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The aim of this theoretical paper is to discuss and compare the measuring characteristics of the
Coriolis meter with a straight and slender measuring tube for the lowest three lateral vibration
modes. The work is based on an analysis of the analytical approximations of the meter’s
characteristics, which are derived from the solutions of a one-dimensional mathematical model.
The paper deals separately with the ideal characteristics, the stability-boundary effect, the axial-
force effect and the added-masses effect. The influence of the motion sensors’ position is stressed
in the presentation of the results.

1. INTRODUCTION

The Coriolis meter is used for measuring the mass flowrate and the density of fluids. Its
operation is based on the alteration of the mode shape and the natural frequency of the vibrating
measuring tube. This paper is focused on the configuration with a straight and slender measuring
tube. In most cases such Coriolis meters make use of the fundamental, i.e. the first lateral
vibration mode. However, the higher vibration modes are also under the influence of the same
measuring effects, so they can, in general, also be employed. An interesting possibility is
represented by a simultaneous application of two or more vibration modes. The measuring results
from the additional modes can be used for correcting or identifying undesired effects on the
meter’s operation. As an example, see the patent document [1], which suggests the possibility of
eliminating the fluid-pressure effect by taking account of its different influence on two modes.

The application of the higher modes requires a knowledge of the associated measuring
characteristics. In this theoretical paper, the basic measuring effects of the straight-tube Coriolis
meter, including the effects of the stability boundary, the axial force and the added masses, are
compared for the lowest three vibration modes. The contents follow the authors’ previous work
(see, e.g. Refs. [2, 3]), where the meter's approximate characteristics were derived in an analytical
form. The obtained relations are valid for any of the vibration modes, but discussion of the results
was previously limited to the first one. The characteristics of the higher modes were already
included in the studies of other authors (see, e.g. Refs. [4-7]); however, in presenting this paper
we can offer some additional findings and new conclusions. The presentation of the results in the
next sections is aimed at showing the influence of the motion sensors’ position, the choice which is
very important for the particular mode.

2. THE MATHEMATICAL MODEL

The model of the Coriolis meter under discussion is schematically presented in Fig. 1. The fluid
being measured flows through a straight and slender measuring tube, which is clamped at both
ends. Taking into account that only the resonance conditions of the measuring tube are of interest
and the vibration damping is relatively small, the mathematical model is reduced to a description of
the undamped free motions. Applying the theories of the Euler beam and one-dimensional fluid
flow, its equation of motion and boundary conditions can be written as:
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Fig. 1. Model of the straight, slender tube Coriolis meter.

where a dimensionless notation with the reduction on the tube's parameters (the length L, the
mass per unit length M, and the flexural rigidity El) has been used:

2
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The dimensionless quantities in the above equation, from left to right, are related to the tube's
lateral deflection w(x,t), the axial coordinate X, the time t, the fluid mass per unit length M, the
fluid mean axial velocity V, the compressive axial force P and the additional point masses m; of the
exciter, left sensor and right sensor (j = e, | and r, respectively).

Using the Rayleigh-Ritz method, the solution for the tube's vibration, which is harmonic in time,
may be expressed in a complex form as:

h(x ) =8 Aj,exdmt), “

where W is the dimensionless vibration frequency and j , are the comparison functions, which have
to satisfy all the boundary conditions. In our case, the Euler-beam modal functions with clamped-
clamped boundary conditions (2) were chosen, which represents the exact solutions of Eq. (1),
excluding the effects of fluid flow, axial force and added masses:

coshl, - €081, (ginn1 x - sinl x) . (5)

j .&) =coshl x-cosl x- ———02—n
sinhl _ - sinl

The |, values result from equation cos | cosh| = 1. If Eq. (4) is substituted into Eq. (1), and the
result is multiplied by j.,, and then integrated with respect to x from O to 1, one obtains a

homogeneous system of linear equations:

YA =0, Yo, = (1 n* - 1+ BW)c,,, +20uWd,,,, - (bU® +P)e,, - WA a,f,(), (6)

mn

with the constants Cmn, Omn, €mn @and foa() given in the Appendix, Egs. (A.1) and (A.2). The
condition for nontrivial solutions, detY = 0, represents an equation for the natural frequencies W.
By choosing the mode of interest, the constants A, can be calculated. The actual deflection is
determined as the real part of the supposed complex solution:

h (1) = F,(cos (Wt +f, (x), "

where F  is the normalized vibration amplitude and fy is the initial phase.

