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Abstract — Metrological approach to the analysis of
noise is presented. It is based on the time-domain approach
for random processes, which is valid both for stationary and
non-stationary cases. The basic functional model is
proposed as reproducing kernel (RK) Hilbert space H(R),
produced by the correlation function R(s, t) of random
process x (t). This space with the specific inner product
provides an isomorphic representation of the random
process X (t).

Several typical models of noise are suggested, including
White noise, Brownian motion, Markovian, and 1/f — type
processes. The corresponding RK-Hilbert spaces are studed.
These RK-norms are recommended as the main
characteristics for the noises, which are subordinated to the
corresponding typical processes.

In particular, the set of the norms and estimates includes
both well-known characteristics, such as sample variance
and Allan variance, and some new characteristics, such as
“Markovian” norms. The case is also considered when
several norms (characteristics) from this set are valid. Thus
one can employ several norms simultaneously.
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1. INTRODUCTION

Various kinds of noise are observed in different physical,
technical and biological systems. But these are particularly
important for electrical systems and devices [1-2].

An evidence of this field significance is that the noise
problems have been one of major topics at numerous
conferences and symposia, and from 1968 there were
regularly organized symposia, which solely dealt with noise;
for instance, see [3-5].

Moreover, there were special conferences on the
problems of 1/f — noise; for instance, see [6].

The results of the noise properties investigations are
presented, including:

- phenomenological descriptions of the fluctuations and

noise, according to physical events and devices;

- various theoretical models of fluctuations and noise,
which take into account more or less completely the
real conditions and noise properties;

- analysis of the noise models agreement
experimental data and other theoretical models.

with
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It is essential that electrical noises occupy a
distinguished place on the topic, as they are the most general
and universal ones according the sources, properties and
consequences. Therefore, the main results obtained for
electrical noises usually keep justified for the much wider
range of applications.

Unfortunately, we have to admit, that metrological
aspects of the topic are still less investigated. The
metrological approach is concerned with the formulation
and study of the quantitive characteristics of the noise,
which are useful for the measurement errors estimation.

When dealing with the noise, there are two main aims;
these are as follows:

- noise suppress or reduction;

- useful (valid) signal extraction from noise.

Certainly, these two tasks are closely interdependent, but
there are some distinctions in methods and tools.

Nowadays, in practice noises are usually considered as
stationary processes, which are investigated using spectral
methods. Thus essential models are based on the spectral
representations of the correlation functions [1]:

R(s-1) = [exp{ i(s-t) A} dF (). (1)

So the spectral function F(x), and spectral density f{x) =
F’(x) reveal as the most important characteristics of noise.
Therefore, definitions and estimations of the noise
characteristics are also based on the spectral models.

The noise reduction task, mentioned above, is mostly
expressed in spectral terms. On the other hand, the task of
the useful (valid) signal extraction from noise is not so
closely linked with the spectral model. The term
“extraction” is interpreted in wide sense; in particular, it
includes the estimation of systematic errors in order to insert
the corrections.

In practice, many noises are significant, which do not
allow any stationary representation; hence non-stationary
models are to be applied [1, 7]. Several kinds of generalized
spectral representations are proposed for non-stationary
random processes, but there are considerable limitations for
their application.

For instance, there is a class of harmonizable processes,
which have the generalized spectral representation:

R(s, t) = [exp{ i(sA+tv)} dF (A, ). 2
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But they are not very useful for practice, as in this case
spectral mesure dF(A, v) proves to be two-dimensional.
Therefore, Fourier transform lack its valuable properties,
which are essential for use in stationary case.

The problem of non-stationary signals and noise
characterisation and estimation is of great importance for the
metrology in general, but it is of prime significance for the
noise topic. Thus there is also an urgent necessity to extend
the set of noise characteristics to represent the time-domain
properties. The latter tendency is clearly confirmed by the
expanded use of Allan variance as an estimate of data scatter
[8, 9]. Consequently specific noise characteristics are to be
investigated, with the development of the methods for their
estimation.

In this way, the noise investigations include the
following topical questions:

- revealing the noise structure and development of

typical noise models;

- definition of the parameters and functionals (norms)

within the established models;

- development of the estimates

parameters and functional;

- development of the recommendations for the practical

use of estimates.

for the selected

Studing these problems is just the primary aim of this
paper. In particular, the time-domain approach is used for
the investigation of the noise, irrespective to stationary
property. The main noise characteristics are defined and
studied, based on this approach.

