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Abstract: Each recording of measurement values postulategieasurement realization and the calibration vatfi¢se standards

the consistency of the realization and mappindefrheasurement
scale by the measuring device. The transfer of asmmement scale
to a measuring or testing device at two or more @aints is done
in a linear space. A functional relationship betweeeasurement
scale and measured value realization is derivenh fregression
analysis. A differentiation can be made betweentesyatic,
random and symmetric deviations between
realization and measurement scale. The systemadicswmmetric
deviations are compensated by using a correctiowtifan. All
remaining deviations become part of the measurennecgrtainty.
The functional description of the uncertainty ofamgrement can
be modelled using different models with symmetriada
asymmetric limits of the interval.
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1. INTRODUCTION

A measurand is characterised by definition (vedescription
of physical relations), realization (technical implentation of the
definition to a measuring device), presentationbgsti of real
numbers and physical unit) and transfer (metrokgichain,
transfer standards). The best possible physicaltackinological
implementation of the definition in a measurememnndard or a
measuring device takes place at the level of natiometrology
institutes. The transfer of the measurement scalgpéns via
calibration standards, which realise a scale poira scale range.
When performing the calibration, the presentatibthe measured
value by the measuring device is compared with rtieasuring
scale at the calibration standard. This comparisomade at a
point on the scale or over a scale range. When umiegs a value
on the measuring scale is assigned to the measntreofgect
(sample). In case the sample measurement valuendesomply
with the point of scale verification, as regards thalization of the
measured value in the specified scale range, agttimust be
preconditioned.

2. MODEL FOR THE CONTINUITY OF THE SCALE
DEPICTION

The proof of the consistency as regards the prasentof the
measurement scale always requires a multipoinbreaion, since
consistency is mathematically unverifiable at agkn point
calibration. The calibration of the range of a memg scale is
realised by verification at multiple data points.drder to achieve
continuity in the scale range when calibrating be basis of a
multipoint calibration, the measurement functionnmgplemented.
To express the function mathematically, a vectacspover the
elements of the measuring scale (closed interval sabset of real
numbers) is defined. In this vector space the erpleealues of the

measurand scale,

are functionally linked as ordered points 1[{X), ... (%nYn)l
depending on the measurement scdig. (1). The functional
connection of these points, defined as a measutefnection, is a
unique and continuous description of the realiratid measured
values over the measurement scale. Thereby theofyfumctional
composition is unknown. The ideal functional conifos

measuremeffrigure) when transferring scale is the straigh¢ §i = f(x) = x as

the objective function of the calibration. Therethe objective

function is the mirror axis (symmetry axis) of theale depiction

on a deviation-free presentation of the realizattbithe measured
value. Since usually at each data point multipl@sneements are
performed at the standard, are the resulting measent values to
be evaluated according the stochastic rules. Tpher@éntial mean

(1) of the measurement series is an estimate &expected value
of the measurand realization at the data point.
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The empirical standard deviation is an estimatehef expected
value of the standard deviation (2) at the parsicatale data point.

Sys = (ys,i - ys)z @

s n-1

| measure scale

rmv

ideal
function

y=fix)=x

=] ordered points

msk

Fig. 1: Realization of the measured values (rm@rdkie measure scale (msk)

The interval for the expected valug,,= p,‘(confidence level)
from the sample character when determining redtimabf the
measured value at the data point is estimated T ttistribution
(student's distribution) (3) [2] assuming a seldcigobability
,a“ and a number of measurements.,,
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Input variables for the regression analysis arectibration values
of the transfer standards and the expected vakrapifical mean
values) of the realization of measured valueseatitita points. The
regression analysis provides the estimating functfor the
measuring function fy(x)*. The estimator depends on the
calibration values of the transfer standards, thbrer of readings
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J° at the data points of the calibration and the nemif data
points ,s" .
randomness of the mean values cause the variatich the
randomness of the type and the coefficients ob#tenator

Y (I 1 (0= 1, (0 = S, ¥, 0 (x,Y).