3. MEASURING CHARACTERISTICS

The measured quantities in the Coriolis meter, i.e. the mass flowrate and the density of the
fluid, can be described by the parameters bu and b in the dimensionless form. The fluid density is

measured using its influence on the tube’s natural frequency W, and the mass flowrate is
determined by measuring the phase difference Df or time difference Dty between the signals from
the symmetrically located motion sensors at x and x, (the distance between them iss = s/L):
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Df =f (X )-fi(x), Dtkzﬂ. (8)
Wk

Analytical approximations of the meter’s characteristics will be derived by applying a Taylor series

expansion to the solutions of the Rayleigh-Ritz method. All the numerical results will be calculated

by summing up a sufficient number of terms in the Rayleigh-Ritz series to ensure convergence. The

analysis is limited to the lowest three modes (k = 1, 2 and 3), for which the meter’s sensitivity

under ideal onditions will be studied, proceeded with the effects of the stability boundary, the

axial force and the added masses.

3.1 Ideal characteristics

Under some ideal circumstances, the Coriolis meter enables independent measurements of the
fluid density and the mass flowrate. Such ideal characteristics can be derived by neglecting the
axial-force and added-masses terms in the mathematical model, and then linearizing the solutions

for the natural frequency and time difference with respect to the fluid velocity:

WD = Owk
=

Jrop O T hebu ©

where gwk and hp x are calibration constants of a particular vibration mode k (see Appendix, Eq.
(A.3)). Although the natural frequencies increase for higher modes,

Ow:/ 9we /9y =1/2.76/5.40 (10)

their relative sensitivity to the fluid density b remains unchanged:

1dw, -1

W, db  2(1+b)’ S

As shown in Fig. 2, the meter’s sensitivity on the mass flowrate hg \ is significantly affected by the
motion sensor’s position. If the Euler-beam modal functions j ¢ are also presented (Fig. 3), it is
evident that the time differences increase when approaching the vibration nodes and the tube
supports. Because measuring the time or phase difference from relatively small signals is more
problematic (because of a smaller signal-to-noise ratio), the diagrams in Fig. 2 cannot represent
the basis for choosing the appropriate distance between the sensors. Following Ref. [8], the
optimum distance sqy« can be defined as the maximum of the product of hie meter's sensitivity
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Fig. 2: Variation of the meter’s sensitivity hy x with the sensors' distance
for the lowest three modes.



FLOMEKO 2003
11th IMEKO TC9 Conference on Flow Measurement
Groningen, NETHERLANDS, 12 - 14 May 2003

1,5

1,0

0,5
B rl
r -
e
— 00
05L ]
1,0 __
C —k=1] ]
. “ork=21
-1,5 ee---k =3 1
Lo v v v b v b v b v by v b v b v b v v b by 0
0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0
s
Fig. 3: Variation of the modal functions j  with the sensors' distance
for the lowest three modes.
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Fig. 4: Variation of the product hp ij x with the sensors' distance
for the lowest three modes.

and the vibration amplitude, e.g. hp 4j «- Fig. 4 shows that this product reaches its maximum value
at:

Sopta = 0.430, Sepr2 = 0.470, Soprs = 0.606, (12)

for the lowest three modes, respectively. Considering such positions of the motion sensors, the
ratios between the meter sensitivities for the particular modes are:

hy s /Ny p /Ny 5 =1/0.72/0.45 . (13)

The time difference is often determined indirectly, by measuring the phase difference between the
sensors' signals. In this case the sensitivity that is important for the mass-flowrate measurement
is:

hy « = h:n.kwkid) ) (14)

and the ratios become:
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hy 1 /Ny » /Ny 5 =1/2.0/2.5 . (15)

From this we can conclude that, in view of the phase difference, the higher modes can offer the
meter a higher sensitivity to the mass flowrate.

