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Abstract — This paper analyses Mean Square Error
(M SE) of a noisy sine-wave amplitude estimator based
on the Discrete-Time Fourier Transform (DTFT)
evaluated at the signal frequency estimated by the
classical Interpolated Discrete Fourier Transform
(IpDFT) algorithm. In order to reduce the
contribution of the spectral image component on the
returned estimates, the sine-wave is weighted by a
Maximum Sidelobe Decay (MSD) window. An
analytical expresson for the estimator MSE is
derived. For given Signal-to-Noise Ratio (SNR) and
number of processed samples, that expression allows
us to derive the minimum number of acquired sine-
wave cycles ensuring that the detrimental
contribution of the image component on the
estimation accuracy is negligible as compared with the
effect of wideband noise. In such condition, both
computer simulations and experimental results show
that the analysed DTFT-based estimator outperforms
the classical DFT-based estimator.
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. INTRODUCTION

In many engineering fields, such as communications,
radar, power systems, vibration analysis, and
instrumentation, sine-wave parameters often need to be
accurately estimated in real-time. The Interpolated Discrete
Fourier Transform (IpDFT) algorithm is widely used to this
purpose [1-6]. Indeed, when non-coherent sampling occurs,
DFT-based frequency estimates are affected by the so-called
“picket-fence” and spectral leakage errors. The former error
is reduced by estimating the inter-bin frequency location by
interpolating the two largest DFT spectral samples of the
analysed signal. Spectral leakage is reduced by weighting
the analysed signal by means of a suitable window. Cosine-
class windows are often employed. In particular, the
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Maximum Sidelobe Decay (MSD) windows [7] are
commonly used since signal frequency can be estimated by
simple expressions [1, 4, 5]. In the classical IpDFT approach
the sine-wave amplitude and phase are then estimated
considering the estimated frequency and the largest DFT
spectral sample, that is the one at the normalized frequency
equal to the integer part of the number of acquired sine-wave
cycles. Recently, it has been shown that the contribution of
wideband noise on the estimation of complex-valued sine-
wave amplitude is minimized when considering the
Discrete-Time Fourier Transform (DTFT) spectral sample at
the estimated normalized signal frequency [8]. However, the
accuracy of that DTFT-based amplitude estimator when
applied to a real-valued sine-wave has not been analysed yet.
The aim of this paper is to derive an expression for that
estimator Mean Square Error (MSE) considering the
contribution of both the signal image component and
wideband noise. For given Signal-to-Noise Ratio (S\R) and
number of processed samples, that expression allows us to
determine the minimum number of acquired sine-wave
cycles ensuring that the effect of the image component on
the estimation accuracy is negligible as compared with the
influence of wideband noise. Furthermore, the accuracy of
the DTFT-based and the DFT-based amplitude estimators
are compared each other using both simulation and
experimental data.

II.  DTFT-BASED AMPLITUDE ESTIMATOR

The analysed discrete-time noisy sine-wave is modelled
as:

y(m)= Asin(2zfm+ ¢) + e(m), m=0,1,...,M -1 (1)

where A, f, and ¢ are the amplitude, the normalized
frequency, and the initial phase of the sine-wave, &) is a
white Gaussian noise with zero mean and variance o2, and

M is the number of acquired samples. The normalized
frequency, defined as the ratio between the continuous-time



sine-wave frequency f;, and the sampling rate fs, can be
expressed as:
| +&
—=, 2
v 2
where v=1+ ¢is the number of acquired sine-wave cycles, |
is its integer part and & (-0.5 < & < 0.5) is the inter-bin
frequency location. In most practical situations non-coherent
sampling occurs (i.e. £ = 0), so that the “picket-fence” and
the spectral leakage phenomena arise. Spectral leakage can

be reduce by weighting the analysed signal using a suitable
window function w(-). The DTFT of the windowed signal

Yw(m) = y(m)-w(m) is given by [4]:

Yy (1)=—W(1 -v)el? —W(/1+v)e’j¢]+ Ey(1), (3

=2
where W(-) is the DTFT of the used window w(-) and E,()
is the DTFT of the weighted noise e,,(m) = e(m)-w(m).

