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Abstract. The existing image and data compression tech- .
niques try to minimize the mean square deviation between 1-3- 2-D data compression _
the original datgf (=, y, z) and the compressed-decompressed N principle, it is possible to use these compression
dataf(z,y,z). In many practical situations, reconstructiont€chniques to compress 2D measurement data as well.

that only guaranteed mean square error over the data set is 1.4, Compressing 3-D data: layer-by-layer ap-
unacceptable: for example, if we use the meteorological da oach

to plan a best trajectory for a plane, what we really want t . .
. . Itis also possible to compress 3D measurement data
know are the meteorological parameters such as wind, tem-

perature, and pressure along the trajectory. If along thié(+¥: 2) —€.g., meteorological measurements taken in
line, the values are not reconstructed accurately enough, tRéfferent placesz, y) at different heights.

plane may crash — and the fact that on average, we get a One possibility is simply to apply the 2D JPEG2000
good reconstruction, does not help. What we need is a cofompression to each horizontal lay&er, y, zo).

pression that guarantees that for edcehy), the difference 1.5. Compressing 3-D data: an approach that uses

|f(z,y,2) = f(z,y,2)| is bounded by a given valu& — | T transform

e., that the actual valug(z, y, 2) belongs to the interval = ;o b ossibility, in accordance with Part 2 of

[/, 2) — A, [y, 2) + Al In this paper, we describe ype 5000 standard, is to first apply the KLT transform

new efficient techniques for data compression under such I?(_) each vertical line. Specificall o
terval uncertainty. vertical line. specitically, we:
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meteorological data B 1
1. FORMULATION OF THE PROBLEM Y

of the analyzed quantity at a given height

1.1. Compression is important _ whereN is the overall number of horizontal points
At present, so much data is coming from measuring (2,9);

instruments that it is necessary to compress this data

before storing and processing. We can gain some stor-e compute the covariancé¥(z1, z2) between differ-
age space by using lossless compression, but often, this ent heights as

gain is not sufficient, so we must use lossy compression

as well S22 = o)) (£, 22) — F22))

1.2. Successes of 2-D image compression

In the last decades, there has been a great progress
in image and data compression. In particular, the
JPEG2000 standard (see, e.g., [6]) uses the wavelet
transform methods together with other efficient com-
pression techniques to provide a very efficient compres-
sion of 2D images. o finally, we represent the original 3D data values

Within this standard, we can select different bitrates  f(z,y, ) as a linear combination
(i.e., number of bits per pixel that is required, on aver- ~
age, for the compressed image), and depending on the flz,y,2) = f(2) + Zak(az, y) - ex(2)
bitrate, get different degrees of compression. k

When we select the highest possible bitrate, we get
the lossless compressions that enables us to reconstruct
the original image precisely. When we decrease th&s a result, we represent the original 3-D data as a se-
bitrate, we get a lossy compression; the smaller thguence of the horizontalicesay (z, y):

bitrate, the more the compressed/decompressed image . . .
will differ from the original image. o the first slicea; (z, y) corresponds to the main

(1-st) eigenvalue;

find the eigenvectok; and the eigenvectors,(z)
of the covariance matri¥’(z1, z2); we sort these
eigenvalues into a sequeneg(z),es(z),... SO
that|\1| > || > ..

of the eigenvectorsy,(z).



e the second slices(z,y) corresponds to the next ~ 1.10. What we need is data compression under in-
(2-nd) eigenvalue; terval uncertainty
In other words, what we need is a compression
that guarantees that for each,y), the difference

with the overall intensity decreasing from one slice td/f (2,4, z) — f(z,y,2)| is bounded by a given valuk
the next one. —i.e., that the actual valug(z, y, z) belongs to the in-

Next, to each of these sliceg(z, y), we applya2D terval[f(z,y,z) — A, f(z,y, 2) + A].
JPEG2000 compression with the appropriate bit bate There exist several compressions that provide such
depending on the slice. a guarantee. For example, if for each slice, we use the