3.2 The stability -boundary effect

The stability-boundary effect leads to the dependence of the mass-flowrate and fluid-density
measurements, in cases when the fluid velocity is not small enough with respect to the critical
velocity uqk, at which the vibrating system becomes unstable. Neglecting the axial-force and
added-masses terms in the mathematical model, this effect can be estimated by expanding the
Taylor series for the natural frequency and the time difference up to the quadratic terms:

W, = V\Ed)\jl' g%cenk + gcork%?buz D =Dtﬁd) gl— +§%enk + hcorkﬁgbuzgv (16)
e [ e e g 0
where geenk @and geork are constant for a particular k, but heenx and heo, additionally depend on the
position of the motion sensors (see Appendix, Eq. (A.4)). The non-idealities can be interpreted as
the effect of the centrifugal force (terms with geenx and heen k) and the higher-order effect of the
Coriolis force (terms with ggork and hger k). Further introducing:

b b

gcr,k = g:enk + gcork1+b ? hcr,k = hcemk + hcorkm’ (17)

the values of g,k are calculated for the lowest three modes:
b=0:g,, =2.46X07%, g,,/9,,/9,,=1/0.49/0.28,

b=¥:g9,,=382x0?%, 9,,/9.,,/09.,5=1/0.26/0.13, 18)

and the values of h are presented in Fig. 5 with regard to the sensor's distance. In general, the
higher modes are characterized by the smaller stability-boundary non-idealities, which can be
explained by the higher critical velocities. For example, the ratio between the critical velocities for
the lowest three modes and b = 0.1 is:

1y 12=1/o.49/o.25. (19)
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Fig. 5: Variation of the constant h, x referring to the stability-boundary effect
with the sensors' distance for the lowest three modes.
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3.3 The axial-force effect

The axial force acting on the measuring tube may be the consequence of the tube's pre-stress,
temperature tension, internal pressurization by the fluid, etc. The influence of this force can be
estimated from the linearization of the meter's characteristics with respect to P:

Wk = V\ﬁd)\'l- gcenlJ:> ’ IJk :Dtsd) (l+hcer;kP) ’ (20)

where the added masses were also neglected and the fluid velocity was assumed to be relatively
small. The axial-force effect has an identical form to the centrifugal-force term in Eq. (16).
Therefore, its magnitude can be determined from Eq. (18), for the fluid-density characteristic, and
from Fig. 5, for the mass-flowrate characteristic, considering b = O (@¢rk = Geenks Nork = heenk)- It
can be concluded that the use of the higher modes would result in the Coriolis meter being less
sensitive to variations in the axial force.

3.4 The added-masses effect

The magnitude of the point masses is defined by the weights of the motion sensors and the
vibration exciters, which are directly attached to the tube. The parameter a; represents the ratio of
the point mass to the measuring tube's mass. The influence of such added masses can be
approximated by linearizing the meter's characteristics with respect to a;. For the natural frequency
it is physically correct to linearize the term under the square root of the denominator that
represents the mass of the vibrating system. In addition, neglecting the axial-force and the
stability-boundary effects, one obtains:

) & o]
W, = W ’ 1 , Dty :Dt(k'd)gl+11 a hi,kai;’ (21)

1 o +b ™
1+—3gf Ya. i
\j 1+b6,-1 ()8,

where hj, is a constant for a particular mode k and the positions of the masses (see Appendix, Eq.

(A.5)). The natural frequency is decreased under the influence of the added masses. Its variation is
larger if the point masses are located in the range of large vibration amplitudes, f4 = j 2.

Considering the added masses, the time difference and, as a consequence, the mass-flowrate

characteristic become generally dependant on the fluid density. Figs. 6, 7 and 8 show the relation
between the values of &;h; x and the measuring distance s for three different combinations of the

added masses. It is evident that the higher modes can tend to result in (up to an order of
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Fig. 6: Variation of the constant &;h;, with the sensors’ distance for the lowest three modes
considering the effect of all three added masses.
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Fig. 7: Variation of the constant &;h;, with the sensors’ distance for the lowest three modes
considering the effect of two symmetrically located masses.
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Fig. 8: Variation of the constant &;h;, with the sensors' distance for the lowest three modes
considering the effect of one mass at the middle of the tube.