3. MEASUREMENT DEVIATION AND
UNCERTAINTY AT THE DATA POINTS

The determination of the deviation between measen¢scale and
measured value occurs in the vector space. Théidacaf the true
value of the material measure on the measuring Ssastated in
the interval of uncertainty Uryes by assuming a certain
probability [1]. If applicable components of measuent
uncertainty from the driffU yp ¢ and differing ambient conditions
Unus of the transfer standard have to be taken
consideration. For the uncertainty of the transtandard,U ya ¢'
when performing calibration follows:

U NA, s = \/U '?N,s +U IZ\ID,S +U IZ\IU,S (4)

The interval of the measurement uncertainty ofakeected value
is modeled from the components of the random sanideacter of
the calibration g ¢ (confidence interval), the minimum
measuring stepUyrms.s, the drift ,U yrp s @and differing ambient
conditions of the measurement realisafonry s - This results in
the uncertainty of the expected valjigyras (5). Forn - /7 (in

value and measurement value realization), the tewx& can be

The number and location of data points, and theexplained by coincidencérig. 3-1) and there are no systematic

deviations (6). The measured value indication regmes the
measurement scale. Is the value of the interseatigside the
projected interval limits at least at one data pdine deviations
can'’t be explained by chance and there is a sysied®viation (7).

Xe =U qas 2 (F(X) = 9,) S %, +U s (6)
XS_UNA,SS(f(X)zg/s) Orxs+UNA,52(f(X):95) (7)

The measured value indication does not represenmngasurement
scale Fig. 3-2). If so a new adjustment of the measuring dedce i
needed or a correction of the measuring value atidis. The
simplest form of the correction function is the énse function
(fu(X) = F2)=X = fior(X)=F1y) of the measurement function (8).
Via correction function a new value is assignecash measured
value. Mean value, standard deviation and measureme

intgncertainty are recalculated for the corrected eslulf the

intersections, after correction of all values dtdalta points, are
within the measurement uncertainty interval of tberrected
expected values of the realization of the measueddes and the
measurement uncertainty interval of the calibrati@ues, the
correction function will represent the measuremsedle. Is the
intersection not within the intervals of uncertgimtt least at one
data point g, the correction function does not represent the
measurement scale. With this correction formula better
adjustment is possible. Thus, the measurement taitgr is
expanded by the uncorrectable residual deviati@n,by the

practice forn > 50) it arises an unbiased estimator (minimumdifference between the calculated value from therection

interval) for the expected valug (_ gy =, ) [4].
U ras = \/U Ey,s +U I\Z/lRmss +U I%ARD‘S +U I%ARU,S

(t (n-11-a) |“?\"S',s)z + [ms}z +U2

n \/5 MRD,s

The calibration value and the expected value ofréadization of
the measured value are the symmetry points of th&sociated
measurement uncertainty intervals. To determine dix@ations,
the expected value of the realization of the meabuvalue
including the interval limits is projected in thetérsection of the
objective function and the expected valke. 2).
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Fig. 2: Deviation, including the intervals of measuremamtertainty

msk=x

The uncertainty interval of the calibration valgeprojected onto
the line of the expected value and as the casebméytersects the
projection of the uncertainty interval of the reation of the
measured value.
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Fig. 3: Position of intersections of measurement uncestaimervals
In case the values of the intersection points lati@ia points are
located within the measurement uncertainty intan{ablibration

function and the calibration value of the stand@&jd
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Fig. 4: Measuring function and correction function

X — mean measured valuse

For linear independence, the uncertainty of theibiion
»U aks results from the quadratic addition (vector ambufit of
orthogonal vectors) of the measurement uncertaioty the
calibration standard and the measurement uncertait the
realization of the measuring value (table 1). Symnimenterval
limits of the measurement uncertainty of the calilon will only
arise if the symmetry points (calibration value axgected value)
are at the intersectiofFig. 5-1). Since usually the points of
symmetry are not at the intersection, this resuoltan asymmetric
interval for the measurement uncertainty of thébcation Fig. 5-
2). The asymmetric interval limits are calculated nirothe
intersection point, in each case as a resultantorvesf the two
orthogonal vectors (direction similar to the obijeetfunction). The
symmetry deviation arises at the measurement wiagrtinterval
of the material measure and is based on the differe
~Asg' between intersection and point of symmetry (99(5-2).
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Fig. 5: Modelling the measurement uncertainty of calilorati

Is there no intersection point (systematic devigtiovithin the
interval limits, a correction is required, ie afshuf the expected
value onto the calibration value by use of the extfon function

(Fig. 5-3). Do deviations s between the intersection and the

points of symmetry still exist after correctiothis results in an
asymmetric interval of measurement uncertainty (EQ). 5-2).

kors kor(x) Xs
= U jaus U astBiors @NAU oo U ag B s (20)
For modelling symmetric interval limits the measusnt
uncertainty interval of the calibration value is ilaterally

expanded by the difference between the expectagevahd the
calibration value (the larger part of the asymneatrterval is taken
into consideration). However, in this modeling th@bability of
the values in the interval is not equal.