, largest possible bitrate — corresponding to lossless com-
1.6. Decompressing 3-D data: KLT-based approach =

To reconstruct the data, we so the following: pression —thed (z, y) = ax(x, y) hencef (z,y, z) =
f(z,y,2) —i.e., there is no distortion at all.

e First, we apply JPEG2000 decompression to each What we really want is, among all possible com-
slice; as a result, we get the Va|@g:] (z,y). pression schemes that guarantee the given upper bound
A on the compression/decompression error, to find the
e Second, based on these reconstructed slices, weheme for which the average bitrate
now reconstruct the original 3-D data data as
et L S o
N. <

k
is the smallest possible.

In some cases, the bandwidth is limited, i.e., we
know the largest possible average bitrage In such

e etc.,

1.7. This approach is tailored towards image pro-
cessing —and towards Mean Square Error cases, among all compression schemes With<
The problem with this approach is that for COM-, \ve must find a one for which th&> compres-

pressing measurement data, we use image compressify qecompression error is the smallest possible.
techniques. The main objective of image compression

is to retain the quality of the image. From the view- 1.11. Whatwe have done

point of visual image quality, the image distortion can  In this paper, we describe new efficient (suboptimal)
be reasonably well described by the mean square diechniques for data compression under such interval un-
ference MSE (a.k.aL2-norm) between the original im- certainty.

agel(z,y) and the compressed-decompressed image
I(z,y). As a result, sometimes, under thé-optimal
compression, an image may be vastly distorted at some
points (z,y) — and this is OK as long as the overall
mean square error is small.

2. NEW TECHNIQUE: MAIN IDEAS,
DESCRIPTION, RESULTS

2.1. What exactly we do
Specifically, we have developed a new algorithm
1.8. For data compression, MSE may be a bad crithat uses JPEG2000 to compress 3D measurement data
terion with guaranteed accuracy. We are following the general
When we compress measurement results, howevégdlea of Part 2 of JPEG2000 standard; our main con-
our objective is to be able to reproduce each individudribution is designing an algorithm that selects bitrates
measurement result with a certain guaranteed accurat§ading to a minimization of.> norm as opposed to
In such a case, reconstruction that only guarantedfe usualZ>-norm.
mean square error over the data set is unacceptable: for 5 5 | ot s start our analysis with a 2-D case

example, if we use the meteorological data to plan a pgefore we describe how to compress 3-D data, let

best trajectory for a plane, what we really want to know,s ~qnsider a simpler case of compressing 2-D data
are the meteorological parameters such as wind, ter?(z’y)_ In this case, for each bitrate we can apply
perature, and pressure along the trajectory. the JPEG2000 compression algorithm corresponding to
If along this line, the values are not reconstructeghis pitrate value. After compressing/decompressing
accurately enough, the plane may crash — and the fagl, 5 b yata we get the valug®!(z,y) which are,
that on average, we get a good reconstruction, does r]ﬂtgeneral, slightly different from the original values
help. F,y).
1.9. An appropriate criterion for data compression  Inthe interval approach, we are interested inifie
What we need is a compression that guarantees th&ror
given accuracy for all pixels, i.e., that guarantees that def 0
theLOO—normapj>Z<|f(x,y,z) — f(x,y,2)| is small. D(b) = max o, y) = [z, y)| -
The larger the bitraté, the smaller the erroD(b).
When the bitrate is high enough — so high that we can



transmit all the data without any compression — the er-  Since, in generalD(by,...) < D(by,...), the re-
ror D(b) becomes 0. sulting allocation is onlysuboptimalwith respect to
Our objective is to find the smallest valdefor D(by,...).
which the L error D(b) does not exceed the given
thresholdA. For the 2-D case, we can find this opti-
mal b,y by using the following iterativévisectional-
gorithm. In the beginning, we know that the desired flx,y,2) — flz,y,2)
bitrate lies between 0 and the bitraecorresponding
to lossless compression; in other words, we know tha$ equal to
be[b~,bt], whereb~ =0 andbt = B.
On each iteration of the bisection algorithm, we start Z ( k(a,y) —al (z, y)) ex(z).
with an intervallb—, b*] that contain$,,; and produce k

a new half-size interval still contairig,;. Specifically, Therefore. once we know the°-norms
def !