magnitude) larger non-idealities with respect to the fundamental mode. Also for k = 1, the added-
masses effect is negligible in the wider range of s, i.e. s > 0.4, only for equal masses of the exciter
and sensors (Fig. 6). Furthermore, the case of all three masses offers the only interesting region in
the vicinity of sq,« for the second mode, too. But it has to be taken into account that this
configuration is not realistic, since it is not likely that the exciter would be placed at the node of the
mode shape, which is at the middle of the tube. In the third mode there is a zero influence of the
added masses, found relatively close to the expected measuring distance, at s = 0.70 for the single
mass at the middle of the tube, i.e. for relatively small masses of the sensors. With the intention of
determining the fluid-density effect, the relative change of the time difference in terms of two
different fluid densities can be calculated:

@1 1 Oé_ h a
. D, -Dt, _§1¥b, Teb 5 i+ 22)
Dt, |, Y 8
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which can be simplified for relatively small values of 3 h; \a;:

1 0o
e, »o0——- ———=-a h..a.. 23
: gl+b2 1+b1ﬂaj e @9
Let us consider a numerical example, e.g. d;h;xa; = 0.01, b; = 0.5 and b, = 1.5, which results in ey
= —0.26 %. Being aware that such a case is possible in practical configurations (e.g., a; = 0.01,
which means the added mass of 1 % of the tube mass and &;h;x = 1), so large non-idealities are

certainly not insignificant for the new-generation Coriolis meters.

4. CONCLUSION

In this paper we describe a comparison of the straight-tube Coriolis meter's characteristics for
the lowest three lateral vibration modes of the measuring tube. The study was based on the
approximate, analytically expressed solutions of a one-dimensional mathematical model. In this
way, the ideal characteristics and the effects of the stability boundary, the axial force and the
added masses were discussed, and the following conclusions can be made:

Under ideal conditions, the relative sensitivity of the natural frequencies on the fluid density
remains unchanged for different vibration modes. However, the higher modes can contribute to
the higher sensitivity of the mass-flowrate characteristic, if the phase difference is the
measured parameter. At the same time, it has to be considered that the meter's sensitivity to
the mass flowrate depends strongly on the sensors’ position.

The higher modes are also better in terms of the stability-boundary and the axial-force effects.
Smaller non-idealities are the consequence of the higher critical velocities in the case of the
higher modes.

However, from the viewpoint of the added-masses effect, the mass-flowrate measurements in
the higher modes become much more dependant on the fluid density than for the fundamental
mode. If the magnitudes of the added masses of the exciter and sensors are not negligible, only
the appropriate combinations and positions of the masses can reduce this effect to a certain
degree.

APPENDIX

Constants of the homogeneous system of linear equations (Eq. (6)):

Lo Lod Lo . .
Con = B X, Gy = G 20X €y == § GO, () =1 Y 106 A1)
0o 0o 0

with the analytically evaluated integrals:
m=n:c_=1,d =0,¢e., =1, (I.sm-2),

2 2
_8.2,

min (m+niseven): c_=d_=0,e a (I mSm - 10S0)s

n mn mn_l

m
2] 2
_-81,21

m!*n (m+nisodd): ¢ _=e =0,d, =—0 0. (A.2)

n mn

Constants of the ideal meter's characteristics (Eq. (9)):

o . . 4d i ()
=12, hyy = A W s M = —ge—lm 22 A
Gk =1 btk Eml pkm TR A ) "

Constants of the meter's characteristics including the stability-boundary effect (Eq. (16)):

2 4
e o d 1 o . * 4| o . x -
= kk - nk - — K
gcemk - | 4 7 gco[k - 4a | 4 | 4 hcenk - a hDI,kmhcen,km ’ hcon;k - h a hl),kmhcor,km ’
k ntn " lk t,k M D,k m
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O IR IV« W plp'lk &d lk(x|)g .

. d o d_ & (X6 1 o d,> la d, j.(x)8

h -3 nk np _mp P/ T nk o= nk 7 A4

corkm aﬂ.|n4_|k4ap.|p4_|k4gdmk jk(xl)ﬂ |m4'|k4ar;|n4'||<4 3gan.|n4_|k4jk(xl)ﬂ ( )
Constants of the meter's characteristics including the added-masses effect (Eq. (21)):

Y e« . o f_(x) d o f . (x) o i ()6 . (x)

h- — k , h - mn \"Y j nk + pk\"Yj mp _ p\M - kk \ N . A5

bk th,k % hD['kmh'km Jkm % | n4 - | k4 dmk Epl l p4 - |k4 gdmk J k(xl)g | m4 - | k4 ( )
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