Table 1: Models for the uncertainty of measurement

(A) Deviation without correction; (B) Deviation aftcorrection;
(C) Deviation with interval expansion without cartien;

(D) Deviation with interval expansion after coriieat

Intersect
Points Random Systematic
of symmetry deviation deviation
A U ks _VUVZ\IAS+U§ARAS U axus :\fuaAU,s +U§ARAS
(11) _ N7 o2 -
u AKOs — u IZ\IAQS +U f/lRAS
(12)
B U AKs — \ u f\lAs Uf/IRAS u AKU,s U NAU,s +U MRAs (12)
(11) U AKOS u IZ\IAOS +U ’%ARAS
c i UAKS _\/(U NAs s X )2 +UI%ARA (12)
D -
Unns = U + (09 X +Ufgye (12)

4. FUNCTIONAL DESCRIPTION OF
MEASUREMENT UNCERTAINTY (CALIBRATION)

The modeling of the measurement uncertainty in @zowe with
GUM [1] currently only describes the determinat@mthe basis of
a scale-point transfer.In section 2, the continoityhe mapping of
the measurement scale on the realization of thesumed values as
a subset of the real numbers was modeled. Sindmbpilily spaces
are defined on subsets of the real numbers, e.g.ndmynal
distribution [3], the continuity of the measuremenicertainty can
be modelled on the basis of the functional cominabf the
measurement uncertainty at the data points. Thesuneent
uncertainties of the data points, the number o4 gatints and the
deviation between the expected value of the raaizaf reading
and the calibration value have to be taken intooact The
functional dependence of the measurement uncertawver the
realization of reading can be modelled within th@nsfer range
according to different models on symmetric and asginic

intervals (Fig. 6). The modelling occurs on the interval limits o

the measurement uncertainty of the data points. flinetional

derivation over the interval boundaries is the sémneasymmetric
and symmetric interval limits, but in case of asyatric limits it

leads to two different functional descriptions tiglg to the upper
and lower limits of the interval.
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Fig. 6: Models for the functional description of measuramencertainty

For symmetric intervals only the positive portienconsidered for
the functional description of the measurement ungdy. The
estimator of the measurement uncertainty fU(x) witbard to the
upper or lower interval limit is obtained by regiem analysis. The
type of estimating functions (upper or lower intriimit) and the
type of coefficients vary depending upon the numdrat location
of the data points. The degree of the polynomiélthe selected
estimators, each for the upper and lower limit,uthde at least by
two less than the number of data points. The estimaf the
measurement uncertaintyjex)“ (16) from regression analysis is

based on the expected values of the realizatiaeading and the
positive and negative portions of the measuremecertainty at
the data points,s*:

M1: Maximum measurement uncertainty at data pdigj (Fig. 6-M1).

U(x) =maxUg,,...U,) (13)
M2: Step function with jump at half the intervaldih between data points
(14) Fig. 6-M2) (non-recommended modelling).

[»a >xsB7% :manog,ugz)}
U(x) =<:
[xﬂ +X,
2

(14

>xsx, ;maww,l,uyo}

M3: Best-fit line between the data points (slapg,un1‘, point of
intersection h*) (15) (Fig. 6-M 3).
X > XS %M,y O6H By
U(x) =1:
[Xn—l >X= )g(;rnUn—l,Un Ok + bUn—l,Un]
M4: Functional description by regression analydisirderval limits of
measurement uncertainty at data poiktg.(6-M 3).

U (X) = fU(X) [Us—ll yl' ;k’ y;k] (16)
Since coefficients vary dependlng on the number laodtion of
data points, groups of functions can be generatbith calculate
different function values for the same input valuBse deviations
between the values calculated with the estimatdrtiaa calibration
values at the data points are normally distributdd: variations of
the deviation of the measurement uncertainties snfaactionally
calculated measurement uncertainty at the data b 18) are
also normally distributedg. 7).