When the H-term MSD window is used, for |4] << M,
we have [5]:

_ Msin(z2) (2H -2)! o ik )
92H-2 5 H-1

H(hz—ﬂz)

h=1

w(2)

In that case, the fractional frequency estimator &
provided by the IpDFT algorithm is [5]:

§:(H+i—1)a—H+i’ 5)
a+l

A
where a=|Yy, (I +i)|/]| Yy (I =1+1)],inwhich i =0 if |Y,(
=)= |Yy(l +1)| and i = Lif Y, (I = 1) <|Yu(l +1)].
Assuming that | is exactly determined [4], the estimator
of the number of acquired sine-wave cyclesis ¥ =1 + & and
the related DTFT-based amplitude estimator is given by [8]:

2| Yy (®) |
W(0)

A= (6)
I1l. MSE OF THE DTFT-BASED AMPLITUDE ESTIMATOR

The amplitude estimation error due to the spectral
interference from the fundamental image component can be
expressed as (see Appendix):

A L
Ap, =A-A= pAAsi,max cos(2ze + 2¢), 7

where
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|W(2x)|

OR ®

A Ag,max =
and p = (-1)"sgn(e), in which sgn(-) is the sign function.
Referringy to the behaviour of the window DTFT (4),
when at least (H +1)/2 sine-wave cycles are acquired, from
(7) and (8) it follows that:
A g is null when &= 0 (i.e. coherent sampling occurs),

or& =-0.5;
A p max 1s maximum when &= -0.25;

A pg max decreases as x and/or H increases.

However, when analysing a noisy sine-wave, the DTFT-
based amplitude estimator is affected also by wideband
noise. Since its effect can be considered statistically
independent of the contribution of the spectral image
component, the amplitude estimator MSE is expressed by:

MSE[A] = E[AZAS_ 1+ E[AzAn 1 )

where E[] denotes the expectation operator and A A,

represents the estimation error due to wideband noise.

Assuming that the sine-wave phases ¢ related to
subsequent acquisitions vary at random in the range [0, 2r)
rad (as it happens in practice in the case of non-coherent
sampling), from (7) it follows that:

2 ~ 2
B[ 120547 . (10)

Moreover [8]:

2

2 2 2 2
E[a% 1205 = -ENBWo? = ENBW(R)cg, (1)

in which ENBW is the window Equivalent Noise
BandWidth [9] and (cf%)CR =252 | M is the Cramér-Rao

Lower Bound (CRLB) for unbiased amplitude estimators
[4]. For the H-term MSD window we have

ENBW = CZH 2 /(CH2,)2, where €S = nt/(n—q)!q)

(5]
By replacing (10) and (11) in (9) we have:

2

MSE[A] = 0.5A%, +VENBW02. (12)
,max

Asma

When a sufficiently high number of cycles xis observed,
the contribution on the estimated amplitude of the
interference from the fundamental image component is
negligible as compared with the effect of wideband noise.
Thus, the statistical efficiency of the DTFT-based estimator

becomes (cA)cr /o4 =1/ ENBW, which decreases as



ENBW (or equivalently H) increases, that is with more
tapered windows. If the two-term MSD window (or Hann
window) is wused, we have ENBW = 15 and

(c4)cr /0'2 = 0.67.

