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Abstract – In this paper, simultaneous amplitude 
measurement of multiple Chirp Spread Spectrum 
(CSS) signals is discussed. CSS signals are assumed to 
be generated by digital devices whose clocks are not 
fully synchronized. The effects of incomplete 
synchronization and noise at the receiver side are 
investigated and discussed, assuming that the signals’ 
amplitudes are estimated using correlation techniques. 

 I. INTRODUCTION 
Simultaneous transmission and detection of multiple 

waveforms is an enabler for various practical 
applications, ranging from telecommunication to Internet 
of Things and smart sensors. An example is the 
deployment of sensor networks, that support several 
monitoring and location-based applications [1-3]. 
Provided that an accurate propagation model is known, 
and that a known waveform is transmitted from a set of 
known positions, parametric characterization of the 
received waveforms permits both area monitoring and 
positioning. In this regards, simultaneous measurement of 
multiple waveforms is a desirable feature, supporting for 
instance real-time tracking  of multiple objects. To this 
aim, Multiple Access schemes based on time, frequency, 
or code orthogonality were proposed, leading to many 
Time Division Multiple Access (TDMA), Frequency 
Division Multiple Access (FDMA), and Code Division 
Multiple Access solutions (CDMA) [4]. A typical 
problem when the multiple waveforms coexist in the time 
domain is the Multiple Access Interference (MAI), 
introduced because the set of waveforms used in practical 
applications are not fully orthogonal to each other [5-6]. 
This problem may be mitigated, using for instance 
Successive Interference Cancellation (SIC) algorithms [5-
6]. 

However, while the available literature is focused on 
reliable extraction of digital information carried by the 
transmitted waveforms, less attention was given to 
accurate parametric characterization of multiple 
waveforms, simultaneously received in a noisy 
environment. 

In this paper, the latter problem is analyzed, assuming 
that the transmitted waveforms are a set of Chirp Spread 
Spectrum (CSS) signals [7-8]. CSS signals were recently 
introduced and adopted in commercial solutions like 
LoRa, since they provide good correlation properties (i.e. 
narrow auto-correlation pulses and a very low cross-
correlation) and robustness to noise [9-18]. They are 
claimed to support wireless sensor networks covering 
areas up to a few km. 

Measurement of the amplitude of multiple received 
CSS signals is discussed, assuming that the receiver 
estimates the amplitude of the desired waveform using 
correlation techniques [5][19-20]. The analysis is carried 
out under the hypothesis that the transmitting devices are 
not fully synchronized, that is by assuming that the 
transmitted CSS waveforms are generated using direct 
digital synthesis and that the clocks of the transmitters are 
not in phase. The analysis was carried out assuming a 
noisy environment and two different correlation 
techniques, the second one attempting to refine the first 
using quadratic interpolation [15]. 

 II. CSS SIGNAL MODEL AND AMPLITUDE 
ESTIMATION 

 A. Signal model 
The considered CSS waveforms are a set of N linear 

chirp pulses, obtained from a base signal s0( ) with 
unitary amplitude that spans the frequency interval 
[fL,fH[ in a time T, such that ݏ଴(ݐ) = ቊsin ቀ2ߨ ቀ ௅݂ + ଵଶ ௙ಹି௙ಽ் ቁݐ ቁݐ ,   0 ≤ ݐ < ݁ݎℎ݁ݓ݁ݏ݈݁                             ,0 ܶ  (1) 

A set of N CSS pulses can be obtained by applying 
circular shifts of multiples of =T/N to s0( ), such that the 
n-th CSS signal ݏ௡( ) is given by ݏ௡(ݐ) = ଴ݏ ቀർ௧ିఛ೙் ඀ ܶቁ , ݊ = 0, . . , ܰ − 1,  (2) ߬௡ = ݊ ,    ݊ = 0, … , ܰ − 1,   (3) 

where 〈∙〉 is the fractional part operator, defined as 〈ݔ〉 = − ݔ   and ⌊∙⌋ is the floor operator [21]. The ,⌊ݔ⌋ 
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instantaneous frequency of the n-th CSS pulse is given by  ௡݂(ݐ) = ଴݂ ቀർ௧ିఛ೙் ඀ ܶቁ, 0 ≤ ݐ < ܶ.(4) 

