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Abstract — Algorithms minimizing A-type uncertainties
when processing results of measurements with repeated
observations distributed according to the laws unlike the
normal one are given. A comparative estimation of the de-
veloped and traditional algorithms is cited.
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1. INTRODUCTION

Development of modern technology and scientific
research sets before designers of measuring equip-
ment a contradictory task of ensuring both high oper-
ating speed and low measurement errors. Solution of
these problems requires creating algorithms for
measurement information processing which make it
possible to reduce the number of observations needed
to get the prescribed accuracy and reliability. In this
case it should be taken into account that the tradi-
tional processing algorithms were obtained assuming
the normal law of distribution of the observation
results; in practice it often doesn’t correspond to
reality.

The aim of the present paper is to obtain efficient
estimates of mathematical expectation and dispersion
when processing observation results distributed ac-
cording to arbitrary laws.

2. SUBJECT&METODS

Algorithm for processing the results of measure-
ments with repeated observations consists in the fol-
lowing:

1. Removing blunders from the observation re-
sults.

2. Obtaining efficient estimate of mathematical
expectation of observation results taken as a meas-
urement result.

3. Finding efficient estimate of the standard A-
type uncertainty.

4. Determining efficient estimate of the extended
uncertainty.

The above-mentioned efficient estimates were
determined using the Monte-Carlo method.

3. RESULTS

3.1. Efficient estimate of the expectation
The result of measurements with repeating obser-
vations is usually determined as their average [1]

f=12xl~. (1)

However such estimation is effective® only for the
normal law of distribution [3].
The center of range
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is effective estimation for rectangular distribution.
Here xpmin is @ minimum term of sample, xmax -

a maximum term of sample.
The estimation of a median

n—odd;

)

is effective estimation for double exponential distri-
bution.
The estimate

Xeff =k1X +kox + k3x, 4)
is offered as the efficient estimate of the expecta-
tion, where k1, ko and kg3 - are coefficients depend-

ing on the kurtosis £ of distribution of observation
results [2].

The Monte-Carlo method was applied for de-
termination of coefficients k1, k, and k3. It was

used in the following way:

! The effective estimate is the one having the least disper-
sion in comparison with the others.
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1. With the means of the generator of random
numbers for the given law of distribution m samples
each of the given size » of values of the measured
parameter x were received. In so doing not less than
20 laws of distribution were taken, the sample size »
varied from 3 up to 21, and the number of samples m
of each volume was not less than 1,000.

2. For every j-th sample the parameters x;,

j and x j were calculated according to the expres-
sions (1-3).

3. By changing values of factors k1, ko and k3
according to expression (4) samples of effective esti-
mation of x4 each of volume m were obtained.

X

4. For each sample the value of dispersion of es-
timation of x.; was evaluated. The combination of

factors corresponding to a minimum of the dispersion
of Xeff Was registered as optimum for the given sam-

ple size n and the law of distribution.

The research has shown, that optimum com-
binations of factors k1, ko and k3 do not practically
depend upon the volume of samples » . The depend-

ence of values of factors on a kurtosis of distribution
is shown in fig. 1.
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Fig. 1. The relationships between values of factors k1,
ko and kg and a kurtosis of distribution

These relationships were approximated by the ex-
pressions shown in table 1 with an error not exceed-
ing 2 %.

For definition of comparative -effectiveness
Eff [xqf 1 x] of the proposed estimation and the av-

2

Dlxepr]

erage the ratio ~] was calculated depending on

Dlx
the number of observations » for distributions with
various kurtosis (Fig. 2).

2 The comparative efficiency of an estimate is calculated as
a relation of its dispersion to the dispersion of another
estimate.

TABLE I. Dependence of factors of
expression (4) upon a kurtosis
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From Fig. 2 it is seen, that at the number of ob-
servations equal to 21 application of Xeff allows to

reduce the dispersion of the estimation of a meas-
urement result in comparison with the average up to
4.4 times for distribution with a kurtosis —1.2 and up
to 1.7 times for distribution with a kurtosis 3.
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Fig. 2. Relationship of relative effectiveness of the pro-
posed estimation to a kurtosis of distribution

3.2. Effective evaluation of the standard deviation
The estimation of standard deviation of an aver-
age is usually obtained from formula [1]

- 1 L 2
S[x]—\/n(n_l)gl(xl 2. 06

However such estimation is effective only for
the normal law of distribution.
The estimation
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is proposed as an effective evaluation of the stan-
dard deviation of x .

