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Abstract — A polynomial nonlinear state-space (PNLSS)
model can capture many nonlinear dynamic behaviors
and has been successfully applied in a large range of
applications. The model structure can easily deal with
multiple input multiple output (MIMO) systems. This
paper presents PNLSS 1.0 !, a toolbox to simulate and
estimate PNLSS models in Matlab.
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I. INTRODUCTION

All real-life systems behave nonlinearly to a certain ex-
tent. Nevertheless, linear models are often used to describe
their behavior since linear models can be easily interpreted,
the linear system theory is mature, and there are many
tools available. When the nonlinear distortions become
too large, however, the system’s behavior cannot be cap-
tured accurately enough by a linear model, and a nonlinear
model is required.

Many different nonlinear model structures have been
proposed in the past, e.g. Volterra series [15], block-
oriented models [5], NARMAX models [1], nonlinear
state-space models [16], neural networks [9], etc. This pa-
per opts for the polynomial nonlinear state-space (PNLSS)
framework [11].

A PNLSS model is fairly flexible in the sense that it can
exhibit many nonlinear dynamic behaviors, like hysteresis
[10], subharmonics, and chaotic behavior. Moreover, this
modeling framework has been successfully applied in the
past on a large range of applications (e.g. mechanical [11],
electronic [12], hydrostatic [2, 12]). The model is non-
linear in its parameters, but an initialization with a linear
model often turns out to be sufficient. Furthermore, the
model structure can easily deal with multiple input multi-
ple output (MIMO) systems.

This paper presents a Matlab toolbox that helps the user
with the identification of a PNLSS model.

The rest of this paper is organized as follows. Section ii.
describes the PNLSS model structure and its identification,
as well as the main functions in the PNLSS 1.0 Matlab

IThe toolbox will be available online

http://homepages.vub.ac.be/~ktiels/pnlss.html
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toolbox that implement this identification procedure. Sec-
tion iii. provides an overview of all the functions in the
toolbox. Section iv. presents the contributions of this pa-
per and Section v. presents future work.

II. DESCRIPTION OF THE METHOD

This section first describes the polynomial nonlinear
state-space model structure. Next, it discusses the iden-
tification procedure for the model. This procedure consists
of three simple steps: estimation of a nonparametric lin-
ear model, estimation of a parametric subspace model, and
nonlinear optimization of the model parameters.

A.  PNLSS model

A polynomial nonlinear state-space model [11] is a nat-
ural extension of a discrete-time linear state-space model.
The state and output equation of the model are given by

x(t +1) = Ax(t) + Bu(t) + EC(x(t),u(t)) (1)
and

y(t) = Cx(t) + Du(t) + Fn(z(t), u(t)), ()

respectively. Here, u(t) € R™ is the input vector at

time ¢, y(t) € RP is the corresponding output vector, and
x(t) € R™ is the state vector. Matrix A € R™*" is the
state matrix, B € R"*™ is the input matrix, C' € RP*"
is the output matrix, and D € RP*™ is the feed-through
matrix. The multivariate functions ¢ : R**™ — R"™¢ and
7 :R*"™ — R™ are monomials with user-chosen de-
grees larger than one. The matrices E € R™"*"¢ and
F € RP*™ contain the corresponding monomial coeffi-
cients.

The state equation captures the dynamics of the model
as it describes how the states of the system evolve as a
function of the current states and inputs. By including the
nonlinear terms E¢ and F'n, nonlinear dynamics can be
captured.

The parameters in the PNLSS model are the elements of
the matrices A, B, C, D, E, and F, i.e. the parameter
vector 0 is given by

07 = [vec(A)T vec(B)T vec(C)T vee(D)T vec(E)T vee(F)T).
3)



Note that the PNLSS model is a black-box model. In
general, this means that no physical interpretation can be
given to the model parameters. Moreover, no information
of the internal structure of the system is used when identi-
fying the PNLSS model, only measured inputs and outputs
are used.