where ଴݂(ݐ) = ௅݂ + (௙ಹି௙ಽ)௧் ,     0 ≤ ݐ < ܶ describes the 
instantaneous frequency of the base signal s0( ). 
As an example, a set of N=3 CSS signals and the 
corresponding instantaneous frequencies, obtained for 
fL=10 kHz, fH=30 kHz, and T=1ms are shown in Figs. 1 
and 2. 
The considered received signal sR( ) is the 
superimposition of N CSS pulses with different 
amplitudes, not fully synchronized, and affected by an 
Additive White Gaussian Noise (AWGN) n( ) with 
standard deviation , and can be modeled as 
(ݐ)ோݏ  = ∑ ݐ)ோ௡ݏ − ݀௡)ேିଵ௡ୀ଴ + (ݐ)ோ௡ݏ (5) ,(ݐ)݊ =  n=0,…,N-1. (6)   ,(ݐ)௡ݏ௡ܣ
 
where ܣ௡ is the amplitude of the n-th CSS pulse at the 
receiver input, while dn models the lack of 
synchronization as a random delay. In the following, dn 
was assumed uniformly distributed in [0,dmax]. 

 B. Measurement model and procedure 
The receiver samples sR( ) at a frequency fS, obtaining a 
sequence sR[k], k=0,…,M-1. In order to estimate ܣ௡, a 

sampled replica of the normalized signal ݏ௡( ) is stored in 
the receiver, defined as ݏ௡[݇] = ݇)௡ݏ  ௌܶ),  ௌܶ = 1/ ௌ݂,   ݇ = 0, . . , ܯ − 1. (7) 

Then, the receiver computes the cross-correlation 
sequence ܥோ௡,௡[ ] = ோ௡ݏ  ⋆  ௡[݇], where ⋆ denotes the cross-correlationݏ ோ௡[݇] andݏ ௡ between the received signalݏ 
operator, and finds ܥ௡,௠௔௫ , defined as ܥ௡,௠௔௫ = ,ோ௡,௡[݇]൯ܥ൫ݔܽ݉  ݇ = 0, … ܯ2, − 1. (8) 

that is the maximum observed value in the correlation 
sequence. If a single CSS pulse were transmitted and if ݏோ௡[ ] and ݏோ௡[ ] were synchronized, ܥ௡,௠௔௫ would be 
obtained as ܥ௡,௠௔௫ = ∑ ௡[݇]ெିଵ௞ୀ଴ݏ[݇]ோ௡ݏ = ௡ܣ ∑ ௡[݇]ଶெିଵ௞ୀ଴ݏ , (9) 

where ARn is the amplitude of the n-th received CSS pulse. 
Finally, by approximating the power of a linear chirp 
pulse with peak amplitude A as A2/2, An can be estimated 
as ܣመ௡ = ଶெ  ௡,௠௔௫,    (10)ܥ

Note that the peak estimation accuracy may be improved 
by applying interpolation techniques to the maximum ܥ௡,௠௔௫, and to its neighboring samples.  
When multiple CSS signals are superimposed, multiple 
peaks will appear in the cross-correlation sequence, 
because, for m n, a pulse ݏ௡( ) can be obtained by 
applying a circular shift (n-m)  to the pulse ݏ௠( ). 
However, if the transmissions of synchronized, the 
position of the correct peak is known in advance, falling in 
the middle of the cross-correlation sequence. For instance, 
if ܥோ௡,௡[ ] is stored as vector accessed with an index 
ranging from 0 to 2M-2, and M is even, the correct 
correlation peak occurs in k=M-1. Note that correlation 
peaks due to CSS signals belonging to the set defined by 
(1) and (2) are spaced from each other by integer 
multiples of /TS. This knowledge can be used by the 
receiver to restrict the maximum search in the sequence ܥோ௡,௡[ ] to a neighborhood of the expected peak position. 
It is also worth noting that the CSS signals feature good 
correlation properties but are not fully orthogonal to each 
other. Consequently, the residual cross-correlation 
between different CSS signals acts as an uncertainty 
source on the amplitude estimation, especially when the 
signals’ amplitudes are much different from each other. 