2. METHODS AND RESULTS

2.1. Basic Model — Functional RK-Hibert Space

Originally, the noise is considered as the random process
x(t) on the interval [0, T]; in general, it is non-stationary
one. First of all, this process is characterized by the
correlation function R(s, t), s, t € [0, T]. The time-domain
approach for the investigation of the process is mainly based
on its correlation function.

So the basic mathematical technique is based on the
functional Hilbert space H(R) [10], or RK-space.

Hilbert space H(R) consists of the functions on the
interval [0, T]. It is constructed with the use of the
reproducing kernel R(s, t), which is the correlation function
of random process x(t), t €[0, T], and it contains all the
functions of the form: Ry=R (., t),

Functional space H(R) proves to be so useful for
investigation of the random process x(t), owing to the fact,
that there is an isomorphic representation

F:H(x)—>H(R). 3)

Isomorphism (3) converts random value x(t) into the
corresponding function R; = R (:, t), belonging to the space
H(R).

The inner product in RK-space H(R) is defined by the
condition, that for any function g € H(R) and any point
te [0, T] the product

(& R)x=g(1) “4)
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gives just the value of the function g in the point t.

So the given reproducing kernel R(s, t) just defines the
specific metric in the space H(R), produced by the random
process X (t):

(R, R )r = (x(s), x(1)) = R(s, 1). ®)

Within the framework of RK-Hilbert space H(R) several
specific parameters and functionals can be defined, which
may be used as the noise characteristics. The most important
ones are the norms in the spaces H (R) for various
correlation functions (or kernels) R(s, t).

In practice, there are many tasks concerning random
processes, which are formulated as the linear problems in
Hilbert space H(x), generated by the random values
according mean square norm. In particular, these are
problems the following ones:

- linear filtering,

- extrapolation,

- deterministic signal extraction from noise.

Owing to the isomorphism (3), the RK-space provides a
ready mathematical tool for solving all the mentioned
problems in the well-defined functional space. The level of
this tool efficiency depends on the expediency and ease of
the major operations in the RK-space. So it is practically
important to construct and use the RK-space with the simple
rules of operation.

For many major classes of processes, which are to be
studied in the first instance, the RK-spaces may be presented
in direct form. Apart from the stationary random processes,
it is valid for the non-correlated process (white noise),
Brownian motion, Markovian and some other processes.

Firstly, for the stationary processes RK-representations
are directly related with the spectral ones; in some sense,
these two kinds of models are quite equivalent.

In particular, if x(t), t € (-eo, ), is the stationary process
with spectral density f(A), then RK-Hilbert space H(R)
consists of the Fourier transforms of L*(f) - square-
integrable functions with the weight f:

H (R) = {g: g(s) = [exp(-isA) h (A) dA, he L*(f) } (6)

with

rg = Wi =1 oo P fydr<ep O

Thus, all the “spectral” results concerning stationary
processes may be simply reformulated in terms of RK-
space.

On the other hand, for some cases the RK-spaces have
rather simple form. In particular, if x;, ..., x, is non-
correlated time series (or random sample), then RK-space is
just I* -vector space with norm

el = = xl” ®)

In the case of generalized white noise process, Hilbert
space H (R) is just the space of the square-integrable
functions L? on the interval [0, T]:

HR) ={g: lgl’=/1g® |?dt<e} ©)
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Properties of RK-representations, which are mentioned
above, clearly demonstrate the advantages of these models,
so the latter are worthy of note and wider use in practice. An
important benefit of RK-representations over spectral ones
is that the former are applicable for both stationary and non-
stationary processes; and they are also valid for generalized
random processes (such as white noise or flicker noise).
They are extremely simple and useful for the white noise,
Brownian motion and processes like those.

But there are naturally some imperfections in the RK-
models, which are clearly seen in comparison with spectral
ones. The spectral representation has rather general and
unified form, and all the operations are quite determined by
the well-known properties of the Fourier transform. On the
other hand, RK-space is too indivilual and specific. It is so
closely linked with the particular kernel R(s, t), that the
intrinsic metric in RK-space is usually of rather special
form. In particular, the basic functions R, =R (-, t) may be of
complicated form.

So the merits of RK-space, such as individual character
and direct presentation of the process values, turns to
disadvantages of the complicated norms and unusual
metrics.

2.2. The typical models of noises

The functional RK-model has an important property that
it is possible to establish a partial order of the models.
Firstly, the notions of subordinated and dominated kernels
are introduced in the following way. The kernel R,(s, t)
dominates R,(s, t) (and R; is subordinated to R,):

R, <R,, (10)

if the difference

Ro (s, 1) =Ry (s, t) - Ry(s, t) (11)

is the positively defined kernel.