Here S is an experimental standard deviation of a
single observation result, as which the following are
investigated:

- the experimental standard deviation
S g, calculated by the Bessel formula

SB:J 11§:(xi_xeﬁ’)2; 7)

n—1ig

- the experimental standard deviation
calculated through the range R (for limited
distributions):

R X — Xmi
Sp = — Xmax ~ *min (8)
2k pog 2k p=1

where k,_1 is a coverage factor for the level of

confidence p =1;

- the experimental standard deviation
calculated through the average absolute de-
viation by the formula

n

1
Sg=—2

Sa
X = Xeff | =~ 9)
nd 51 7=

where S, is the estimation of an average absolute

deviation; d is a parameter characterizing the form
of distribution.

All estimations of standard deviation are biased,
therefore their use for small samples demands intro-
duction of correction factor.

The study of comparative effectiveness of estima-
tions S together with correction factors by the
Monte-Carlo method has made it possible to receive
the following expression for S[x,4]:

KgSg, —15< E <-0,55
Slx.71=1KsSp, —055<E<05,  (10)
ff

K¢Sy, 05<E<3.

Here factor K g, which takes into account the law

of distribution, the number of results of measure-
ments and the bias of experimental standard devia-
tion, was approximated by the expression
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18310665, 472,078 £<_ 055

1 23,058 (11)

KsEn)= E>-055

with an error not exceeding 10 %.

3.3. Extended uncertainty
The extended uncertainty of average values is
usually calculated by the formula:

U=1,(), (12)

where ¢, (v) is Student’s factor for degrees of

freedom v =n-1 and level of confidence p.

However such estimation is authentic only for the
normal law of distribution.

In order to determine the extended uncertainty
Xeff for any law of distribution the expression

U = kS[rey] (13)

has been proposed, where & is a coverage factor,
having the distribution of value

t—xef_M(X)

14
S[xeﬁ] =

This distribution for the initial laws of distri-
bution with various values of the kurtosis, and also
the numerical values of coverage factors & at small
number of observations » were obtained by a
Monte-Carlo method, as follows. After deriving
model of distribution of ¢,,(n) the empirical integral

distribution function F,(¢) is created. For the given

levels of confidence p the values of factors k_ and
k. are determined as follows

1-p 14P
K :F‘{T@J, k, :F_l[%], (15)

after which the coverage factor value is determined
by the formula

(16)

The calculated numerical values of & are shown
in Fig. 3 for some considered distributions and vari-
ous values of confidence level p.
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Fig. 3. Coverage factor

The elimination of blunders is carried out at the
stage of preliminary processing of the results of
measurements. This procedure can be carried out by
application of either truncated estimations or special
statistical criteria. A disadvantage of truncation is the
increase of dispersion and bias of obtained estima-
tions.

3.4. Elimination of blunders

For elimination of blunders the median criterion
has been developed
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Fig. 4. Dependence of parameter o, on the form of distri-
bution, the number of observations and the level of signifi-
cance

where xmax(min) 1S @ maximum or minimum result

of observations, which can contain a blunder; s, is

an estimation of an average absolute deviation of
results of observations, which like the median is least
sensitive to blunders; o is a parameter depending on
the form of distribution, the number of observations
and the level of significance, for which the corre-
sponding statistical data (Fig. 4) have been calcu-
lated.

4. CONCLUSIONS

Investigation of x4 has shown that its compara-

tive efficiency changes depending on E from 1 to
0.03 when compared to x, from 1 to 0.07 when
compared to x, and from 1 to 0.005 when compared
tox.

It is shown that with small samples the median
criterion is more efficient than the truncation algo-
rithms used in robust methods.

It is indicated that the offered estimation of the
standard uncertainty is more efficient than the estima-
tion of the standard deviation obtained from the ex-
pression for the sample dispersion, and the obtained
values of the coverage factor differ significantly from
Student’s factor with a small number of observations.
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