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Abstract – This paper addresses the problem of 
evaluation of data acquired from different groups or sources. 
It concentrates on a grouping of measurement tasks into (1) 
measurand value estimation, (2) quantification of the quality 
of the measurement method, (3) quantification of the 
comparison of measurement quality. The emphasis is on 
appropriate use of statistical methods for parameter 
estimation, experiment design and testing hypothesis for 
measurement data evaluation.  
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1. INTRODUCTION 

 
In metrology it is often necessary to treat 

measurement data received from different sources. 
According to the objective of the measurement, 
problems can be divided into three main groups:  
 
1. The estimation of the measurand value or the value 

of some parameter on the basis of measurement 
results received from a number of sources. 
Examples are reference material certification based 
on the results of an interlaboratory experiment and 
the adjustment of the fundamental constants.  

2. The assessment of the quality of the measurement 
method used. Quality here relates to the 
repeatability and reproducibility [1] of the 
measurement procedure.  

3. The assessment of the quality of measurement 
results obtained in different laboratories. An 
example is establishing the degree of equivalence 
of national measurement standards [2] or 
professional testing.  

 
2. OBJECTIVE 

 
The aim of the investigation is to provide a valid 

choice of the statistical approach and algorithm for the 
joint treatment of groups of measurement data. This 
choice should be made according to the measurement 
task as well as the available a priori information 
concerning the data submitted and the measurement 

conditions provided. The reason for writing this paper 
is to compare interlaboratory data processing for 
typical tasks of the above problems: 
• A. Certification of a reference material through an 

interlaboratory experiment 
• B. Assessment of the reproducibility and 

repeatability of the measurement method  
• C. Evaluation of key comparison data according to 

MRA when a single stable standard is used for the 
comparison.  

 
3. DATA EVALUATIOM PROCEDURE 

 
Data evaluation procedure comprises the following 

stages:  
• Measurement model building. In this case the 

model [3] is a result of the aggregation of the 
measurement models in every group (local 
models). The local model comprises the model of 
the value of the measurand itself and models for 
random and systematic effects. Additional 
assumptions about the data are typically required, 
e.g., relating to the covariance matrix associated 
with the results from different groups.  

• Measurement experiment design. The 
requirements for the each group and the number of 
repeated observations in that group are formulated 
in order to provide as far as possible a stipulated 
accuracy in the final results of data processing. 
How to choose the participating laboratories in an 
interlaboratory experiment when the measurement 
procedure is under investigation is discussed 
below. The motivation is to provide a 
methodology for extending the results received for 
a particular group of laboratories to all laboratories 
that use this measurement method. If this stage is 
omitted (i.e., the data has already been submitted), 
the measurement design is reduced to the choice of 
the data processing algorithm. 

• Estimation of the measurand value and the 
associated uncertainty. The data model dictates 
the choice of the estimation algorithm to be used It 
differs for problems A, B and C. The estimation of 
the measurand value should be accompanied by 
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evaluation of the uncertainty associated with the 
estimate. Analytical methods and computational 
tools such as Monte Carlo simulation can be used 
for this purpose. 

• Check of the consistency of the data with the 
measurement model. The measurement model is 
always based on certain assumptions, which can 
be difficult to check before the measurement 
experiment. In cases where the measurand value is 
to be estimated, it is necessary to confirm the 
consistency of the data to the model. The omission 
of this check could result in invalid conclusions 
about the measurement uncertainty as a 
consequence of the use of an inadequate model. 

 
4. STAGE I. MEASUREMENT MODEL BUILDING 
 

The basic statistical model for the groups of 
measurement results from N participating laboratories 
can be described by the model given in ISO 5725: 
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where xi, a, mi and εi are, respectively, the 
measurement result (the beat estimate of the 
measurand obtained from repeated observations in the 
ith laboratory), the measurand value, the systematic 
effect or  bias, and the random error in xi for the ith of 
the participating laboratories. The measurand value is 
unknown and to be estimated, except for the case B 
where the estimation of repeatability and 
reproducibility variances are the task.  

It is important to outline that there is a measurand 
“a” in all tasks considered, but its meaning is 
different in the three tasks. Consequently, the results 
obtained in participating laboratories are treated with 
different objectives. In task A we intend to provide 
the best estimate of the unknown “a”. One of the 
possible ways to solve this problem is to replace the 
model (1) by the simplified model: 
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The results from different laboratories are assumed 

to be uncorrelated. The validity of this model can be 
established by means of a proper measurement design 
and should be checked. For task A it is important to 
stress that systematic biases are treated here as random 
quantities. Moreover, we should validate the model by 
designing the measurement experiment in a way that 
will achieve the randomization of systematic biases. 
Such a design relates to the choice of participating 
laboratories, the different measurement methods used 
for making measurements, and so on. 

In task B the reproducibility SR and the 
repeatability Sr of the measurement method under 
investigation are assessed. In this case we operate 
with some agreed value a as an accepted reference 
value. The basic model is following:  

 
, 1,... , 1,...ij i ij ix a m i N j n= + + ε = =  
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where 2
RS  is the reproducibility variance,  the 

repeatability variance and 

2
rS

2
LS  the between-laboratory 

variance. To apply this model the repeatability 
variances are assumed to be the same in each 
laboratory using this method.  