we take a midpoinb,;q = (b~ + b7)/2, apply the
JPEG2000 compression with this bitrate, and estimate Dy (bg) def max ’ak(x y) — aLb"](x,y)’
the corresponding valuB (b,,;q). Then: Y
o If D(bmia) < A, this means thallop; < bmid, SO of the compression/decompression errors of each slice,
we can conclude that

2.5. Explicit formula for the enclosure
Since we use the KLT, the difference

we can replace the original intervg—, b*] with
the half-size intervalb—, byiq)- ’ak(x’y) _ agﬂbk](%y)’ < Dy(by),

o If D(bmia) > A, this means thaliop, > bmia, SO
we can replace the original intervé—, b*] with ~hence, that

the half-size intervalbiq, b*]. b
oze e 07 |(an(.y) =@ @) - ex(2)| < Debr) - B,
After each iteration, the size of the interval halves.

Thus, afterK iterations, we can determi with e )
M3t whereE), % max lex(2)|. Thus, the desired> error

accuracy2— X,
. ~ def
2.3. 3-D problem is difficult is bounded bYD (b1, ...) = 3_ Di(bk) - Ej,
In the 3-D case, we want to find the bitrate al- ) ) F o
location by,...,by. that lead to the smallest aver-  2.6. Resulting algorithm: derivation

age bit rateh among all the allocations that fit within [N accordance with the above idea, to get the (subop-
the g|ven |nterva| i e., for which thé& compres- t|ma|) bitrate a||00a'[|0rbi, we must minimize the func-

sion/decompression error does not exceed the givdign D(b1,...) = Xk:Dk(bk) - B}, under the condition
valueA: D(by, by, ...) < A. o that the> b, = N, - by. By using Lagrange multi-
For each bitrate allocation, we can explicitly com- E _ _
pute this error, but there are no analytic formulas thatliers, we can reduce this problem to the unconstrained
describe this dependence, so we end up having to op@Ptimization problem
mize a complex function with a large number of vari- )
ablesb;. ZDk(bk)'Ek+)\~2bk7Nz-b0~>mln.
Such an optimization is known to be a very dif- % k

ficult task, because the computational complexity ofn the minimum, derivatives w.r.t. all the variables
most existing optimization algorithms grows exponens, should be 0s, so we end up with the equation
tially with the number of variables. There are theoreti-_D;f(bk) = \/E}y, where the Lagrange multipliex

cal results showing that in general, this growth may beghould be selected based on the vaiye

inevitable; to be more precise, this problem is known to |t can be easily shown that the other problem — of

be NP-hard; see, e.g., [8]. minimizing the average bitrate under the constraint that
2.4. Our main idea: using the upper estimate (enthe compression/decompression error does not exceed
closure) for the optimized error function — leads to the same equation.

In our case, the problem is, e.g., to find, among As We have mentioned, the functiol(b) de-
all bitrate allocations(by, bs,...) with b < by, the Creases whehincreases, s®; (b) < 0, with D}, (b) —
one for which theL> compression/decompression er-Y asb grows. It is therefore reasonable to represent the
ror D(by, by, .. .) is the smallest possible. desired equation d®; (by.)| = A/ Ej.