(15)

AFU,s = Us - {}s (x)
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Fig. 7: Uncertainty of measurement from the fun@imon-conformance

fThe experiential standard deviatiorssg,“ (19) is a random

variable and depends on the number of data polrsm the



sample character arises the uncertainty of the tifuma non-
conformance Ugy* (20) via T-distribution (if so for of the upper
and lower limit each). Is the degree of the estimat smaller than
the number of data points, the regression anatlgsizigh the least
squares method causes, that at least at one datatlp® value of
measurement uncertainty, calculated by estimadower than the
dertermined measurement uncertainty at this daitat fice. lower
probability at this point).

AFuo,s =U, —US(X) )

AFUU ,S:Ljs(x)_us (18)
/ 1

Sppu = EZAZFU,S (19)

_ t(k—l,l—n) [SAFU (20)

u FU — \/K
This is compensated by linear transformation as somesnent
uncertainty from interval boundary adjustment)s’ (when

indicated the upper (21) and lower (22) intervait).
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Fig. 8: Components of the functional view of the measurdmacertainty
U o = max (US-U(XS)) (21)
U o =max(U(xs)—Us) (22)
U, (x)= (U (x)+U, +U ) (23)

The uncertainty function Uy(x)* (23) arises from the additive
expansion of the estimator to include the measunemnecertainty
components from the functional nonconformance dedinterval
boundary adjustmer{Fig. 8). Asymmetric interval limits result in
two functional presentations of the measurementemainty for
the lower interval limit J,y(x)* and the upper interval limit
UyolX)* (24).

U, ()=, (x)+U,, +U,, )  and

Uy (X)= (U (X)+U o +U o) (24)

5. SUMMARY

When transferring a measurement scale, error osuneeent and
measurement certainty always need to be considenetly. The

reference for determining the uncertainty of measent is always
the expected value of the realization of the measilir In case
expected value and calibration value don’'t mattle, tesult is —
without correction or extension — an asymmetrienval for the
measurement uncertainty. Functionally the
uncertainty can be mathematically described overnteasurand
realization using different models.

6. EXAMPLE

Example 1: Scale transfer (scale verification) wah object
micrometer at one point of the length scale.

measureme

The calibration of the optical system at the paihthe scale will
be done with 25 measurements (table 2). Followatgglare given:

- nominal value of the scale: 100 um

- uncertainty of measuremert0.5 um

- estimate value at the realisation of measurem&f®3 um

- standard deviation: 0,25 pm

- number of measurements : 25
The estimate value at the realisation of measurt&misnnot at
equal to the nominal value from the transfer stashdBhe estimate
value is into the limits of the uncertainty of threasurement at the
transfer standard.

Table 2: Uncertainty of measurement at the calibration

data point of
measuring
Calibration standard at the referring calibration scale
Sformula 1
value of the calibration standard (data point) 100 | pm
v U_N 0.5/ pm
uncertainty drifft U_ND 0|pm
Y envi U_NU 0|pm
measurement uncertainly standard U_NA o 0,5 pm
realisation of the measured value at the data point
number of measurements n= 23
arithmetical mean yy=Ey 1 1003 | pym
standard deviation 5= 2 0.25|pm
T factor (p-1 = 24.1-a=93%) 2,06
confidence interval expected value (xq) U_Ey 2 0.10| pm
minimal step ms 0.10|pm
v minimal step U_ms 0,06| pm
v drift U_MRD 0.00| pm
v envi U_MRU 0,00 pm.
measurement uncertainty expected value U_MRA 5 0,12 pm
measurement uncertainty according the calibration at the data point
intersection not at the point of sy v; but no sy ic deviati
deviation of the symmetry ASE 0.30|pm
v standard lower limit U_NAU 9 0.80| pm
v standard upper limit U_NAO 9 0.20|pm
measurement uncertainty at the calibration without
correction asysmmetric interval
measurement uncertainty lower limit U_AKU 12 0,81 pm
measurement uncertainty upper limit U_AK0 12 0,23 |pm
measurement uncertainty at the calibration without
correction asysmmetric interval
maximum measurement uncertainty limit 0,81 pm
measurement uncertainty upper limit = lower Limit U_AK 12 0,81 pm
T 01,0
=t estimate value \
E 1005 of rmv /\{/
1000 t
99.5
| range of the true value ‘
99,0 T T T
99.0 9.5 1000 1005 1010
msk [um]

