results.



Transition to computation of estimates in the form of
long-bit words removes these constraints. The only diffi-
culty in AC ADC analysis is the non-Gaussian distribution
of the noises & , v

C. Optimization of AC ADC

Relationships (21)-(24) permit to formulate MSE F, =

[(V V )] as the function of continuous parameters

G, . The latter permits us to find values L., G,
whrch m|n|m|ze MSE P, foreachcycle k=1,...,n.

Similar task, employrng similar models, had been stu-
died in the cycle of researches of the 1950-1979s devoted
to optimization of the analog feedback communication
systems (AFCS) designated to iterative transmission of
the analog signals. These researches were ceased in the
midst of 70s - omission of saturation effects in the
forward transmitters made excellent analytical results
inapplicable (see also [10]).

In our research in AFCS optimization ([10] and earlier
works), this problem was removed by application of the
similar to (5) statistical fitting condition considered as the
additional condition in solution of the optimization task.
The obtained solution determines the parameters of the
analog (transmitting) and digital (receiving) parts of
AFCS minimizing MSE P, for each cycle of transmis-
sion and eliminated saturation. The research also showed
that optimal AFCSs transmit the signals with the bit-
(information-) rate equal to the capacity of the systems.

Comparison of the architecture and mathematical
models of AFCS and AC ADC showed their identity
except of non-Gaussian distributions of quantization
noises v, ,¢&  [8]. However, it was evident that increase
of resolution of ADC,, and DAC,, approaches the model
of AC ADC to the model of AFCS. This had allowed us to
suggest that application of optimal algorithms derived for
AFCS to AC ADC will make them not (“sub-") optimal
but they can be used as the basis for the further systematic
optimization of AC ADC. Research [14] and later ones
confirmed of this suggestion.

D. Sub-optimal Gaussian conversion algorithm
Optimal for AFCS, and sub-optimal for AC ADC
algorithms were obtained under similar to (5) statistical
fitting condition [3]-[8]: foreach k =1,...,n
P = Pr( |y, =G, le | >D |9

k—

) < u. (29)
where y<'=(y,,...,y, ,) denotes the sequence of low-
bit codes y, delivered to the digital unit of the converters
in previous cycles of conversion.

Digital unit (ASIC) of AC ADC computes the codes of
estimates according to equation (21) with the gains L _,
G, set, foreach k =1,...,n ; to the values:

Gk:—D - |_k:1

; —(@-RPR3), (26)
aafaf +P_, G, ©

where
| op@+Q)* for 1<ks<n’
“lo2k-n"+1)t for  k>n'
is the MSE of the estimate Vk after k cycles of conver-
sion. Parameter * is SNR at the ADC,, output and has
the values [3]-[6]:

2
o m[g] _ oNRA
p 00,

(@7)

(28)
o

*

The “threshold cycle” n  in -(27) corresponds to the
cycle, for which MSE P, attarns the value 0' , 1.e. is the
solution of the equation P = 0' and has the form

ADCin
:;2 |ogz(o-_g] IOQLR'WADCI" . (29)
log, (1+Q7) o)) log,(L+SNR:™)

Beginning from n", MSE diminishes hyperbolically.
Initial conditions for (21),(26),(27): 170 =0; F, :af,;
G = D/auo, . Parameter o , like in Sect. Il, is deter-
mined by the equatlon D(a) = (1 —u)/2.

The first step in application of the basis algorithm (21),
(26)-(29) to AC ADC optimization was a replacement of
the variances a§, aj of Gaussian noises by the variances
of quantization noise (4) computed independently for
ADC;, and DAC,,. Amount of information 7“(V,V. ) in
the final codes V formed by AC ADC determrnes the
number of bits necessary for digital presentation of the
samples V value that is real resolution of the converter,
frequently called “effective number of bits” (ENOBHAC).
According to [7],[8], in the Gaussian case:

*

"Ww,v) = —logz = ENOB!® =
n
%log2 (1+Q%) fori<n<n  (30)
log—g(n—n* +1) forn>n

Corresponding mean bit rate at the AC ADC output is
determined by the relationship R =2F["(V,V ).

E. Additional improvement of AC ADC characteristics

The research showed that AC ADC performance can be
improved applying complex of methods developed in [3]-
[6] and other works. Most of them is half-heuristic but all
of them are based on the analysis of algorithm (21), (26)-
(29). In particular, the first formulas in (26), (30) show
that the increase of G, decreases MSE F, , increases
ENOB!“ and information rate R, This determined
the first direction of the research and allowed us to devel-
op model-based methods for simulation analysis of AC
ADC [5], [6] defining the maximal permissible values
G, - Joint theoretic and simulation studies allowed for the
derivation of high efficient approximate formulas for the
optimal gains [15]:
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ENOB,*“ and R,"“/F

01 2 3 4 7 8 9 10

5 6
n

Fig. 2. Dependencies of ENOB and R’“ / F on the
number of conversion cycles for: a) basic algorithm
(lower line); b) algorithm with residual errors correction
(gray line); c) algorithm with gains (31) (upper line).

D

A [2:G) + A, 12+ a6
L, =G,'; (D=aoc,; G =1).
Significant improvement was achieved also by correc-

tion of the conversion algorithm using truncated parts of

the residual errors ¢, [16]. The improving effects of the

corrections illustrated in Fig. 2 were also confirmed expe-
rimentally [17].

k+1

(1)

IV.  CONCLUSIONS

The results of research show that optimal fitting of the
converters enables elimination of the saturation errors and
approaching the flash ADCs and AC ADCs performance
to the limit values. It is also shown that measurement of
the mean value and variance of the signals is sufficient for
definition of the limit efficient resolution and information
rate of the flash ADC. It is shown that flash ADCs with
uniform quantizers convert the real signals with informa-
tion rate always smaller than for the signals with uniform
distribution.

In turn, optimization of AC ADCs on the basis of the
results of AFCS optimization allows for the development
of efficient sub-optimal algorithms of conversion appro-
aching ENOB and information rate of AC ADC to the
theoretical limits. Additional advantage of AC ADC is a
continuation of the growth of resolution at the cycles,
where resolution of CADC ceases to grow. This permits
to adjust resolution of AC ADC depending on application.
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