In task C the degree of equivalence of results from 
different laboratories is to be established. For two 
laboratories no estimate of the measurand “a” is 
needed. Here, the degree of equivalence is expressed 
by two quantities: the difference between the results 
and uncertainty associated with this difference. This 
difference is in fact the estimate of the systematic 
deviation between the results from these laboratories 
and the associated uncertainty is a measure of the 
accuracy of this estimate. For two laboratories the 
model is the following: 
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since no estimate for the value of the measurand a is 
needed. Actually, the degree of equivalence between 
pairs of results from a number of the laboratories 
participating can be expressed by the corresponding 
matrix: ( ){ } .,

1,
N

jiijij dud
=

 However, the MRA requires 

also the degree of equivalence of results from 
participating laboratories. It is expressed by the 
deviation of the result from the key comparison 
reference value (KCRV) and the uncertainty 
associated with this deviation. The interpretation of 
the KCRV remains the matter of discussion.  

It may be interpreted as a best estimate of the 
measurand “a”. In this case we actually return to 
problem A and could operate with the model (2). 
However, in the given case the assumption that the 
correlation coefficients between the measurement data 
items are equal to zero seems to be an unjustified 
simplification. Hence, the problem of quantifying the 
covariance matrix arises. Often we do not have the 
required additional information to quantify this 
matrix. So other interpretations of the KCRV and 
subsequently another models of the data are of 
interest. 

Below we discuss the mixture of probability 
distributions as a model for the total population of 
data obtained in participating laboratories. The 



 

dispersion of the data for the ith laboratory can be 
described by a distribution function Fi(x), with 
expectation a + mi. Each laboratory provides an 
estimate of the expectation value, viz., an estimate of 
the sum a + mi . It is important to stress that frequency 
distributions of measurement results from the 
participating laboratories may have different 
expectations and these expectations are consequently 
shifted from the measurand value a. The model below 
expresses this fact. The mixture distribution can be 
used to describe the distribution of the pooled data 
from the Laboratories: 

 
( ) (1/ ) ( )jF x N F x= ∑                                    (5) 

 
Letting ,(1/ ) im N m= ∑  the expectation EF(x) and 

variance of F(x) are, respectively,  
,mam +=   

and 
2 2 2) (1/ ) ( ) .i iN N m mσ σ= + −∑ ∑(1/  

The KCRV can be interpreted as the expectation 
of the distribution mixture EF(x):  

.refx a m= +   
In the approach here the degree of equivalence  

,i i i id EX EX a m a m m m= − = + − − = −  
for the ith laboratory, can be interpreted as a difference 
between the “laboratory reference value” and the 
KCRV, which characterizes the systematic deviation 
of the results of that laboratory from the KCRV. 

 
5. STAGE II. MEASUREMENT EXPERIMENT 

DESIGN 
 
Measurement experiment design aims at: 

• optimizing the parameters of a measurement 
experiment: the number of laboratories 
participating, the number of repeated observations 
in each laboratory to reduce the random 
component 

• providing conditions under which the proposed 
data model can be regarded as valid. 
 
To discuss the first item we need an a priori 

estimate of the measurand value and a value for the 
associated uncertainty. We need to understand the 
dependence of the uncertainty on the measurement 
experiment parameters: the number of observations, 
the number of participating laboratories, the 
uncertainties associated with the input data, the data 
processing algorithm, etc. We return to this matter at 
the next stage of data processing after obtaining an 
estimate of the measurand value and a value for the 
associated uncertainty. For the second item it seems 
very important because it is directly connected with 
the correct interpretation of the results obtained in the 
interlaboratory experiment.  

As to task A, for the laboratories that use different 
measurement procedures, different equipment should 
be involved in the interlaboratory experiment to 
provide the condition Ewi = 0 in (2). From the 
mathematical point of view the idea is very simple: 
randomise the systematic biases in the results from 
different laboratories  

As to task B, participating laboratories should 
have significant experience in applying the method 
and the method itself should be thoroughly 
investigated. By doing so it will be reasonable to 
expect that the repeatability variance will be the same.  

As to task C, when establishing the degree of 
equivalence of national standards, it is unreasonable to 
regard the choice of laboratories as a random selection 
from an ideal general population. The degree of 
equivalence established is a characteristic of a 
particular group of laboratories: the KCRV is a 
consequence of the information provided by this 
particular group, i.e., it is determined from CIPM KC 
data only [4]. At present, the choice of participating 
laboratories cannot be restricted only by laboratories 
that realise the SI unit independently. Consequently, 
there can be correlations between data from different 
laboratories. Hence at the measurement design stage 
we should provide the following. 
• Careful analysis of the uncertainty budgets 

provided by all participating laboratories, with the 
purpose of revealing those uncertainty components 
corresponding to effects that are correlated. 
However, there is likely to be a degree of 
arbitrariness in the quantitative expression of the 
extent of the correlation by means of a covariance 
matrix.  