As applied to the corresponding random processes, it
means that the process x;(t) with the correlation function
R,(s, t) may be obtained as a projection of the process x,(t)
with the correlation function R,(s, t) onto a certain subspace
H; in the space of random values.

The ordering relation for the kernels generates the
corresponding ordering relation for the RK-spaces. If the
kernel Ry(s, t) dominates R;(s, t), then RK-space H(R;) is
the subspace of the RK-space H(R,). In this case H(R)) can
be also called as subordinated to the space H(R»).

There is a practically important case, then the actual
correlation function of the process R(s, t) is not known, but
it is possible to construct or define the kernel R,(s, t), which
dominates R;(s, t). Thus all the principal problems
mentioned above, such as linear filtering, extrapolation, and
the signal extraction from noise, may be solved at the
dominating RK-space H(R;), instead of the actual RK-space
H(R)).

Therefore, it is practically important to reveal a
relatively limited set of such “typical” processes, that the
corresponding RK-spaces would be easy to describe and
handle. It is also preferable, that these RK-spaces would be
rather extensive, in order to dominate a wide range of the
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actual processes RK-spaces. So a set of typical models
should be established with the desired propertied stated.

In this paper a large variety of electrical noises has been
analyzed, which are stationary or non-stationary processes
[1, 2]. The most important typical models of noises are
selected. The set of typical models includes:

1) stationary processes;

2) non-correlated process (white noise);

3) process with non-correlated increments;

4) Markovian and N-Markovian processes;

5) 1/f—type processes.

The latter type of noise is also included into this set of
typical models, as it is very important for electrical
measurements [4, 9].

For these typical processes the detailed structure of the
corresponding RK-Hilbert spaces is studied. Firstly, the
expressions for scalar products and norms are obtained; it is
also necessary to derive and study the corresponding
estimates based on experimental data.

In particular, if x; .., x, is time series with non-
correlated increments, the corresponding RK-space is the
vector space with norm

I 17 = 1ol + 2 - (12)

In the case of Brownian motion with the correlation

function

(13)

RK-Hilbert space H (R) is just the space of the absolutely
continuous functions with the square-integrable derivative:

HB)={f: J1f @] du<eco}. (14)

Likewise, the more general process with non-correlated
increments has the correlation function of the form

B(s, 1) =04 + & min (s, t),

B(s, 1) =0, + 0 W(0, min(s, 1), 0<s, t<T, (15

with 1 (0, s) being a certain measure of the interval. Then
RK-Hilbert space H (R) is just the space of the functions,
which are absolutely continuous relatively measure [, with
the square-integrable derivative:

HB)=L = {f: fdftwy/ducw)* dugu) < o}

So the scalar product in this RK-space is the following:

(/25 =Kafy (w)/dp(w) (dfs(w)/dp(w) du(w)

In the case of Markovian process the correlation function
is represented in the form:

Ris, ) =w(s) o), 0<s,t<T,

where v (s) and @( t) are continuous functions,
and the ratio u(t)=y (t)/@( t) is an increasing function.

Then the RK-space consists of the functions, which have
the following repersentations:

f=o) g, @) /u'®di <}

So the scalar product in this RK-space is the following:

(16)

a7

(18)

(19)
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(o f)n =1 (€10 &0 /u'(0) dr . (20)

As applied to these typical models, the corresponding
classes of noises are formed as the sets of processes
subordinated to the typical ones. It is important, that the
necessary and sufficient conditions of subordination are also
formulated in terms of RK-Hilbert spaces.

In conformity with these typical classes of noise, the
main noise characteristics are defined in terms of RK-
Hilbert spaces. They are constructed as the corresponding
norms of related functionals.

The typical models of Brownian motion (or non-
correlated increments) are extremely significant, as they
produce the RK-norm, which is closely related with Allan
variance. The latter is an important characteristis of data
scatter, which is useful both for time (frequency) and
electrical measurements. As Allan variance is produced by
the process with non-correlated increments, or innovation
process, it may be also called as “innovation variance”.

It is to be noted, that the noise classes, formed in a way
stated above, do not produce a proper classification system.
The classes are not disjoint, but they are complementary in
some sense.

So there are many processes, which are simultaneously
subordinated to several typical processes. Thus there are
several characteristics, which may be used to describe noise
properties. These properties are more or less distinct, so the
characteristics are complementary. Therefore, by the use of
several characteristics concurrently, one can study and
evaluate the noise in greater details.

