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Abstract - Several Venturi nozzles, operating at critical conditions and shaped according to the recommenda-
tions of the ISO Standard 9300 were selected for the present study. The flow in the nozzles was investigated
numerically for a range of Reynolds numbers. The present results were compared with experimental data
where available. The unsteady compressible viscous flow in the nozzles was simulated using the Navier-
Stokes solver ACHIEVE, developed by the first author. Several models for predicting the laminar-turbulent
transition were tested. Significant phenomena associated with the transition were observed, having an in-

fluence on the discharge coefficient Cp.

I. INTRODUCTION

One of the simplest methods of highly accurate
measurement of mass flows is the employment of
critical nozzles. As a matter of fact, sonic noz-
zle test rigs are often used as reference flow me-
ters [4], [5], [6],J?]. The guidelines and standards
in using these devices are well defined and cov-
ered by the ISO Standard 9300 [8]1 It is valid for
toroidal nozzles with critical Reynolds numbers be-
tween Re = 10° and Re = 107. However, critical
nozzles of significantly smaller diameter are also
in frequent use [4], [5], [11]. In this case, relatively
large fluctuations in the mass flow have been ob-
served, making the calibration of these nozzles dif-
ficult. In particular, nozzles of diameters less than
1 mm and Reynolds numbers as small as 3 - 103
display higher measurement uncertainties.

In the past, flows in supersonic and transonic noz-
zles have been studied quite extensively. Due to
their significant importance to the aerospace engi-
neering, especially in the area of rocket propulsion,
they were investigated numerically and experimen-
tally numerous times [1], [12], [2]. However, most
of the above research work concentrated on the
overall features of these nozzles, assuming steady
flow and leaving out some of the unsteady details.

In the recent past, the flow field in the sonic noz-
zles has been studied in more detail. Ishibashi et.
al. [10] have shown results of combined experimen-
tal and numerical work that dealt with the shock
structure, the boundary layer (BL) thickness and
the velocity profiles in general in a typical noz-
zle designed according to the ISO 9300 standard.
Further development of analytical methods used

to compute the Cp -coefficient have been intro-
duced in [17] for the case of laminar boundary
layers. Flow instabilities and their effect on the
Cp -coefficient have been numerically simulated
by von Lavante et. al. [9]. An irregular choking
phenomena have been studied by Nakao [15]. Al-
though all the work described here contributed to
better understanding of the flow in critical Venturi-
Nozles, there have been several contibutions that
indicated erratic behavior of the flow in Reynolds-
number ranges between approximately 6 - 10° and
1.2-10% . Typical in this regard is the plot of the
Cp -coefficient published by Vallet et. al. [20] and
shown in Fig. 1. Noticable is the sudden change of
the slope of the Cp -coefficient (*jump”), coupled
with a local decrease of its value and a change of
the dependence on the Reynolds number.

Similar tendency has been also described by
Ishibashi [21]. His results, augmented by addi-
tional data and theoretical curves of the depen-
dence of Cp on the Reynolds number can be seen
in Fig. 2.

The suspected cause for this behavior is the transi-
tion of the boundary layer from laminar to turbu-
lent. Generally, the Cp -coefficient is proportional
to the Reynolds number according to

Cp =a+b- (Rerso)* (1)

where @ = —(0.5 in the laminar case , being in good
agreement with the simple boundary layer theory
for flat plate according to Blasius, and a = —0.2
in the turbulent case.
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Figure 1: Cp -coefficient as a function of the
Reynolds number, from [20].

The aim of the present research is to investigate
the flow behavior in sonic nozzle test rigs with em-
phasis to the transition of the boundary layer flow
from laminar to turbulent. A representative criti-
cal nozzle geometry, as recommended by the ISO
Standard 9300, was selected for the present inves-
tigation. The nozzle shape is shown in Fig. 3.
It is a typical convergent-divergent nozzle, with a
toroidal throat having a diameter of between 0.3
and 321 mm, and a divergent part with a diver-
gence wall angle of 4deg. The Reynolds number
based on the ISO 9300 -definition was between
Re =2.2-10% and Re = 4.15 - 105. The nozzle wall
was assumend to be perfectly smooth. After the
simulation of the flow field converged to a peri-
odic solution, several transion criteria were applied
to obtain an estimated location of the transition.
The resulting conclusions about the existance of
the transition were compared with corresponding
experimental data, presented in a companion con-
tribution in these proceedings.

II. NUMERICAL ALGORITHM

The numerical method employed in the present
flow simulations is part of a flow simulation sys-
tem developed at the Institute of Turbomachinery
at the University of Essen, called “ACHIEVE”. Tt
consists of an upwind solver of the Navier-Stokes
equations, using the finite volume discretization.
The governing equations to be solved in the present
simulations are the two-dimensional or axisym-
metric compressible Navier-Stokes equations. The
governing equations are given in more detail by, for
example, Steger [13] or von Lavante et. al. [12].
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Figure 1: Cp -coefficient as a function of the
Reynolds number, from [21].