IV. CONSTRAINT ENSURING THAT THE IMAGE
COMPONENT CONTRIBUTION ON THE DTFT-
BASED AMPLITUDE ESTIMATOR IS NEGLIGIBLE

It is of interest to determine the minimum number of
signal cycles |, that ensures that the contribution on the
estimated amplitude of the fundamental image component is
negligible as compared with the effect of wideband noise.
To this aim, since the worst case interference from the
fundamental image component occurs at & = -0.25, we
consider the following inequality:

E[A%, 1> 10E[A% ]

(13)

£=-0.25

For given values of SNR and number of signal samples
M, using (4), (8), (10), and (11), expression (13) provides:

W(0) ENBW} (14)
IW(2l i —05) [V 5M

S\R (dB) = 20 IoglO[

This expression is depicted in Fig. 1 for the Hann
window, M =512 and 4096 samples.

il

M=512 |

Fig. 1. Theoretical SNR versus| i, returned by (14) when the
Hann window is adopted. M = 512 and 4096 samples

It can be seen that | ;, increases as M increases since the
MSE contribution due to wideband noise is inversely
proportional to that parameter. It is also worth noticing that,
when I, > 10 the relationship (14) is almost linear. Indeed,
the envelope of the sidelobes of the Hann window spectrum
is almost proportional to the square value of the sine-wave
normalized frequency.
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V. COMPUTER SIMULATIONS AND
EXPERIMENTAL RESULTS

In this Section the accuracies of expressions (7) and (12)
are verified through computer simulations. Also, the
accuracies of the DTFT-based and the DFT-based amplitude
estimators are compared each other by means of both
computer simulations and experimental results [1, 4, 5].

The Hann window is adopted. Moreover the sine-wave
amplitude and the number of processed samples are A = 2
and M = 512, respectively. When performing statistical
analysis, 1000 runs are considered by varying the sine-wave
phase ¢ at random in the range [0, 2x) rad.

Fig. 2 shows the amplitude estimation errors A Aq due to

the fundamental image component as a function of the sine-
wave phase ¢ when x = 2.75 cycles and x = 5.25 cycles,
respectively. The results returned by both simulations and (7)
are reported. The phase ¢ is varied with a step of /50 rad.

e 10°

& =276 bins
=525 bins

i i i i i 1
[1} a0 100 150 200 250 300 3450
¢ (deg.)

Fig. 2. Amplitude estimation error A Ag due to the fundamental

image component versus the sine-wave phase ¢ when k= 2.75
and x = 5.25 cycles. Smulation results (stars) and theoretical
results (continuous line)

As we can see, there is a very good agreement between
the theoretical and the simulation results. Also, the errors
A Aq decreases as x increases, as expected.

Fig. 3 shows the simulation results and the theoretical
values returned by (8) for the maximum amplitude
estimation error A o max as a function of the number of

observed sine-wave cycles x. Moreover, the envelope of
such error, which is reached for £=-0.25, is also shown.

As we can see, the simulation and the theoretical results
are very close each other.

Fig. 4 shows the simulated MSEs for both the classical
DFT-based and the DTFT-based amplitude estimators as a
function of the number of observed sine-wave cycles xwhen
NR = 25 dB (Fig. 3a) and S\NR = 50 dB (Fig. 3b). The
theoretical MSE of the DTFT-based amplitude estimator
returned by (12) and the related unbiased CRLB are also
shown in the figure.
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Fig. 3. Maximumof the amplitude estimation error A p; max due

to the spectral image component versus the number of acquired
sine-wave cycles x. Smulation results (stars) and theoretical
results (continuous line). The envel ope of the theoretical results
is also shown
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Fig. 4. MSE of the DFT-based and the DTFT-based amplitude
edimators versusthe number of acquired sine-wave cycles x
when SNR = 25 dB (a) and SNR= 50 dB (b). Theoretical MSE (12)
(continuous line) and simulation results (dots). Therelated CRLB is
also shown
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As it can be seen, for small values of x, when the
contribution of the fundamental image component dominates,
the DFT-based amplitude estimator outperforms the DTFT-
based one. Conversely, when « is high, the contribution of
wideband noise dominates, and the opposite behaviour
occurs. It is worth noticing that (14) returns |, = 3 and I i =
8 when SNR = 25 dB and 50 dB, respectively. These values
well agree with the behaviours shown in Fig. 3. Thus, when |
> |1in the DTFT-based amplitude estimator outperforms the
DFT-based one since the former algorithm minimizes the
contribution of wideband noise on the returned estimates.
Also, Fig. 4 shows that the simulation results related to the
DTFT-based amplitude estimator fully agree with the
theoretical results.