 III. SIMULATION RESULTS 
The effectiveness of the proposed amplitude 
measurement was investigated under various conditions. 
A set of N=10 CSS signals was considered, with fL=38 
kHz, fH =42 kHz, and T=0.1s, leading to the received 
signal (5). The selected CSS parameters are compatible 
with the characteristics of ultrasound transducers, used in 
previous research activities, focused on positioning 

Fig. 1– A set of 3 CSS signals, spanning the frequency 
interval [10 kHz, 30 kHz] in 1ms. 

Fig. 2 – Instantaneous frequencies corresponding to the 
signals in Fig. 1. 
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systems [15]. The analysis was carried out using Monte 
Carlo simulations, modeling four basic scenarios, 
assuming transmission in absence of AWGN and 
synchronization error, in presence of AWGN alone, in 
presence of synchronization error alone, and in presence 
of both AWGN and synchronization error. In all these 
cases two methods for estimating the correlation peaks 
were considered. The first one was based on a simple 
maximum search, the second one based on a 3-point 
quadratic interpolation algorithm, fed by the maximum 
observed value in the correlation sequence and its 
adjacent samples. The analysis, based on Monte Carlo 
simulations of 1000 iterations, was repeated for 25 
different values of the sampling frequency fS, linearly 
spaced in the interval [4fH, 20fH]. The dependence on 
sampling frequency was investigated, as a mean of 
assessing a minimum requirement on such parameter. 
Use of quadratic interpolation was explored as a possible 
mean to relax the requirement on the sampling frequency, 
without significantly increasing the computational 
complexity of the receiver algorithms. Finally, the 
analysis was carried out by assuming N=10 CSS signals 
with linearly spaced amplitudes, that is An=0.1(n+1), 
n=0,…,9. The selected case is more significant in 
practical scenarios, where a set of signals with very 
different amplitudes may be received. 
To compare the results emerging from the different 
scenarios, the rms of the normalized amplitude estimation 
error rms was evaluated and used as a meaningful 
performance metric. In particular, rms is defined as ߥ௥௠௦ = ଵ஺ ඥ݉௘ಲଶ + ௘ಲଶߪ , (11) 
where, for each given CSS signal amplitude A and 
sampling frequency fS, ݉௘ಲ and ߪ௘ಲଶ  are respectively the 
sample mean and the sample variance of the amplitude 
estimation error eA, evaluated across the population of 
1000 Monte Carlo simulation results. Note that can be 
also seen as the rms value of the relative amplitude error 
defined as 

஺ߥ = ஺෠ି஺஺ , (12) 
where ܣመ is the estimator of the amplitude A. 

 A. No AWGN, no synchronization error 
This analysis, run in absence of random contributions, 

is not a Monte Carlo analysis, but shows the asymptotic 
performance when perfect synchronization between the 
CSS signals is achieved in a noiseless scenario. 

The analysis was initially run assuming transmission of 
a single CSS pulse. In this case, each amplitude was 
estimated with a relative error A ranging between 10-10 
and 10-16. Conversely, when simultaneous measurement 
of the 10 CSS signals was considered, the results in Fig. 3 
and 4 were obtained, where the stem plots show the 
relative estimation error A as a function of each chirp 
amplitude An, n=0,…,N-1. For each of the 10 CSS 
amplitudes, 25 points are shown, obtained by increasing 
the sampling frequency from fS=4fH=168 ksample/s to 
fS=20fH=840 ksample/s. Fig. 3 was obtained by assuming 
that, prior using (10) to estimate An, each correlation peak ܥ௡,௠௔௫ was estimated using a maximum search on the 
envelope ܥோ௡,௡[ ]. Note that A monotonically decreases 
when fS is increased from 4fH, to 20fH. Conversely, Fig. 4 
was obtained using a quadratic interpolation to refine the 
estimation of ܥ௡,௠௔௫ before using (10). All the chirp 
signals were estimated with A=10-5 or better, except for 
the lowest amplitude A0=0.1 that was estimated with A = 
3 10-3. Using interpolation did not improve the estimation 
accuracy. The increase in the relative estimation error is 
due to MAI. Using quadratic interpolation when 
estimating the correlation peak ܥ௡,௠௔௫  to be used in (10) 
did not improve the estimation accuracy with respect to 
the simple max search (9). Moreover, the estimation 
accuracy does not improve when the sampling frequency 
is increased. 