Since it is difficult to minimize the original func- ~ What are the bounds on? The largerb;, the

tion D(b1,...), we find easier-to-optimize upper esti-Smaller.
mate D (b1, bs,...) > D(bi,bs,...) and then find the From the above formula, we conclude that=

~ /
valuesh; that minimizeD(by, . ..). As a result, we find |k (0k)] - Ex, hence

an allocationb; guaranteeing thab (b, ...) < Diin ot /
and thus, thaD(bl, .. ) < Dpin- A< Ak = (ml?x Dk(b)|) : Ek7



soN< A def L hin Apg. ing slices. In many practical situations, our only objec-
k tive is to achieve as large a compression as possible. In
2.7. Algorithm: description such situations, it makes sense to apply the KLT trans-
Once we know, for each slick, the dependence form, because this transform leads to an additional data
Dy, (b) of the correspondingd.>-error on the bitraté, compression.

we can find the desired (suboptimal) valugsas fol- In some practical situations, however, we may want
lows. not only to decompress the data, but also to apply some

At first, we compute the above-described valigs geometric transformations to the data: shift, rotate,
andA. We know that\ < [A~,A*] := [0, A]. We use and/or scale the data, select a region, keep the same ac-
bisection to sequentially halve the interval containing curate data at a certain region of interest (ROI) while
and eventually, find the optimal value ignoring the details outside our RO, etc.

Once we know an intervah~, A*] that contains\, One of the major advantages of JPEG2000 com-
we pick its midpointA.,;iq, and then use bisection to pression is that this compression enables us to perform
find, for eachk, the valueb, for which |Dj (bx)| = these transformations directly on the compressed data,

Amid/ Ey. Based on thesk,, we compute the average without the need to first decompress the data; see, e.g.,
bitrateb. If b > by, this means that we have chosen tog5-7]. However, if we first use a KLT transform, we
small \iq, SO We replace the original-interval with  |ose this ability. So, if we first apply KLT, then the only

a half-size interval\iq, A*]. Similarly, if b < by, we  way to select a ROI (or apply any other geometric trans-
replace the originak-interval with a half-size interval formation) is to:

[)‘73 )‘mid] . .

After K iteration, we gef\ with the accuracy X, o first, decompress the data;
so a few iterations are suff|C|ent._ Once we are done, the | then apply the desired transformation to the de-
valuesb;, corresponding to the final,,;q are returned compressed data, and

as the desired bitrates.
The only remaining question is how to determine e finally, compress the data again.

the dependencB;(5). In principle, we can try, for each In other words, in situations where the above-described

slice k, all possible bitrates, and thus get an empirical . ) )
geometric transformations may be necessary, if we use

dependenc®y(b). .
We have shown, that this dependence can be d’I3<__LT transform as the first stage of 3-D data compres-

scribed by the following analytical formula: sion, we saye st_orage space, but we drastically increase
the processing time.

o Dy(b) = Ay - (b— by)* for all the valued until a In many computer systems, storage space is not as
certain threshold, and important as it used to be, while processing time is very
critical. In such systems, it is therefore preferable to
o Di(b) = Az 27" forb > t. avoid the time-increasing KLT transform and, instead,

This model is a slight modification of a model from [4]. 2PPly the JPEG200 compression to each 2-D layer.
So, instead of trying all possible valuésit is suffi- In other words, we represent the 3-D dita, y, 2)
cient to try a few to determine the values of the paramas a collection of 2-D layer. (z,y) < f(z,y, z) cor-
eters A;, by, anda corresponding to the given slice. responding to different heights To each layer, we
The threshold can then be determined as the value foapply JPEG2000 compression with an appropriate bi-
which Dy (t) = Ds(t). trateb,.