B. Identification procedure

The identification of a PNLSS model follows an output-
error framework. The goal is thus to identify the model pa-
rameters @ such that the difference between the measured
output y,, (t) and the modeled output y(t) is minimized in
(weighted) least-squares sense. The cost function is either
formulated in the time domain:

“

N
Kiime(0) = > [ Wihao () (9(t,8) =y (1))

or in the frequency domain:

Ng
Kireq(0) =Y _ € (k, 0)Wieq(k)e(k,0),  (5)
k=1

where Wiime € RP*Y is the weighting matrix in the time
domain,

€(k,0) =Y (k,0) — Y (k) (6)

is the spectrum of the output error at frequency line k, Ng
is the number of excited frequencies in the positive half of
the frequency band, and Weq(k) € CP*P is a user-chosen
frequency domain weighting matrix. Typically, Wieq (k)
is the inverse of the covariance of the output spectrum,
which can be easily calculated by the toolbox when using
periodic excitation signals. The frequency domain weight-
ing also allows the user to select the frequency band of
interest.

The modeled output is nonlinear in its parameters, so
that the identification of a PNLSS model is a nonlinear op-
timization problem. This requires good initial estimates
to converge to at least a good local minimum. Here,
the PNLSS model will be initialized from the best lin-
ear approximation (BLA) [14]. Next, a linear state-space
model will be estimated on the nonparametric BLA us-
ing a frequency domain subspace method [8, 13]. Finally,
the model parameters are optimized with a Levenberg-
Marquardt algorithm [7, 14]. These steps are briefly de-
tailed in the rest of this section, together with the main
functions to perform these steps with the toolbox.

B..1 Estimation of the best linear approximation

To keep the notation simple, this section explains the best
linear approximation of a single input single output (SISO)
system. The extension of the estimation of the BLA for
MIMO systems is explained in [3, 4].
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The BLA [14] of a system with input «(¢) and output
y(t) is defined for a class of input signals as the linear sys-
tem whose output approximates the system’s output best in
mean-square sense around the operating point, i.e.

%szmmwwmwmm—ammw}

(7
where Y;, (k) and U (k) are the spectra of the measured
output and the input from which the means are removed.
The expected value F,{-} is the ensemble average over
the given class of input signals.

This paper considers the input signals to be random-
phase multisines:

NF/2
ut)y = Y Upe/*™w, ®)
k=—Np/2+1
for t=1,..., N, and where the Fourier coefficients
Up =U_" = |Ugle??* are either zero (the har-

monic is not excited) or have a normalized amplitude

|Ux| = ﬁ[j(%), where 0(%) € RT is a uniformly

bounded function (U(%) < CU/\/§ < 00) with a count-
able number of discontinuities. These signals belong the
the class of extended Gaussian signals, which amongst
others also include Gaussian noise. The periodic nature
of the random-phase multisine signal, however, enables a
separation of the noise and nonlinear distortion.

The toolbox offers a function to generate random-phase
multisines with a flat amplitude spectrum:

fMultisine(N, kind,M,R);

>> U

where N is the number of samples per period, kind is ei-
ther a string that determines which frequency lines are ex-
cited (all, odd, even, ...) or is a vector with the excited
frequency lines, M is the last excited frequency line and R
is the number of phase realizations. The toolbox also of-
fers a function to estimate the frequency response function
(FRF) of the BLA, the total (sum of noise and nonlinear
distortion) and noise distortion:

>> [G,covGtotal, covGnoise] = fCovarFrf(U,Y);

by applying the robust method [14] to the input and out-
put spectra U and Y. This nonparametric analysis helps the
user in the decision of whether or not to spend time in es-
timating a nonlinear model, since the difference between
the total and noise distortion level tells the user how much
can be gained by going from a linear to a nonlinear model.

