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Abstract – We investigate the role of the optical cross-
talk in the conditional measurements performed on
quantum states of light. In particular, we analyze how
the statistics of the conditional states are affected by
cross-talk by retrieving their first and second moments
and we test the sub-Poissonianity of the state by evalu-
ating the Fano factor.

I. INTRODUCTION

Conditional measurements are a well-known strategy

for generating nonclassical states. As for quantum optical

states, the nonlinear dynamics achieved by exploiting the

reduction postulate has been largely investigated in many

schemes, involving single-photon and time-multiplexed-

photon-resolving detectors in the low energy regime [1,

2, 3, 4, 5, 6, 7], but also photon-number-resolving detec-

tors in the mesoscopic regime [8, 9]. Specifically, for what

concerns this last case, it has been proved that conditional

measurements can be successfully performed by multi-

pixel photon counters. Recently, we have shown [10, 11]

that this is the case for Silicon Photomultipliers (SiPM), a

class of cheap and portable Silicon-based photon-number-

resolving detectors [12, 13, 14]. They are basically a ma-

trix of single-photon avalanche diodes, working in Geiger-

Muller regime. In our experiment, we generated a twin-

beam (TWB) state via parametric down conversion, mea-

sured the photon-number observable on one of the two par-

ties of the TWB state and selected the corresponding value

on the other party, which is a standard procedure to gen-

erate sub-Poissonian conditional states. We found out that

these commercial devices could detect the nonclassicality

of such states. Thus, we concluded that SiPMs can be used

for Quantum Optics applications. However, they are af-

fected by spurious effects which could be critical for condi-

tional measurements. The most detrimental spurious effect

is known as Optical Cross-Talk (OCT) [15]. It consists in

the emission of secondary infrared photons inside the sil-

icon substrate once an avalanche process is generated in

a cell by a detection event. The secondary photons may

start a new avalanche in a neighbouring cell, thus yielding

a spurious count. Note that the OCT is a common feature

of the whole multi-pixel-photon-counter class, including

cameras. Here we deal with a theoretical analysis of the

OCT effects on conditional measurements. In particular,

we focus on the case of single-mode input radiation. Our

model provides closed formulas for the detection proba-

bilities and for the statistics of conditional states. More-

over, our results can be directly compared with experimen-

tal data since they are based on experimentally accessible

quantities.

In Sect. ii. we briefly introduce a general descrip-

tion of conditional measurements performed with photon-

number-resolving detectors on single-mode TWB states

and we extend it by including the OCT. Then, in Sect. iii.,

we retrieve the analytic expressions for the first moment

and the Fano factor of the conditional state in the presence

of the OCT. The Fano factor, which, for the photon-number

observable n̂, is defined as

F ≡ 〈Δn̂2〉
〈n̂〉 =

〈n̂2〉 − 〈n̂〉2
〈n̂〉 , (1)

can be used as a test of nonclassicality. Indeed, for F < 1,

the statistics of the radiation field is, by definition, sub-

Poissonian. Finally, in Sect. iv. we draw our conclusions.

II. CONDITIONAL MEASUREMENTS WITH

SINGLE-MODE SQUEEZED STATES AND

PHOTON-NUMBER-RESOLVING DETECTORS

As mentioned in the Introduction, here we deal with

single-mode TWB states of light, i.e. bipartite entangled

states of the form [16]

|λ〉〉 =
√
1− λ2

∑
n

λn|n〉|n〉 (2)

where

λ2 ≡ N

N + 1
.

and N ≡ 〈n̂〉 is the mean number of photons in each beam.

The conditioning measurement is performed on one of the
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two parties of the entangled state, typically named as idler,

so that the other party, the so-called signal, is correspond-

ingly reduced accordingly with Born’s rule.

In the absence of OCT, the positive-operator valued mea-

sure (POVM) describing a direct measure of the photon-

number operator n̂ over single-mode radiation reads [8]

Π̂m(η) =

(
η

1− η

)m ∞∑
n=m

(
n

m

)
(1− η)n|n〉〈n| (3)

where m is the number of detected photons and η is the

quantum efficiency of the detector. The effect of OCT

can be included by considering the probability ε that an

avalanche triggers a second single spurious avalanche fir-

ing a different cell [17, 18]. Thus, the number of cells fired

by spurious avalanches cannot be larger than the number of

the proper light events, which implies that, for the overall

number of detected photons k, we have m ≤ k ≤ 2m ⇒
k/2 ≤ m ≤ k. Then, the POVM in Eq. (3) can be gener-

alized as follows [18]

Π̂k(η, ε) =

(
ε

1− ε

)k k∑
m=�k/2


(
m

k −m

)[
(1− ε)2

ε

]m
(

η

1− η

)m ∞∑
n=m

(
n

m

)
(1− η)n|n〉〈n|.

