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Abstract − The Bayesian method of estimating is ap-
plied to the problem of recalibration of a measurement 
device. Recalibration of the device is considered within the 
Bayesian approach and earlier expressions for estimates of 
the interesting quantities are generalized to the case when 
the measurement device incorporates several calibrated 
reference quantities. 

The obtained new expressions take into account the re-
sult of a previous calibration of the reference quantities and 
give a posteriori estimates. 
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1.  INTRODUCTION 
 
In evaluation of measurement results the Bayesian 

inference methods [1] can be used to take into account 
prior information about the measurand. Application of 
the Bayes approach to the recalibration of measure-
ment device has been presented earlier [2]. The proc-
ess of recalibration has been considered for a meas-
urement device which incorporates a reference quan-
tity. It was assumed that prior estimate for this refer-
ence quantity is known. This prior information has 
been transformed into the form which is appropriate 
for the Bayesian approach. Namely, a prior probability 
density function (PDF) has been associated with the  
prior estimate. The PDF for the case has been taken 
Gaussian [3]. It has been assumed that the recalibra-
tion itself consists in measuring a quantity whose 
value is known before the measurement. 
      A simple measurement model has been introduced 
in consideration for description of the above recalibra-
tion. This model amounts to the equation of measure-
ment 
                                                              (1) RXXK /=
which is equivalent to measuring the ratio K  of two 
quantities X  and . In the calculation of the task 
(1) different cases were considered. A special choice 
of initial values, which are equal to prior values, was 
used [4] in linearization to simplify the linear equa-
tions defining resulting expressions. The case of un-
specified linearization was considered in [2] where 
simple numerical example was given to illustrate the 
difference between two approaches to recalibration. 

reference value by the new one and the second of the 
approaches, which is Bayesian, takes into account the 
prior information about the reference quantity. 
       The model (1) describes only simple m
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ment configurations. An extended model can be pre-
sented by the following  equation 
       mn

m
nn XXXK )...()()( 21

21=    
with ex 1±=οn  (α = 1,

 measur

 
2.  LINEAR  FORM F THE EQUATION 

Linearization 
   

…,m). The model (2) 
corresponds to a ement device which includes 
several reference quantities involved in the calibration 
chain. For the case of the special linearization the task 
(2) was considered in [5]. In the calculation the prior 
values were supposed independent. Below generaliza-
tion of previous expressions is presented for the ex-
tended model (2) of measurement device including an 
arbitrary number of reference quantities with corre-
lated prior values. 
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 a linear equation correspondent  original equa-

initial values οαX  and calculated value 
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tion (2). Further simplification can be achieved by the 
following replacement of variables 
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Then form the final linear  of the equation correspon-
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and c riance matrix οV . orrespondent cova
t ‘ ’ has differ-

ent u
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model [2], the prior 
PD

It should be noted that the subscrip ο

 sense for the original and relative q antities. For 
the original quantities it denotes the arbitrary and 
calculated initial values used for the linearization. And 
for the relative quantities it denotes prior values which 
are to be calculated from known prior values for the 
original reference quantities.  

 
3. SOLUTION FOR TH  EE

 
3.1. Description of the Mo el d
As in the case of the simple 
F, which is correspondent to the set (4), is taken 

Gaussian. For the present case the PDF is multivariate 
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3.2. Expressions for osterior va
Calculation of (8) can be done by the sam
used for the simple model. The posterior PDF is 
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.4. Calculations of  the exponents 

     

3
To prove the equality 

)()( kq fpost ∗  )|()( qkq fff L =∗ο                 (22) 
itial expressions for the PDF (6for in ) and (7), sup-

posed expression (19) for )(kf  with parameters (14), 
(20) and deduced express 0) for )(qpostf  with 
parameters (11), (15) the equality of the exponents and 
the factors in (22) can be proved. The comparison of 
the exponents has been done with transformation of 
the exponent for the right side of (22) to the exponent 
of the left side of this equation. Use of the above ex-

ion (1
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pressions gives for the exponent in (10) when the 
factor “-1/2” is dropped 
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From the above expressions (24) and (26) for 1∆  and 
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gives the following expression for the determinant of 
matrix (20) 
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Thus the right side of  (27) is given by  
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and the equality of the factors in both sides of  (22) is 
also proved. This proves also the validity of the rela-
tionship (22) for the considered functions and parame-
ters.  

 
3.6. Some consequent of the calculation 
As some corollary of the above calculation we can 

write the result for definite integral 
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because the solution of the above task is equivalent to 
calculation of the definite integral (32). 

 It follows also that the a priori function (19) for 
values  is the same for the considered models which 
involved one or more reference quantities correlated 
or noncorrelated [2,4]. Some explanation of this will 
be given below from metrology standpoint. 

ik

 
4. APPLICATION TO MEASUREMENT DEVICES 

 
4.1. The recalibration process 
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The obtained solution can be used in many metro-
logical situations. Figure 1 presents a scheme of 
measurement process which can be either measuring  
a quantity X  or recalibrating a measurement device. 
Both cases are described by (1)-(2). In case of the 
measurement value of quantity X  is supposed to be 
unknown. In case of the recalibration value of quantity 
X is supposed to be known.  

 

     

          X – measurand  or  quantity for
               recalibration             ( q1 )
        R – reference  quantity   ( q2,…, qm )
        D – divider        (  k1,  … ,  kn  )

                      MD
X D R

 
Fig. 1.  Scheme of  the measurement process 

 
Calibrated measurement device (MD) includes a di-
vider (D) and reference quantities (R) whose a priori 
values   are result of a calibration. The 
most simple case (1), which is considered in [2], in-
volves only one reference quantity . To recalibrate 
the measurement device one can use a quantity whose 
value  is a priori known from another source. 
There are several different approaches to recalibrate 
the measurement device. Some of the approaches may 
need a measurement with the device to be performed. 
Below the three approaches are given: 

mqq οο ,...,2

RX

1οq

• Recalibration of MD by replacement of the refer-
ence quantity or its value; 

• Recalibration of MD by measuring a quantity 
whose value  is known to assign new value to 
the reference quantity; 

1οq

• Recalibration of MD by measuring a quantity 
whose value  is known to assign new value to 
the reference quantity when the result of previous 
calibration  are turned to account. 