Fig. 9: Estimate value at the realisation of measuremsrasymmetric to
the limits of the uncertainty of the measuremenhattransfer standard

The minium of the interval of uncertainty of measuent will be
given by using of asymmetric limits. For symmetlimits the
maximum uncertainty limits will be used at bothitign

Example 2: Indirect calibration of a hardness teste

Using the example of scale transfer (scale vetificd when

performing indirect calibration of hardness testidgvices in

accordance with DIN EN ISO 6507-2 (Vickers HV1),eth
determination of the measurement uncertainty (t8placcording

to model 4 is shown.



Table 3: Uncertainty of measurement at the calibration

Calibration standard at the referring calibration data point of measuring scale non-conformance measurement uncertainty of measurement function
formula 1 2 3 deviation U_data point lower limit
value of the calibration standard (data point) 237 334 733 HV1 (valves caleulated) fU_TUG{x=s) AU UGs 17 0,53 1,10 -0,77| HV1
measurement uncertainty UN 3,5 101 14.0) HV1 deviation U_data point upper limit
measurement vncertainty drift UND o 0 ol mv1 (valves caleulated) fU_OG{x=s) AU OGs | 17 044 195 -072| HVL
; i U_NU 0 0 [ tandard dev -confy
- imty — UNA P 35 101 12l BV1 D:f th‘e f:m.m_m_1m limmit , SU_UG 18 102 HV1
realisation of the measured value at the data point of the function upper limit U 0G 18 147 HV1
number of measurements n= 5 t factor (s1=2,a 1 =95%) 4303
arithmetical mean yo=Iy 1 239,9| 5356| 7396 HV1 ‘measurement sncertaiaty
standard deviation a= 2 206 455 5,63 HV1 functional non-conformance lower limit U_UFU 19 2,522 HV1
T factor (o-1 = 14,1-a = 95%) 278 2,78 2,78 measurement tncertainty
confidence interval expected value (xq) U_Ex 3 147 327 404 HV1 functional non-conformance upper limit U_OFU 19 3,657 HV1
minimal step ms 1,000 2,00 3,50 HV1 measurement uneertainty
. .. R N limit of the interval (lower limit) U_UIA 20 0,77 HV1
measurement tncertainty minimal step U_ms 058 115 202| HV1 — zinty
measnrement vncertainty drift U_MRD 050 050 0,50 HV1 limit of the interval (upper fimit) U OA 20 195 HV1
i i U_MRU 050/ 050 0,50| HV1 measurement uneertainty function
t inty ted value | U _MRA 5 1,73 353 4,57 HV1 in the overall view
'measurement uncertainty according the calibration at the data point t inty fi
intersection not at the point of try; but no lower limit — U_UC(x) 22 -0,021839 + X +| -2.041| HV1
deviation of the symmetey ASE 290] 160) 460 HVI fanction upper limit - UOGH) | 22 | 0021635+ X +| 428 HV1
‘measurement vneertainty standard lower limit U_NAU 9 640 1170 18,60| HV1 values measurement uncertainty =
measurement uneertainty standard vpper limit U_NAO 9 0.60 8.30 940 HV1 funetion lower limit U_UG(x) 22 -7.23| -13,67| -1811| HV1
without values measurement uncertainty
measnrement vneertainty function upper limit U_0G(x) 22 942 1580 2020 HVL
lower limit of the interval U_AKU 12 -6.63 -1222| -19135| HV1
upper limit of the interval U_AKO | 42 085 1202 1320 HV1 Regarding the functional presentation of the measent
et e Y 2 the data uncertainty in the example, this yields asymmeimierval limits
expanded to symmetric interval limits Uak | o 085 12,02 1329 HV1 with and without correction over the functional geatation of the
measurement uncertainty function at the .
calibration without correction measurement uncertainty.
rumber of data points k= 3 Measurement uncertainty functions without correttio
estimatos function lower limit UG U (x) 0024618 * x +| 0,233 - Measurement uncertainty, lower limifj,g(x) = -0,025. x — 3,54
