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Abstract – An Interpolated Discrete Time Fourier 

Transform (IpDTFT) algorithm for sine-wave 

frequency estimation is proposed in this paper. It 

generalizes the classical interpolated Discrete Fourier 

Transform (IpDFT) algorithm by interpolating two 

DTFT spectrum samples located one frequency bin 

apart. The influence on the estimated frequency of the 

spectral image component is investigated in the case 

when the acquired sine-wave samples are weighted by 

a Maximum Sidelobe Decay (MSD) window. An 

analytical expression for the estimation error due to 

the spectral image component is derived. Leveraging 

on that expression an iterative procedure for the 

reduction of the effect of spectral image component on 

the estimated frequency is proposed. The accuracies of 

the proposed procedure and other state-of-the-art 

interpolated DFT algorithms are compared by means 

of both computer simulations and experimental 

results. It is shown that the proposed procedure can 

be advantageously adopted when the number of 

acquired sine-wave cycles is small.   
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I. INTRODUCTION

The Interpolated Discrete Fourier Transform (IpDFT) algorithm 

is often used for sine-wave frequency estimation since it returns 

accurate results in real-time [1]-[8]. To reduce the detrimental 

contribution on the estimated frequency of the spectral leakage 

from narrow band disturbances like harmonics or spurious 

tones, the analyzed signal is weighted by a suitable window 

function. Cosine class windows [9] are often employed. In 

particular, Maximum Sidelobe Decay (MSD) windows allow to 

obtain very simple IpDFT frequency estimators and exhibit 

very good spectral leakage suppression capabilities [1]-[8]. 

Unfortunately, when only few sine-wave cycles are analyzed, 

IpDFT frequency estimates are heavily affected by the 

interference from the spectral image component. Multipoint 

IpDFT methods have been proposed to reduce this detrimental 

effect [10]-[13]. However, when the number of acquired 

sine-wave cycles is very small the achieved estimation 

accuracy is quite low.    

In this paper a new Interpolated Discrete Time Fourier 

Transform (IpDTFT) algorithm is proposed. It generalizes 

the classical IpDFT approach by interpolating two suitably 

selected DTFT spectrum samples located one bin apart. The 

degree of freedom in the selection of the spectrum samples 

allows to minimize the contribution of the spectral image 

component on the estimated frequency. An expression for that 

contribution is derived and - leveraging on that expression - an 

iterative IpDTFT procedure with maximum Image component 

interference Rejection capability (called IpDTFT-IR 

procedure) is proposed. The accuracies of the proposed 

procedure and other state-of-the-art multipoint IpDFT 

algorithms are compared through both computer simulations 

and experimental results.  

II. THE PROPOSED IPDTFT ALGORITHM

Let us consider the following discrete-time sine-wave: 
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where A, ν, and ϕ are the amplitude, the number of acquired 

sine-wave cycles (or normalized frequency expressed in bins), 

and the initial phase, while M is the number of analyzed 

samples. The normalized frequency can be expressed as ν = l + 

δ, where l represents the closest integer to ν and -0.5 ≤ δ < 0.5. 

When coherent sampling occurs δ is null, but usually non-

coherent sampling (i.e. δ ≠ 0) is encountered in practice. 

To reduce spectral leakage, the samples (1) are weighted by a 

suitable window function w(⋅) leading to the windowed signal 

xw(m) = x(m)⋅w(m), m = 0, 1,…, M – 1. The related DTFT can 

be expressed as [4]: 

122



( ) ( ) ( )[ ],
2

ϕϕ νλνλλ jj
w eWeW

j

A
X −+−−= (2)

where W(⋅) is the DTFT of the adopted window w(⋅). It is worth 

noticing that the second term in (2) is due to the signal image 

component. 

Cosine class windows are often used in spectral analysis. They 

are defined as: 
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where H ≥ 2 is the number of window  terms, ah, h = 0, 1,…, H 

– 1 are the window coefficients.

For |λ| << M the DTFT of (3) can be expressed as:
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The proposed IpDTFT frequency estimator, as the classical 

IpDFT algorithm, is based on a two steps procedure [1]:  

i) The integer part l of the number of acquired sine-wave

cycles is determined through a simple maximum search

procedure applied to the DFT samples |Xw(k)|, k = 1, 2,…, M/2 –

1. If the frequency Signal-to-Noise Ratio (SNR) is higher than a

known threshold [14], then it is known that l can be exactly 

determined with very high probability.

ii) The fractional part δ of the number of acquired sine-wave

cycles is then estimated by firstly determining the ratio:
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where i = 0 if |Xw(l – 1 + r)| ≥ |Xw(l + 1 – r)|, i = 1 if |Xw(l – 1 + r)| 
< |Xw(l + 1 – r)| and r ∈ [0, 0.5] is the fractional frequency 

deviation from DFT bins. It is worth noticing that the particular 

case r = 0 corresponds to the classical IpDFT algorithm. Also, 

when r = 0.5 the expression for the ratio αr does not depend on 

i. 
Using (2) and assuming that the image component provides a 

negligible contribution to the considered DTFT samples, (5) 

becomes: 
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The IpDTFT fractional frequency estimator rδ̂  is then obtained 

by inverting (6) and using the value of αr returned by (5). 