The theoretical analysis reported above was verified also
by experiments. Sine-waves were generated by using an
Agilent 33220A signal generator and then acquired by
means of an NI6023 acquisition board with sampling rate f
= 100 kHz. Their amplitude was A = 2 V, while the
frequencies were varied in the ranges [500, 680] Hz and
[3230, 3410] Hz, respectively, with a step of 20 Hz. For
each frequency value 1000 runs of M = 512 samples each
were acquired. Consequently, the number of acquired sine-
wave cycles xspanned the ranges (2.5, 3.5) and (16.5, 17.5),
respectively. This quantity was estimated as the average of
the values returned by the IpDFT algorithm. The SNR value
estimated by the four-parameter sine-fit algorithm [10] was
about 55 dB. The variances of both the DFT-based and the
DTFT-based amplitude estimators are shown in Fig. 5 as a
function of the number of sine-wave cycles x.

This figure shows that the DFT-based estimator
outperforms the DTFT-based one when 2.5 < k< 3.5 cycles,
while the opposite occurs when 16.5 < x < 17.5 cycles.
Indeed, in the former case the contribution of the spectral
image component dominates estimation uncertainty, while
in the latter case the contribution of wideband noise prevails.
These results agree with theory since, when S\NR = 55 dB,
Fig. 1 shows that the DTFT-based algorithm provides very
accurate amplitude estimates for | > 10.
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Fig. 5. Experimental results: variances of the DFT-based and
the DTFT-based amplitude estimators ver sus the number of

acquired sine-wave cycles k. Sne-wave frequenciesin the
ranges [500, 680] Hz (a) and [ 3230, 3410] Hz (b), respectively

VI. CONCLUSIONS

In this paper the accuracy of the DTFT-based amplitude
estimator proposed in [8] has been analysed in the case of
noisy real-valued sine-waves. An analytical expression for
the estimator MSE has been derived. For given SNR and
number of processed samples, that expression allows us to
derive the minimum number of acquired sine-wave cycles
ensuring that the contribution on the estimation accuracy of
the spectral image component is negligible as compared to
the effect of wideband noise. When that constraint is
satisfied both computer simulations and experimental results
show that the DTFT-based amplitude estimator outperforms
the classical DFT-based amplitude estimator.

APPENDIX

Derivation of the expression for the amplitude
estimation error

By neglecting the contribution of wideband noise, since
Ag=¢—&=0,we have:

YW(I + 5);2—AjW(0)ej¢ _Z_AjW(ZI + 28)e’j¢ (AL
Using (4) we have:
YW(I + 5);
j - A2
ZAW(O)eJ(ﬁ + ZA p|VV(2| + zgxe—J((;HZﬂ'g) ’( )
J j

A
where p=(-1)" sgn(e), in which sgn() is the sign
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function.
From (A.2), observing that W(0) >> |W(2I + 2¢)|, after
some algebra it follows:

~\2 A2 2
V(I +2) = W2(0) "~
w2l +2¢)| ‘
x| 1+ Zp—W(O) cos(2¢ + 27¢) |,

Using the approximation +/1+ X =1+ X/2,when [
<< 1, we have:

i+ 2) = ?BN(O) + PW(2 +22)|cos(2g + 27¢) . (A4)

By replacing (A.4) in (6) we obtain:

s IDA|W(2| +25)

W(0)

~

A

~

cos(2¢ + 27e).  (A.5)

From (A.5) the expression (7) for the amplitude
estimation error A Aq due to the interference from the

spectral image component is finally obtained.
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