estimator function spper limit 0G L () 0.025827| * x + -4.323 .
values estimator fnetion data poiats T, (0 (basis: measured values)
e ; .
(lower limit) U_UG(x) : . 16 1 154 184 HVI - Measurement uncertainty, upper lintitpg(x) = 0,026. x + 3,62
values estimator function data points 43 (I) ..
(upper fimit) U_OG(x) @ 16 18 95| 148/ mW (basis: measured values).
fonctionsl mon-corformnce Measurement uncertainty functions after correctibsymmetric
U_UG_data p. - U_UG_estimator function AU UGs | 7 049 1200 071 HV1 deviations:
deviati ] A - Measurement uncertainty, lower limifj,g(x) = -0,022: x - 2,04
U_0OG_data p. - U_OG_astimator function AU OGs i7 1,02 2,51 -14%| HV1 .
standard deviation of lower fimt (basis: corrected values)
uvncertainty of measurement UG sU_UG 18 1,04 HV1 - H Trvhik: - . +
e Megsurement uncertainty, upper lintikyg(x) = 0,022« x + 4,82
uncertainty of measwement OG oG | 18 219 V1 (basis: corrected values).
actor (1= 3,12 05%) 430 The modelling of the interval limits through a ftioo is done by
lower limit U_UFU U_UFU 19 2,593 HV1 combining
functional non-conformanes = . i i
e e ore vorw | 0 . - U(x) max[abs(LJJG(x), abs(Wg(X)] for each x, if so the result is
adjustment of the interval fimit a new function.
(lower limit) U_UIA 20 0,71 HV1
adiustment of the interval limit
(upper limit) U_OIA 20 2,51 HV1
‘measurement uneertainty function
o the overll view 7. LITERATURE
measurement uncertainty function
lower limit U_UG{x) 22 -0,024619|% x + -3,538| HV1 i )
measurement uncertainty function [1] 1SO / IEC Guide 98-3 Uncertainty of measuremeRiart 3:
upper limit U OoC(x) | 22 0025827+ x + 3619 HV1 . K . .
\values messurement neertainty function Guide to the expression of uncertainty in measurgémgo,
lower limit without correction U_UG{x] 22 944 -1672| -21,75| HV1
values measurement uncertainty function ) : Genf’ 2008. L
spper limit without correction U 0GR | 22 981 1745 2272 HV1 [2] L. Sachs, Statistische Methoden Planung undwausing,
at the calibration with m::'reclim formula Sprlnger-verlag' 1993' i
resression function 1.0028238] * X +| L6137 [3] K. Behnen, G. Neuhaus, Grundkurs Stochastik,\Rillag
[ — deviation) f_loorr(x=s) 0.9971842| * ¥ +| 1,61115 Heidenau, 2003.
or - X8, - ! . - . . -
vales at the data points with £ korr() £ ko) 2376 5325 7359 HVI [4] D. Schwenk, Beriicksichtigung der Messunsicherbei der
symmetry deviation X - £ korr(x=s) Af korrs 061 152[ 091 HV1 Kalibrierung von Hartepriifmaschinen. In: Michael Batzki
measurement tncertainty standard lower limit | U_NAU ] 411 858 1491 HV1 : H .
et ooty stadand vppe limit | UNAO |9 289] 1162 13.09] VL und Ste_fanle Geisler (Hrsg.): . Tagu_ngsband
withost ; Werkstoffprifung 2009, Verlag Stahleisen, Dussdldor
mezasurement uncertainty . (2009), Seite 183 -188.
lower limit of the interval U_AKU iz 446 -928| -1559 HV1
measurement uncertainty
upper limit of the interval U_AKD 12 337 1215 13,87| H¥1
symmatry is neither possible with correction of the values
measurement uncertainty without
correction of the symmaetry
limits of interval U_AK i1 337 11,15 13,87| HV1
measurement uncertainty function according the calibration with correction function
number of data points k= 3
estimator function (lower Limit) UG Ue (%) 0021839+ ¥ +| 17251
estimator function (uvpper limit) OG Uy () 0021635/ * X +| -1320
at the il
fonction data points (low) U_UG(x) U (x) 16 -39 -104| -148| HV1
i at the 1 ['}.
function data points (up) U_OG(x) & (x) 16 3.8 10.2 14,6 HV1