In particular, if the H-term MSD window (H ≥ 2) is used, (4) 

becomes [5]:      
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Substituting (7) into (6), after some simple algebra, we obtain: 
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and the related fractional frequency estimator results:  
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III. THE PROPOSED PROCEDURE

The frequency estimation error due to the spectral interference 

from the fundamental image component is given by (see 

Appendix): 
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Expression (10) shows that ∆δr exhibits an almost sinusoidal 

behaviour with respect to the sine-wave phase ϕ. The minimum 

of its amplitude (11) is zero and it is reached when the fractional 

deviation r = |δ|. Since δ is unknow, that optimal value of r 
needs to be estimated, for instance, by applying a classical 

IpDFT algorithm [1]-[8]. Hence, an iterative IpDTFT procedure  

that maximizes the Image component interference Rejection 

(IpDTFT-IR procedure) can be implemented. The 10 steps 

procedure denoted with the acronym IpDTFT-IR(K) - since it is 

based on K iterations - is described in the following using a 

pseudo-code: 

1. Evaluate the DFT of the windowed signal.

2. Determine the integer part l of the sine-wave frequency by

applying a maximum search procedure to the discrete spectrum.

3. Evaluate α0 by applying (5) on the two largest samples of

the discrete spectrum; then determine an initial estimate 0δ̂  for 

the fractional sine-wave frequency by applying (9) with αr = α0. 

4. k := 0 and 0δ̂=r

5. k := k +1

6. Evaluate the two DTFT samples used in (5) and determine
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αr,k by applying (5):
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7. Determine the fractional frequency estimate kr,δ̂  by 

applying (9): 
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8. Compute krr ,δ̂=

9. Repeat steps 5- 8 K-times (K ≥ 1)

10. Return the fractional frequency estimate obtained at the K-

th iteration, Kr ,δ̂ . 

IV. SIMULATION AND EXPERIMENTAL RESULTS

In this Section the accuracies of the proposed IpDTFT-IR 

procedure, the classical two-point IpDFT algorithm [2], the 

improved three-point IpDFT algorithm [13] (called in the 

following the IpDFT-i algorithm), and the five-point IpDFT 

algorithm [10] are compared through both computer 

simulations and experimental results. The two-term MSD (or 

Hann) window is adopted and K = 2 iterations are considered. A 

number of 1000 runs of M = 512 samples each with sine-wave 

phase selected at random in the range [0, 2π) rad is analyzed. 

The frequency estimator Mean Square Error (MSE) is adopted 

as accuracy parameter. 

Both ideal and noisy sine-waves are considered in the 

simulation runs.  

A. Simulated ideal sine-waves

Fig. 1 shows the MSEs of the considered estimators as a 

function of ν in the case of ideal sine-waves.  

Fig. 1. MSEs of  the two-point IpDFT [2], the three-point 
IpDFT-i [13], the five-point IpDFT [10], and the IpDTFT-IR(2) 

frequency estimators  versus ν in the case of ideal sine-waves. The 
Hann window is adopted.   1000 runs of M = 512 samples each with 

sine-wave ϕ chosen at random. 

From Fig. 1 it follows that the proposed estimator outperforms 

the two-point estimator, the five-point IpDFT estimator, and (in 

most cases) the IpDFT-i estimator.  The poorest performance is 

achieved by the IpDFT estimator since it is not able to reduce 

the contribution of the spectral image component.  

B. Simulated noisy sine-waves

Fig. 2 shows the MSEs of the considered estimators as a 

function of ν when analyzing noisy sine-waves with SNR = 40 

dB. The related Cramér-Rao Lower Bound (CRLB) for 

unbiased estimators is also shown for comparison purposes.  

Fig. 2. MSEs of  the two-point IpDFT [2], the three-point 
IpDFT-i [13], the five-point IpDFT [10], and the IpDTFT-IR(2) 
frequency estimators  versus ν. Noisy sine-waves with SNR = 40 dB. 
The Hann window is adopted.   1000 runs of M = 512 samples each 

with sine-wave ϕ chosen at random.  

As can be seen, the proposed procedure outperforms the other 

algorithms, except in quasi-coherent conditions (i.e. when δ ≅ 

0), and when ν > 6 for |δ| close to 0.5, where the IpDFT-i 

algorithm and the two-point IpDFT algorithm, respectively, 

provide the most accurate results. Fig. 2 shows also that the 

MSEs of the IpDFT-i estimator and the IpDTFT-IR(2) 

estimator exhibit the same range of accuracy variations, thus 

confirming their high spectral image interference rejection 

capability. Indeed, the differences between the results returned 

by these two algorithms are quite small, and they are mainly 

due to the effect of wideband noise, which increases as the 

number of interpolation points increases [11]. 