In particular, for a wide range of processes it seems very
appropriate to use sample variance in combination with
Allan variance. The practical use of these characteristic
pointed at the preferential domains of either characteristic.

The time-domain approach is primarily directed at the
investigation of the non-stationary noise. But it is valid for
the stationary case as well.

It is proposed to include the stationary noise into the set
of typical noises. Then the class of subordinated processes
will include both stationary and non-stationary noises. On
the other hand, any class mentioned above contains some
stationary processes, although typical process is non-
stationary. So this approach is independent of the stationary
property, and it provides an essential linking between
stationary and non-stationary range.

The special case of 1/f noise is to be particularly
mentioned. It is well known, that 1/f — noises, or flicker-
noises are observed in various physical and technical
systems, and they are particularly important for electrical
systems and devices [1, 2]. There are many papers devoted
to the expertimental and theoretical aspects of 1/f — noise
[4-6].

However, the 1/f — noise behavious is not yet well
understood. The model of stationary increment random
function has been proposed [11], and there are further
investigations in this field.

The time-domain approach seems to be promising for 1/f
— type noise problem. The characteristics based on RK-
Hilbert space in this case are close to the proper
modifications of Allan variance.
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2.3. Signal extraction from noise

An example of the realization of the metrological
approach for noise processing is the estimation of the useful
(valid) signal of the noise. Here the signal is treated in wide
sense; in particular, it may be the systematic errors of the
device. Then it is estimated in order to insert the corrections.

It is supposed that the signal is a deterministic function,
and it is represented as the sum of given functions f;, ..., f
with unknown parameters a,, ..., a,,-

f)=Zaifi (1)

The deterministic assumption is not very strict; in
practice, it is often just an irregular function, which is
considered as quasi-deterministic on the observation
interval.

This function is observed in presence of random noise
x(t), in the discrete points within the interval [0, T]:

@n

v =Yy (t) = Zai fi (t) + x (t),

0<t <t,<..<t,<T. (22)

The statistical characteristics of the noise x (t), in
particular, its correlation function R(s, t), are not known
completely. But it is known, that correlation function B(s, t)
dominates R(s, t). In this case one cannot construct the
optimal linear estimates of parameters a;, ..., a,, but it is
possible to find the pseudo-best B-estimates, which are
found according correlation function B(s, t).

These estimates are constructed like the classic least
squares estimates, with using RK-space H(B) metric
(instead the sum of squares). So the system of equations is
of the form:

2(fi.fi)sa = (v, fi)p,i=1.m,

B-estimates are the direct generalization of the classic
least squares estimates; the latter correspond to the white
noise RK-space H(B). Apart from this case, the B-estimates
formed according to Brownian motion, and Markov
processes are of practical interest.

For the applications of B-estimates it is necessary to
study the basic properties of these estimates, in particular:

1) conditions of the statistical consistency of B-
estimates (when the estimates are converging to the
true values of parameters);

2) conditions of the asymptotic efficiency of B-estimates
(when B-estimates are almost as accurate as the
optimal estimates);

3) estimates of the relative efficiency of B-estimates
(which reflect the loss of accuracy caused by using B-
estimates instead of the optimal estimates).

(23)

All the conditions and estimates mentioned above can be
formulated in terms of the corresponding RK-spaces. They
depend on the interrelations of the spaces H(B) and H(R),
which is a subspace of H(B), and also of the properties of
the functions f; , ..., f . These conditions may be given in
the explicit form for the cases of Brownian motion, and
Markov processes.
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The study of B-estimates shows that B-estimates are
rather simple and convenient. They also give an acceptable
accuracy, so the loss of accuracy is not significant.

3. CONCLUSIONS

The time-domain approach, proposed in this paper,
forms a methodological basis for expansion of the range of
noise characteristics, which are useful for metrological
practice. It relies on the general physical properties of the
processes and devices, which are often at the disposal of the
researcher.

Several typical noise classes are formed on the basis of
the ordering relation for RK-Hilbert spaces. These classes
do not produce a proper classification system, but they are
complementary.

It provides the opportunities for the better investigation
of the noise properties based on the set of distinct and
harmonizing characteristics. The well-known characteristics,
such as variance and Allan variance, could be better studied;
as well as new ones could be introduced.

Various characteristics are intended to represent distinct
properties of noises; so the joint employing of several
characteristics will serve for more full and objective notion
of the noise properties.
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