 B. No AWGN, synchronization error 
This set of simulations aimed at assessing the effect of 

incomplete synchronization alone between the N=10 
transmitters and the receiver. As anticipated in section II, 
the lack of synchronization was modeled by the random 
delay dn in (5), assumed to be a realization of a random 

Fig. 4 – Amplitude estimation error, as a function of 
sampling frequency and chirp amplitude, in absence 
of noise and synchronization error, when quadratic 

interpolation is used to estimate the correlation peaks. 

Fig. 3 – Amplitude estimation error, as a function of 
sampling frequency and chirp amplitude, in absence 
of noise and synchronization error, when correlation 
peaks are estimated using a simple maximum search 
on the correlation envelope. For each amplitude A, 
the largest value A in the stem plot is obtained for 

fS=4fH, and monotonically decreases when fS is 
increased. 
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variable, uniformly distributed in [-dmax,dmax] with 
dmax=8 10-3T=8 10-2 . While dmax is just 8% of the 
minimum spacing  between different peaks in the 
correlation sequence ܥோ௡,௡[ ], it may amount, depending 
on the sampling frequency, up to a few tens of samples. 
Note that the interpolation technique did not improve the 
maximum search estimator, leading to identical accuracy. 

The analysis results are shown in Fig. 5. By comparing 
Fig. 5 with Figs. 3 and 4 it can be observed that the 
considered synchronization errors reduce the accuracy by 
one order of magnitude, and that the sensitivity to MAI is 
increased. In fact, now also the CSS signal with A2=0.2 is 
estimated with a significantly reduced accuracy with 
respect to larger signals, and the estimation accuracy 
slightly increases for the CSS signals featuring a larger 
amplitude. As for the previous case, increasing the 
sampling frequency and using quadratic interpolation in 
the correlation analysis did not significantly affect the 
estimation accuracy. 

 C. AWGN, no synchronization error 
In this scenario, complementary to the previous one, 

AWGN was assumed at the receiver input, in presence of 

perfect synchronization (dmax=0) between the N 
transmitters and the receiver. The noise level was set by 

=2.24 10-2, corresponding to a Signal to Noise Ratio 
(SNR) of 10 dB for the weakest CSS signal with A0=0.1, 
growing to 20 dB for the strongest CSS signal with A9=1. 
The results are shown in Fig. 6. With respect to the ideal 
case summarized by Figs. 3 and 4, a small accuracy 
reduction can be observed, since the relative estimation 
error is still in the order of 10-3. Conversely, a 
comparison with Fig. 5 show that the estimator accuracy 
improves more when the sampling frequency fS is 
increased. This suggests that the estimator is more 
sensitive to synchronization errors than to noise. 

 D. AWGN and synchronization errors 
This set of simulation was focused on assessing the 

joint effect of noise and synchronization errors, aiming at 
modeling a practical scenario. While keeping a constant 
noise level ( =2.24 10-2) various levels of 
synchronization error were tested, with dmax ranging from 
10-4T to 8 10-3T. Transmission of a single CSS signal and 
of multiple CSS signals were tested. When testing the 
estimation of a single CSS, the observed accuracy rms 

Fig. 5 - Amplitude estimation error, as a function of 
sampling frequency and chirp amplitude, in absence 

of noise and for dmax=8 10-3T. 

Fig. 6 - Amplitude estimation error, as a function of 
sampling frequency and chirp amplitude, in presence 

of noise ( =2.24 10-2) and in absence of 
synchronization errors (dmax=0). 

Fig. 8 - Amplitude estimation error, when 10 CSS pulses 
are simultaneously transmitted, as a function of chirp 

amplitude, in presence of both noise ( =2.24 10-2) and 
synchronization errors (dmax=8 10-3T). 

Fig. 7 - Amplitude estimation error, when a single 
CSS pulse is transmitted, as a function of chirp 

amplitude, in presence of both noise ( =2.24 10-2) 
and synchronization errors (dmax=8 10-3T). 