• A uniform measurement procedure and the 
algorithm for data processing and uncertainty 
evaluation to be used by all participating 
laboratories. This aspect is especially important 
when the weighted mean is used as the KRCV. In 
this case the weights attached to the participating 
laboratory measurements when forming the KCRV 
are proportional to the inverse squares of the 
standard uncertainties associated with these 
measurements [2]. If the uncertainty budget is not 
agreed by all participating laboratories, the 
introduction of weighed mean may not be 
justified. Some incorrectness in the uncertainty 
associated with the KCRV can result, and 
consequently in the uncertainty associated with the 
degrees of equivalence. This aspect should be 
taken into account when using the deviation from 
the KCRV and the associated uncertainty to 
support calibration and measurement capabilities 
of participating laboratories.  

 
6. STAGE III.  ESTIMATION OF THE 

MEASURAND VALUE AND THE ASSOCIATED 
UNCERTAINTY 
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The best estimate of a measurand value in task A 

for the simplified model (2) is given by: 
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where u(xi) is the standard uncertainty associated with 
the measurement provided by the ith laboratory. The 
equation (7) is a tool for reducing the uncertainty by 
enlarging the number of laboratories. But one should 
have in mind that these laboratories must be 
“independent” laboratories and a number of such 
laboratories is restricted. So doing we want to estimate 
a common mean value from all the data that are 
therefore supposed to be drawn from different 
populations having equal means.  

Otherwise a data model accounting for correlation 
effects should be applied.  

Formulae for repeatability and reproducibility 
variances (task B) are available [1].  

The estimates of reproducibility and repeatability 
are used widely in practice for the determination of 
reproducibility and repeatability limits, for checking 
stability, for assessment of laboratories, and so on. So 
these estimates should generally be accepted as having 
the required accuracy. The choice of the number of 
laboratories and of the number of repeated 
observations is based on the following expression [1]: 
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where for estimates of repeatability and 
reproducibility variances the limits A are equal to Ar 
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where  

γ2 = σR
2/ σr

2,  

the ratio of the reproducibility and repeatability 
variances. 

For values Ar and AR given in advance, the 
appropriate numbers of laboratories and repeated 
observations can be calculated from the above 
expressions. Note that here the equality of the number 
of repeated observations as well as an a priori value 
of the ratio γ is assumed.  

Concerning the evaluation of the degree of 
equivalence from N participating laboratories we 
consider only the mixture model. In the approach here 
the unbiased estimate of the KCRV is the simple 
mean (1/ )ref ix N x= ∑

) and ( )refu x) is given by  

2 2( ) ((1/ ) 2 2 ,)ref i iu x u N x u∑ ∑) (1/ N= =
)   

where ui denotes the reproducibility standard 
uncertainty si for laboratory i. Accordingly, the degree 
of equivalence di with associated uncertainty u(di) are 
given by 

2 2 2 2, ( ) (1 2 / ) (1/ ) .i i i i jd x x u d N u N u= − = − + ∑  

In this case the associated uncertainty relates only to 
the random dispersions, with standard uncertainty ui, 
of the laboratory’s data. Note that the mutual 
dependencies between the data due to similar 
systematic biases are revealed automatically in the 
form of a mixture distribution.  
 

7. CHECK OF CONSISTENCY OF DATA AND 
MEASUREMENT MODEL 

 
To check the consistency of the results obtained and 
the data model applied, a chi-squared test is used for 
task A. First, one should calculate the observed chi-

squared value ( )∑
=
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 where P denotes probability 

and is the fractile of the chi-squared 
distribution with N – 1 degrees of freedom 
corresponding to probability p, the consistency check 
is regarded as failing. For the purposes of the test, the 
data x

,05,0)( 2
1

2 << −NobsP χχ
2

;1 pN−χ

i is regarded as a sample from a Gaussian pdf.  
For task B the assumption about the equality of 
repeatability variances of the data obtained in all 
participating laboratories seems to be very strong. To 
check the validity of this assumption Cochran’s one-
sided test for variance heterogeneity based on the 

statistic ∑
N

iSS 22
max

2
iS

2
maxS 2

iS
=i 1

, where  – repeatability 

variance for laboratory i ,  – the larges  can be 
used. For this test the same number of repeated 
observations in each laboratory is assumed.  

As to task C, the mixture distribution model 
suggested requires the least a priori information. No 
consistency check is required.  

 
CONCLUSIONS 

 
This paper has overviewed methodologies that are 

regarded as important in the context of handling and 
treating measurement data from different groups or 
sources. It has concentrated on grouping measurement 



 

180 

tasks into (1) measurand value estimation, (2) 
quantification of the quality of the measurement 
method, and (3) quantification of the comparison of 
measurement quality. The stages  
• Measurement model building  
• Measurement experiment design  
• Estimation of the measurand value and the 

associated uncertainty 
• Check of the consistency of the data with the 

measurement model 
in the data evaluation procedure were considered. The 
importance of the first stage, measurement model 
building, for the choice of the data processing and 
uncertainty evaluation algorithms, is stressed. The 
content of the data evaluation procedure stages were 
made concrete concerning the above three 
measurement tasks.  
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