B..2 Estimation of a subspace model

The next step is to estimate a parametric discrete-time
linear state-space model on the estimated nonparametric
BLA. To do that, the frequency domain subspace identi-
fication method of [8] is used with the frequency domain



weighting in [13]. This already provides a good initial
estimate, but optionally, a Levenberg-Marquardt optimiza-
tion on the linear model parameters can be performed.
The subspace method and the optimization are combined
as

>> models = fLoopSubSpace(freq,G,covGtotal,
nAll,maxr,maxIter, forcestable,showfigs, fs);

where freq is the vector of excited frequencies, nAll
is a vector with model orders that are scanned, maxr is
the maximum value of the subspace dimension parameter
r over which a scan is done, maxIter is the maximum
number of iterations of the Levenberg-Marquardt op-
timization, forcestable is a boolean that indicates
whether or not to force a stable parametric model (with
pole reflection), showfigs is a boolean that indicates
whether or not to display the comparison of the BLA and
the parametric models, and fs is the sampling frequency.
The variable models contains the state-space matrices of
the best models found for each scanned model order. The
state-space matrices for model order n can be selected
with

>> [A,B,C,D]

models{n}{:};

B..3 Optimization of the model parameters

Next, these linear state-space matrices are put in a PNLSS
model form with

>> model_init fCreateNLSSmodel(A,B,C,D,nx,

ny,T1,72,0);

where model_init is a structure that contains the prop-
erties of the PNLSS model, nx and ny are vectors with
the selected nonlinear degrees in ¢ and 7 respectively,
T1 and T2 are transient settings, and the last parameter is
obsolete and put to zero. The toolbox also allows to select
which polynomial coefficients in E and F' are free for
optimization.

Finally, the parameters of the initial model are opti-
mized with a Levenberg-Marquardt algorithm:

>> [model,y_mod,models] = fLMnlssWeighted(u,y
,model_init,nIter,W);

where u and y contain the estimation data and nIter is
the number of iterations. Depending on the dimensions
of the weighting matrix W, frequency domain weighting
(if Wis a p x p X 5 array), time domain weighting (if W
is a N x p array) or no weighting (W = []) is applied.
We advice the user to start the modeling with uniform
weighting (= no weighting) due to the possible presence
of dominant model errors. The structure model is the best
model on the estimation data and y_mod is its modeled
output. The models after each successful iteration are
stored in models. This allows the user to select the best
model on a validation data set, which is recommended to
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avoid overfitting. The output of a model on a validation
data set can be calculated with

>> yval = fFilterNLSS(models(i),uval);

Optionally, the initial states o = x(0) and the initial
inputs ug = u(0) can also be estimated.

1. OVERVIEW OF THE TOOLBOX

The toolbox consists of a number of Matlab functions
that implement the methods described in Section ii.. In
particular, there are functions available to generate mul-
tisine signals and do transient handling, to estimate non-
parametric frequency response functions and the total and
noise distortion levels, to estimate parametric subspace
models, to calculate the Jacobians of the subspace and
PNLSS models, to do Levenberg-Marquardt optimization
on the model parameters, and to construct and simulate the
PNLSS model. There are also some utility functions avail-
able for plotting, etc. Furthermore, there is a tutorial ex-
ample that explains the work-flow of estimating a PNLSS
model.

IV. NOVELTIES IN THE PAPER

The PNLSS modeling approach has been successfully
applied on a large number of applications in the past. This
paper presented PNLSS 1.0, a Matlab toolbox that makes
the PNLSS modeling approach publicly available and eas-
ily accessible.

The source code of the toolbox is available. Each of the
functions is documented and most functions contain one
or more examples on how to use them. Like this, besides
being a tool for modeling the nonlinear dynamic input/out-
put behavior of a system, the toolbox can also be a tool for
learning about nonlinear system identification techniques.

V. FUTURE WORK

The successor of PNLSS 1.0 will have an object-
oriented implementation in Matlab. This will make it eas-
ier to include (external) modules to perform specific tasks
(initialization of the model, specification of the cost func-
tion, calculation of the Jacobian, optimization of the model
parameters). The toolbox is fully implemented in Matlab,
but with the possibility to include external modules, speed-
ups of the time-critical parts will be realized.

Currently, only polynomial nonlinearities are imple-
mented in the toolbox. The functionality of the toolbox
will be extended by also allowing for non-polynomial non-
linearities [6].

A third improvement will be the ability to impose struc-
ture on the state-space matrices. This will allow the user to
obtain some physical interpretation of the model.
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