(4)

We remark that for the sake of simplicity we are assuming

that the two detectors share the same parameter values, i.e.

εs = εi = ε and ηs = ηi = η, where the subscripts stand

for signal and idler. The joint probability of detecting ki
photons on the idler and ks on the signal is given by

P(ks, ki) = Trs,i

[
|λ〉〉〈〈λ|Π̂ks ⊗ Π̂ki

]
= (1− λ2)

(
ε

1− ε

)ks+ki ks∑
ms=� ks

2 �

ki∑
mi=

⌈
ki
2

⌉

(
ms

ks −ms

)(
mi

ki −mi

)[
(1− ε)2

ε

η

1− η

]ms+mi

∞∑
n=max(ms,mi)

(
n

ms

)(
n

mi

)
[λ(1− η)]2n.

(5)

The probability of measuring ki photons on the idler with-

out inspecting the outcome on the signal is the marginal of

Eq. (5) and it is found to be

p(ki) =
(1− λ2)[(1− ε)ηλ2]ki

[1− λ2(1− η)]ki+1

� ki
2 �∑

l=0

(
ki − l

l

)
[
ε[1− λ2(1− η)]

(1− ε)2ηλ2

]l
=
(1− λ2)[(1− ε)ηλ2]ki

[1− λ2(1− η)]ki+1

Fki+1(x)

x

(6)

Fig. 1. Marginal probability of detecting ki photons on
the idler beam according to Eq. (6). The colors in each
plot correspond to different values of the OCT probability
ε. Black dots: ε = 0; magenta dots: ε = 0.1; cyan dots:
ε = 0.5. The quantum efficiency η is set to 0.5. Note that
the y-axis scale is logarithmic. The top panel shows the
case N = 1. The bottom panel shows the case N = 5. The
black dots are fitted by a thermal distribution, as expected.

where

x ≡
√

(1− ε)2ηλ2

ε[1− λ2(1− η)]

and

Fn(x) ≡ 1

2n

(
x+

√
x2 + 4

)n − (
x−√

x2 + 4
)n

√
x2 + 4

is the Fibonacci polynomial of order n. By using Eq. (6)

to compute the mean value of the detected-photon-number

distribution in the idler arm, one retrieves the well-known

result 〈k̂i〉 = (1 + ε)η〈n̂〉 [18]. Moreover, the inspec-

tion and plot (see Fig. (1) of this marginal discrete distri-

bution reveals that the effect of the OCT as described by

this model is twofold.

First of all, for small numbers of detected photons, the

OCT makes the even values more likely to be detected

than the odd values. The reason is the following. Let m
be the number of photons detected with probability η. As

mentioned above, according to our OCT model, the out-

come is a number k such that m ≤ k ≤ 2m. If m is

odd, then (m + 1)/2 of the possible values for k are odd

and (m + 1)/2 are even, but, if m is even, just m/2 of

the possible values for k are odd while still (m+ 1)/2 are
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even. This is basically due to the fact that 2m, the superior

boundary of k, is always even. Note that this asymmetry

between even and odd outcomes tends to zero as m in-

creases. The asymmetry is evident in the plots of Fig. (1),

where the imbalance between p(1) and p(2) clearly mod-

ifies the thermal distribution typical of the no-OCT case

(black dots).

Secondly, the OCT widens the detection-probability distri-

bution. This is basically because the OCT, by definition,

enhances the probability of getting larger outcomes by in-

troducing spurious counts.

Provided that ki photons are detected in the idler arm, the

signal is correspondingly reduced to the conditional state

ρ̂(ki)
s =

1

p(ki)
Tri[|λ〉〉〈〈λ|�̂s ⊗ Π̂ki

]

=
(1− λ2)

p(ki)

(
ε

1− ε

)ki ki∑
mi=

⌈
ki
2

⌉

(
mi

ki −mi

)
[
(1− ε)2

ε

η

1− η

]mi ∞∑
n=mi

(
n

mi

)
[λ2(1− η)]n|n〉〈n|.