2.8. Results 3.2. Decompressing 3-D data: layer-by-layer ap-
To test our algorithm, we applied it to 3-D meteoro-proach
logical data: temperature T, pressure P, the components To reconstruct the data, we so the following:
U, V, and W of the wind speed vector, and the water
vapor ratio WV.
For meteorological data, the resulting compression
indeed leads to a much smaller error boundA e, e Second, based on these reconstructed layers,

than theL> error boundAysk corresponding to the we now reconstruct the original 3-D data data
bitrate allocation that optimizes the MSE error. The ra- def

£l —  Flbl Lof
tio Anew/Amsp decreases from 0.7 fép = 0.110 0.5 Z(ibs J; (m7)yi%i)r1e corrgg o(nmd’ii)’ b\il';/rr;?(;eaﬁocation
for by = 0.5 to < 0.1 for by > 1. 1,02, ponding '

o First, we apply JPEG2000 decompression to each
layer; as a result, we get the valuﬁ;@Z] (z,y).

3. OPTIMAL LAYER-BY-LAYER COMPRESSION 3.3. Formulation of the corresponding optimization
problems
3.1. Why layer-by-layer compression? Similar to the KLT case, it is reasonable to consider

In the previous sections, we first applied the KLTtwo related optimization problems.
transform to decrease the size of the data, and then ap- In the first problem, among all possible compres-
plied the JPEG2000 techniques to compress the resudion schemes that guarantee the given upper baund



on the compression/decompression error, i.e., for which We claim that the solution to this problem can be
D(b) < A, where obtained, for some valuf, by solving, for every, the
equationD. (b,) = A.

def

D(b) = max fz,y,2) — fPx,y, 2)|, Let us prove these two claims.
_ _ ) 3.6. New idea: justification for the first optimization
we want to find the bitrate allocatidn= (b1, b, ...) problem
for which the average bitrate Let us first prove the statement about the first op-
—gef 1 timization problem. Indeed, we are given the valke
b= > b such thatD(b) = max D, (b.) cannot exceedh. Since
: the largest of the valueB. (b.) cannot exceed\, this
is the smallest possible. means that for each layer we must select a bit rate

In some cases, we know the largest possible avey; for which the corresponding valu®, (b.) does not

age bitratéy. In such cases, we have another optimizaexceedA.
tion problem: among all compression schermesith Our objective is to minimize the average bit rate.
b < by, we must find a one for which the compres-Overall, the smaller the bit rate,, the larger the dis-
sion/decompression errd(b) is the smallest possible. tortion, i.e., the larger the compression/decompression

errorD,(b,). Thus, to attain the smallest possible value
b- of the bit rateb,, we must use the largest possible value
of D, (b ) —i.e., we must seledt, in such a way that
= A. The statement is proven.

3.4. Towards the solution of the optimization pro
lem: reducing the overall error to layer-by-layer errors
As we mentioned in Section 2, we can determmeD
how the compression-decompression error 3.7. New idea: justification for the second optimiza-
~ tion problem
o, y) = F1 (a, y)‘ Let us prove the claim about the second optimiza-
tion problem. Indeed, for every value &f, we can find
of each layer depends on the corresponding bitrte b, for which D, (b,) = A. Let us selectA in such a
By definition, D(b) is the largest of all the dif- way that for the correspondirig, the average bit rate is

ferences‘f(x’y’ z) — J'F[b] (z,vy, Z)‘ over all all points exactlyb,. Letb, denote the valuds, corresponding to

(z,y,z) in 3-D space. If we fixz and take maxi- thus selected, i.e., the values for whicv,, (b,) = A.
mum over allz and y, then we getD.(b.). Thus, Let us prove, by reduction to a contradiction, that these

D,(b,) L hax
z,y

D(b) = max D, (b.). valuesgz are indeed optimal. Indeed, let us assume that
z they are not optimal. This means that there exist differ-
3.4. The corresponding optimization problems arent values of bit ratek, . . ., b’y _for which the average

non-smooth, hence difficult to solve N. _

In Section 2, we used the Lagrange multiplieroit rate is the same, i. eZ b, = >_ b, but for which
method to solve the corresponding optimization prob- ==t ==t
lem. The possibility to use this method was based on max D, (b,) < max D, (ZZ). 1)
the fact that the dependence of the optimized function # #
D(b1,...) = > Dy(bx) - £ on bitratesh, is differen-  we know that some of the bit ratés are different from
tiable. g the corresponding bit ratds. The valuesh’, cannot