Fig. 3 shows the MSEs of the considered estimators as a 

function of SNR when ν = 2.3 cycles. The SNR was varied in 

the range [0, 100] dB with a step of 5 dB. It is worth observing 

that the knees of the curves correspond to the SNR value above 

which the effect of the interference from the image component 

prevails over wideband noise. As can be seen, the proposed 

procedure provides the highest spectral image component 

interference rejection among the considered algorithms. The 

SNR value above which the contribution of the spectral image 

component prevails is equal to about 90 dB, 60 dB, and 20 dB 

for the proposed procedure, the IpDFT-i algorithm and both 

two-point and five-point IpDFT algorithms, respectively. 
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Fig. 3. MSEs of the two-point IpDFT [2], the three-point 
IpDFT-i [13], the five-point IpDFT [10], and the IpDTFT-IR(2) 
frequency estimators versus SNR when ν = 2.3 cycles. The Hann 

window is adopted.1000 runs of M = 512 samples each with sine-
wave ϕ chosen at random.   

C. Real sine-waves

In the experimental runs, the sine-waves were generated by an 

Agilent 33220A signal generator and acquired using an 

NI6023E acquisition board with fs = 100 kHz sampling 

frequency and Full Scale Range (FSR) = 10 V. The sine-wave 

amplitude was 2 V and the frequencies varied in the ranges 

[500, 680] Hz and [1085, 1265] Hz, respectively, with a step of 

20 Hz.  The related number of acquired sine-wave cycles ν 

varied in the ranges (2.5, 3.5) and (5.5, 6.5) sine-wave cycles, 

respectively. The SIgnal-to-Noise And Distortion ratio (SINAD) 

of the acquired sine-waves estimated by means of the four-

parameter sine-fitting algorithm [15] was about 60 dB. 

Fig. 4 shows the standard deviation of the frequency estimates 

provided by the considered algorithms as a function of ν. The 

value of ν was determined as the mean of the estimates returned 

by the IpDTFT-IR(2) procedure. 

As expected from the theoretical and simulation results, Fig. 4 

shows that, except in quasi-coherent condition, the proposed 

procedure outperforms the other considered algorithms. In the 

quasi-coherent condition the IpDFT-i algorithm slightly 

outperforms the proposed procedure.  

V. CONCLUSIONS

An IpDTFT algorithm for sine-wave frequency estimation that 

generalizes the classical two-point IpDFT algorithm has been 

proposed in this paper. An analytical expression for the 

frequency estimation error due to the spectral image component 

has been derived. Leveraging on that expression an iterative 

procedure ensuring a high rejection of the spectral image 

component effect on the estimated frequency has been proposed 

in the case when an MSD window is adopted to weight the 

acquired sine-wave samples. Computer simulations and 

experimental results show that the proposed procedure 

outperforms the three-point IpDFT-i algorithm [13] and the 

multipoint IpDFT algorithms when few cycles of a noisy sine-

wave are analyzed.  

(a) 

(b) 

Fig. 4. Standard deviations of the two-point IpDFT [2], the three-
point IpDFT-i [13], the five-point IpDFT [10], and the IpDTFT-IR(2) 
frequency estimators versus ν . Sine-waves frequencies in the ranges 
(a) [500, 680] Hz and (b) [1085, 1265] Hz, and SINAD about 60 dB. 
The Hann window is adopted. 1000 runs of M = 512 samples each.

APPENDIX 

Derivation of the expression for the error ∆δr

Using the identity { },Re2 *
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where z1 and z2 are complex-valued variables, Re{⋅} denotes the 

real part of its argument, and (⋅)* denotes the conjugation 

operator, from (2) we have:  
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Using (7) we obtain: 
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where sgn(⋅) is the sign function. 

If l is not too small, we have 

( ) ( )rklWrkW ii )1(2)1( −+++>>−+− δδ . Thus, using 

the approximation ( ) ,2/11
2/1 xx +≅+ when |x| << 1, (A.1) 

and (A.2) provide: 
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Using (A.3) the ratio αr returned by (5) becomes: 
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where ).22cos())1(sgn()1( ϕπδδ +−+−= iH rp  

Using (7), (A.4) provides: 
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From (A.5) it follows that: 
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Since ε << 1, we obtain: 
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Using (8) it follows that: 
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Noticing that (9) provides: 
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and 

.))1(2(
)1(2

)1(12

))1(12(

rilW
rHil

rHil

rilW

i
i

i

i

−+++
−+−++

−+++−+
=

−++−+

δ
δ

δ

δ

 (A.11) 

the following expression for ε is derived: 
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Then, by replacing (A.9) and (A.12) in (A.8) it follows that: 
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From (A.13) the expression (10) it can be easily derived. 
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