(7)

III. STATISTICS OF THE CONDITIONAL STATE

Given the conditional state in Eq. (7), the probability of

detecting ks photons in the signal arm having detected ki
photons in the idler one is retrieved from Trs[ρ̂

(ki)
s Π̂ks

], so

that the generic n-th moment of this distribution is given

by

〈k̂ns 〉(ki) =
∑
ks

knsTrs

[
ρ̂(ki)
s Π̂ks

]
. (8)

Then the first moment of the conditional state distribution

is straightforward and reads

〈k̂s〉(ki) = Trs

[
ρ̂(ki)
s

∑
ks

ksΠ̂ks

]
=

=
η(1 + ε)

1− λ2(1− η)

[
ki + λ2(1− η)− εA(x)

] (9)

where

A(x) ≡ 1− λ2(1− η)

ηλ2(1 + ε)2 + 4ε(1− λ2)

kiLki
(x)− xFki

(x)

Fki+1(x)

is a combination of Fibonacci and Lucas polynomials. A

Lucas polyinomial of order n is defined as follows

Ln(x) ≡ 1

2n

[(
x+

√
x2 + 4

)n

+
(
x−

√
x2 + 4

)n]
.

In Fig. (2) we show the mean value of the conditional-state

as a function of the conditioning value ki in the two cases

already explored in Fig. (1). Again, in the two plots we

note the effect of the imbalance between even and odd

Fig. 2. Mean number of the conditional state as a function
of the conditioning value ki according to Eq. (9). The col-
ors in each plot correspond to different values of the OCT
probability ε. Black dots: ε = 0; magenta dots: ε = 0.1;
cyan dots: ε = 0.5. The quantum efficiency η is set to 0.5.
The top panel shows the case N = 1. The bottom panel
shows the case N = 5.

detected numbers of photons. Furthermore, we remark

that there is a threshold conditioning value k̃i such that

the mean value of the conditional state in the presence of

OCT is always larger than the same in the absence of OCT

for ki < k̃i. This threshold value depends on the OCT

probability, the mean value of the number of photons over

the idler arm, the number of modes and the quantum effi-

ciency. It can be observed in the case N = 1 (top panel).

The second moment is similarly found through Eq. (8)

with n = 2. The first and the second moments of the

conditional-state distribution allows to retrieve the Fano

factor for the detected number of photons by means of

Eq. (1) expressed for the operator k̂s. As mentioned above,

the Fano factor provides a sufficient condition for nonclas-

sicality. It reads

F (ki) =
1 + 3ε

1 + ε
− η(1 + ε) +

1

〈k̂s〉(ki)

[
η(1 + ε)

1− λ2(1− η)

]2
·{

λ2(1− η)(ki + 1)− εA(x)
[
λ2(1− η) + εA(x)−B(x)

]}
(10)

where

B(x) ≡ {k2i (x2 + 4) [Lki
(x)− xFki

(x)]

+ ki
[
3x2Lki(x)− (x2 + 4)xFki(x)

]
+ 2(x2 − 2)xFki(x)}

{2(x2 + 4) [kiLki
(x)− xFki

(x)]}−1
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Fig. 3. Fano factor of the conditional state as a function
of the conditioning value ki according to Eq. (10). The
colors in each plot correspond to different values of the
OCT probability ε. Black dots: ε = 0; magenta dots:
ε = 0.1; cyan dots: ε = 0.5. The quantum efficiency η
is set to 0.5. The top panel shows the case N = 1. The
bottom panel shows the case N = 5. The gray straight
line highlights the Poissonian case, namely the threshold
between sub- and super-Poissonian light.

is again a combination of Fibonacci and Lucas polynomi-

als.

In Fig. 3 we plot the Fano factor of the conditional state

in the cases N = 1 (top panel) and N = 5 (bottom panel).

As expected, the effect of OCT implies a widening of the

variance of the distribution with respect to the mean value,

which is intrinsically detrimental to the sub-Poissonianity

of the conditional-state statistics. Note that if ε is large

enough, the detected light is not sub-Poissonian for any

conditioning value.

Again, it is worth-noting that cyan lines in the two panels

show evidence of the imbalance introduced by this OCT

model on the even and odd conditioning values.

IV. CONCLUSIONS

The effect of the OCT on conditional measurements was

here addressed by generalizing the POVM for photocoun-

ters in Eq. (3).

Moreover, we found out that the OCT, as described by

our model, introduces an imbalance between even and odd

detected-photon numbers.

The effects of this property on the conditonal-state statis-

tics need further investigation. Furthermore, a generaliza-

tion to the multi-mode case is required for a proper com-

parison with the recent experiment mentioned in the Intro-

duction [10].

As a last remark, note that, upon substituing λ2 with 〈k̂i〉,
our results are all expressed in terms of measurable quan-

tities and therefore amenable for direct experimental tests.

V. *
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