1οq

mqq οο ,...,2

The above approaches to recalibration can be referred 
as replacement,  direct recalibration and  Bayesian 
approach to recalibration, reciprocally. The last two 
approaches demand to perform measurements with the 
divider involved in the measurement device. The re-
sult of the measurements is a set of values . 
Any of considered approaches to recalibration changes 
reference value from  to  which depends on the 
available information: 

nkk ,...,1

οq q̂

• Replacement (R): 
                                =  ; q̂ )(ˆ 1οqq
• Direct recalibration (DR): 
                                =  ; q̂ ),..,;(ˆ 11 nkkqq ο

• Bayesian approach (BA): 
                               =   . q̂ ),..,;,..(ˆ 11 nm kkqqq οο

The simple model (1) divides explicitly the quantities 
involved into the reference quantity  and the 
measurand 

RX
X . The generalised model (2) is an uni-

fied scheme which does not divide explicitly the quan-
tities into the reference quantities and the measurand. 
The model (2) is applicable, for example,  to meas-
urements performed with the bridge method, to the 
Josephson installation which realizes the volt on base 
of measurements of the fundamental constants, etc. 
      As have been remarked above, the prior distribu-
tion (19) has the same view for the different consid-
ered models which can include one or more reference 
quantities. According to the scheme presented at Fig.1 
the function (19) coincides in form with the distribu-
tion of measured values when the measurement device 
is used to measure quantity X . In this case matrix B  
gives variances and covariances of values obtained in 
the measurement. This matrix has view   

                                      (34) n

m
V Π+= ∑
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2,βα
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before  the recalibration, and 

                                          (35) n

m
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 )ˆ(ˆ
2,βα
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after the recalibration. The second term in (34) and 
(35) describes the correlations that is due to the sys-
tematic error from use of the same reference quanti-
ties. The correlations are to be taken into account 
when the results of measurements with the measure-
ment device are combined in calculations. Thus, the 

mm⊗ -matrix mΠ  can be named the unit systematic 
matrix. 

 
4.2. A graphical consideration 
The final expressions (11), (15), (20) can be re-

duced to the correspondent expressions given in pre-
vious publications [2,4] where different models were 
considered. From practical standpoint the comparison 
of results which can be obtained with application of 
the considered approaches to recalibration is impor-
tant. A simple graphical consideration can be given for 
the simple case where the numbers of reference quan-
tities and measurements by the divider are the follow-
ing 1,2 == nm .  

For 2=m  expressions (11) and (15) describe 
situation given in [2]. For   matrices (34), (35) 
become scalars. To characterize the result of recalibra-
tion of the measurement device a ratio of uncertainties 

1=n

οBBu /ˆ= , which involves uncertainty οB  of the 

device before the recalibration  and uncertainty B̂  
of the device after the recalibration, can be considered. 
Dependence of this ratio u  on the ratio 

22/ οσ Vr = , which involves uncertainty σ  from 

the divider and uncertainty 22οV  from the reference 
quantity, is presented by  Fig.2 for considered meth-
ods of recalibration. The curves ( ) have 1,2 == nm
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been plotted at the value of the parameter 
=0,8. It is clear from Fig.2 that the 

most advantage in application of the Bayesian ap-
proach to recalibration takes place for small values of 

2211 / οο VVp =

r .  
  

       
Fig. 2.  A comparison of methods “R”,”DR” and “BA”. 

 
For more complicate case (2) analogous analysis 

can be performed numerically at the stage of planning 
of the experiments. 

 
5. CONCLUSION 

 
Posterior estimates (11) and correspondent covari-

ance matrix (15) contain the total information about 
the measurement device after the recalibration. These 
expressions give final values and uncertainties for the 
reference values used in the recalibration. These ex-
pressions generalize previous expressions for the es-
timates obtained for more simple models. The above 
consideration is equivalent to taking a definite inte-
gral. This definite integral gives prior distribution 

 (19) which have the very same form as the 
distribution of values obtained in measurements with 
the measurement device. 

)(kf

        It should be noted that the interpretation of the 
model  (3) as a recalibration process classifies the all 

 quantities   (m αq m,....,1=α ) into two parts. One 
part includes  quantities that are reference quan-
tities involved in the measurement device. Their prior 
values are obtained in a previous calibration of the 
measurement device. Another part includes one quan- 

1−m

tity which is usually measured with the measurement 
device. In the case of measurement value of this quan-
tity is supposed to be unknown. However, when the 
recalibration measurement is carried out value of this 
quantity is supposed to be known and included in set  
(5). 
       Finally, a remark has to be done about the scope 
of the above approaches. When dominant contribution 
to the uncertainties of values, which are obtained with 
the measurement device, comes from the divider (σ ) 
then the ratio , which is ratio of these uncertainties 
after and before the recalibration, does not depend 
practically on uncertainties of  values of  the reference 
quantities. For this case the advantage from applica-
tion the Bayesian approach (BA) is not sensible. 

u

       However, if for the measurement device the 
contribution from the reference quantities to the total 
budget of uncertainties of the measured values and the 
contribution from the divider are comparable then the 
Bayesian approach can have a sensible advantage. In 
the last case the Bayesian approach is similar to 
weighting all available data in gaining the final esti-
mates.  
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