In our case, the expressidi(b) = max D, (b,) be all larger or equal than the corresponding vaﬁws
contains the functiomax which is, in general, not dif- Pecause then the averages would not be equal. There-

ferentiable. As a result, we cannot use the above tecfRre. there is at least one layey for which v, < b.,.
niques to optimizeD (b). Since the functionD, (b) is decreasing, we conclude

. . thatD, (V' ) > D, EZ We have selecteldl, in such
3.5. New idea: description o (5,) o (Bz0)- el

Instead, we propose (and justify) the following sim-& W&V thatDz, (b)) = A = max D, (b-). Thus, we
ple idea. Let us first describe this idea on the examplean conclude thab., (v ) > maxD (b.), and there-
of the first optimization problem, i.e., the problem Offore,maxDz(b’z) > D, (b)) > maxD ( ), which

minimizing the average bit ratie under the constraint
D(b) = maxD (b.) < A. contradicts to our assumption (1) This contradiction

shows that the valuel, for which D,(b,) = A are

It turns out that the solution to this problem can be
b indeed optimal. The statement is proven.

obtained by solving, for every, the equatiorD., (b,) =

A. 3.8. Resulting algorithm: first optimization problem
In the second optimization problem, we are given For the first optimization problem, we must find, for

the maximum allowed average bitrdtg and we must eachz, the valueb, for which D, (b,) = A.

find, among all bitrate allocatiorisfor which b < by, To get the most accurate description of how distor-

an allocation with the smallest valug(b). tions D, (b) depend on the bitrate we can experimen-



tally determine, for each layer, the corresponding rate
distortion curveD,(b). Once we know these curves,
we determine, for each, the valueb, by using bisec-
tion (as in Section 2.2).

Alternatively, we can use the analytical expression
similar to the ones described in Section 2.7. In that se

After each iteration, the size of the interval halves.
Thus, afterK iterations, we can determin®,,; with
accuracy2— X,

3.10. Results
S To test our algorithms, we applied them to the 3-D

?ﬁeteorological data described in Section 2.8. Similarly

tion, we describe the expression for the slices resulting o tion 2, for this meteorological data, the resulting

from the KLT transform; for non-KLT layers, however

an explicit expression far,:

A
—logy Iz ;

o if A< A,-271 then

b(A)

o if A > Ay -2t then

A 1/«
bZ<A>—bo+(Al) .
3.9. Resulting algorithm: second optimization
problem

For eachA, we can apply the algorithm from

the previous section to find the corresponding values
b.(A), and then compute the corresponding average bi[z]

trate

Our objective is, giverby, to find the valueA,p, for
which E(Aopt) = by. We will find this valueA by
using bisection.

The smaller the distortior, the larger the bitrates

b, that are needed to achieve this distortion level, so the

larger the average bitrate

We start with two values of\: a very small value
A~ for whichb(A~) > by, and a very large valuA*
for whichb(AT) < by. We know that the desired value
Aopt lies in the interval A=, AT].

On each iteration of the bisection algorithm, we

start with an interva]A~, A*] that containsi,,; and
produce a new half-size interval still contains,.
Specifically, we take a midpoint

of AT+ AT
AInid d:f %

9

and apply the above algorithm to compute the corre-

sponding valué(A ,iq). Then:

o If b(Amia) < by, this means thal\ o, < Apid,
so we can replace the original interjal =, A™]
with the half-size intervalA~, Apia)-

o If b(Anmia) > bo, this means thal ;. > Apid,
so we can replace the original interjal —, A™]
with the half-size intervalA iq, AT].

. . - ' compression leads to a much smalleéf error bound
we get a similar expression. In this case, we can hav&

new than theL > error boundAysg corresponding to
the bitrate allocation that optimizes the MSE error.
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