437



 

 

was in the order of 10-3 and increasing the sampling 
frequency perceivably improved the estimation accuracy 
of weak signals, as shown in Fig. 7.  

However, when multiple CSS pulses are transmitted, 
Fig. 8 shows that accuracy is further reduced by MAI by 
an order of magnitude. Moreover, by comparing results 
for different values of dmax it was also observed that the 
accuracy gain obtained by increasing the sampling 
frequency is progressively reduced when the 
synchronization error increases. For instance, Fig. 8 
shows that for dmax=8 10-3T increasing the sampling 
frequency does not strongly affect the estimation 
accuracy. Simulation results also show that when 
synchronization error is negligible, the rms obtained 
when multiple CSS pulse are simultaneously transmitted 
approximates that obtained when a single CSS pulse is 
transmitted. This can be observed by comparing Figs. 9 
and 10, obtained for =2.24 10-2 and dmax=10-4T, to Figs. 
7 and 8, obtained for =2.24 10-2 and dmax=8 10-3T. Note 
that dmax=10-4T corresponds to a synchronization error 
within the sampling period TS. Once again, using 
quadratic interpolation did not improve the accuracy with 
respect to applying a simple max search to the correlation 
sequence ܥோ௡,௡[ ]. 

 IV. DISCUSSION 
The compared analysis shows that both noise and 

synchronization errors increase the sensitivity to MAI, 
perceivably reducing the estimation accuracy for low 
level CSS signals. It can also be inferred that noise effects 
on estimation accuracy may be partially mitigated by 
increasing the sampling frequency. Conversely, when 
synchronization errors are introduced the estimation 
accuracy achieved in presence of simultaneous 
transmission of multiple CSS signals is less sensitive to 
sampling frequency. When both noise and 
synchronization errors are introduced, the latter 
dominates the sensitivity of the estimation accuracy to 
variations in the sampling frequency. This is an 

interesting result, since in IoT based applications CSS 
signals may be generated and collected by low power 
microcontrollers, such that high sampling frequency may 
not be easily achieved. These results also suggest that the 
measurement may be optimized by reducing the 
synchronization error to the sampling period TS or less. 

Finally, the considered 3-point quadratic interpolation 
did not appear to perceivably improve the estimation 
accuracy when noise or inaccurate synchronization 
between the transmitting nodes are present, leading in 
some cases to an accuracy loss. This behavior may be 
explained by observing that in presence of 
synchronization errors, as shown by Fig. 11, the peak of 
the correlation between the received signal and the 
selected decoding signal do no longer occur in the 
expected position. In addition MAI may introduce 
additional errors, due to the tails of cross correlations 
between the desired signal and other CSS interferers. This 
would in turn reduce the accuracy of any interpolation 
technique based on samples in a neighborhood of the 
peak value, especially for low amplitude signals disturbed 
by stronger interferers. 

Fig. 9 - Amplitude estimation error, when a single 
CSS pulse is transmitted, as a function of chirp 

amplitude, in presence of both noise ( =2.24 10-2) 
and synchronization errors (dmax=10-4T). 

Fig. 10 - Amplitude estimation error, when 10 CSS 
pulses are simultaneously transmitted, as a function of 

chirp amplitude, in presence of both noise ( =2.24 10-2) 
and synchronization errors (dmax=10-4T). 

Fig. 11 – Effect of synchronization error, under the 
conditions of Fig. 10. The peak index of the cross 

correlation envelope Ce,r,0 generated by the received 
signal and s0 s0( ) is shifted with respect to that obtained 

from the autocorrelation envelope Ce,0 of s0( ) 
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 V. CONCLUSIONS 
Amplitude parametric characterization of multiple CSS 

signals with different amplitudes was investigated, 
analyzing the achievable accuracy as a function of noise 
and synchronization errors between the multiple 
transmitters and the receiver. A compared analysis was 
run, assessing the individual and joint effect of noise and 
synchronization errors. It was shown that, in presence of 
MAI and synchronization errors, interpolation techniques 
may be ineffective as a mean to improve the peak 
estimation in correlation sequences. It was also shown 
that increasing sampling frequency may not lead to a 
significant accuracy improvement in presence of 
significant synchronization errors. 
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