2.1 Numerical Scheme

Due to the complexity of the predicted flow, a
simple numerical scheme with central spacial dif-
ferences and artificial dissipation added explicitely
was not suited for the present simulations. There-
fore, the well known and proven Roe’s Scheme [3]
was employed. The numerical scheme is based on
Roe’s Flux Difference Splitting in finite volume
form, as developed by von Lavante et.al. [12]. The
method has been proven to be accurate and effec-
tive in the simulation of viscous flows with wide
range of Mach numbers [1].

The simulations were carried out on structured
grids. The mesh points were arranged according to
an algebraic distribution and clustered at the solid
walls to ensure enough gridpoints in the bound-
ary layers. The domain was divided into several
blocks to make the formulation of the boundary
conditions and handling a complex geometry eas-
ier. Furthermore, the Multiblock-structure was
necessary to compute the flow on parallel comput-
ers.

The present numerical scheme is described in
more detail in a companion paper by von Lavante
et. al. [18] in these proceedings; more comprehen-
sive information about the numerical and mathe-
ma[ticia,l aspects of the present algorithm is offerred
in [19].

2:2 Discretization in Time

The governing equations were integrated in
time by solving their semidiscrete form by means of
either modified Runge-Kutta (R-K) time stepping
or implicit symmetric GauB-Seidel (SGS) relax-
ation method. In the present work, the two stage
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version of the R-K procedure was utilized. The
corresponding Runge-Kutta coefficients a; were
optimized by von Lavante et. al. [14] for maxi-
mum multigrid performance (damping of high fre-
quencies). That optimization was done, however,
using a linear hyperbolic model equations. In real-
istic applications, these coefficients worked fine for
the inviscid Euler equations as well as for most vis-
cous cases. The simple two stage R-K procedure
was as efficient as the more frequently used four
stage scheme, but required only one optimized co-
efficient, a; = 0.42.

2.3 Boundary Conditions

The present boundary conditions were imple-
mented with the help of dummy (ghost) cells.
At the subsonic inflow boundary, a locally one-
dimensional weakly non-reflective boundary condi-
tion, based on the isentropic theory of the Riemann
problem, was used. The tangential velocity, incom-
ing Riemann invariant, total pressure and entropy
in the first ghost cell were specified. The outgo-
ing Riemann invariant was extrapolated from the
interior domain. At the subsonic outflow bound-
ary, the static pressure was specified, subject to
the fluctuations allowed by the non-reflective treat-
ment. The remaining variables were extrapolated.
At solid walls, the velocities were anti-reflected,
resulting in zero velocity on the boundary. The
static pressure and density were reflected, resulting
in zero gradients of these variables at the wall (adi-
abatic wall). Finally, at the interzonal boundaries,
the block grids were overlapping by two cells, pro-
viding smooth transitions of the dependant vari-
ables Q due to the present MUSCL extrapolation
in the projection phase.

III. SIMULATION OF THE FLOW FIELD

The simulations of the flow field have been ac-
complished using the above algorithm on a compu-
tational grid shown in Fig. 3. The computational
domain consisted of three blocks, each having ap-
proximately 8.5 - 10* cells. The grid block down-
stream of the nozzle exit was necessary in order to
ensure realistic conditions at this location,

X
Figure 3: Computational grid.

In the present article, only the cases with ideal gas
as the metered fluid will be discussed. Here, the

gas was air at atmospheric conditions. The rel-
atively large Reynolds number was accomplished
by assuming a large throat diameter (up to 321
mm). In reality, the large Reynolds number was
the result of high pressure level in the inflow. The
outflow pressure ratio was assumed to be a con-
stant pout/po = 0.2. This relatively low pressure
ratio assured steady operating conditions in the
throat. The contours of constant velocity mag-
nitude and density in the resulting flow field are
shown in Fig. 4 for the lower Reynolds number of
Rerso = 8.75 - 10°.

Velocity

Figure 4: Resulting velocity and density
countours.

As the exit pressure was still too large for a
disturbance-free outflow (the pressure ratio of a
corresponding well matched nozzle was approxi-
mately pout/po = 0.02 or about 10-times smaller),
there were large fluctuations of the jet as it ex-
its the nozzle.A system of oblique shocks with a
Mach-stem shock at the center line formed, with
the obligatory Mach-tripple point clearly distin-
guishable. The first oblique shock caused a separa-
tion of the flow at the wall. The separation point
was not stationary, moving periodically in ax-
ial direction.Its mean location was approximately
Diproat = D* downstream of the nozzle throat
without ever reaching the throat itself.Outside of
the nozzle, a fairly strong normal shock developed,
again moving axially. The resulting shear layer can
be seen considering both the velocity and the den-
sity. The flow structure, in particular within the
wall shear layer, should be kept in mind during the
following boundary layer stability considerations,
as all the theories dealing with transition from lam-
inar to turbulent flow are not valid in separated
flow regions.

The resulting flow fields for the larger Reynolds
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number of Rerso = 4.15 - 10° were very simi-
lar, with a somewhat larger extent of the sepa-
ration.They are not shown here due to space limi-
tations.

IV. LOCATION OF TRANSITION

The above flow fields were analyzed using a
separate evaluation computer program.The deter-
mination of the location of the transition was car-
ried out in several steps:

e the various boundary layer thicknesses were
determined

e the corresponding Reynolds numbers were
computed

e the different shape factors were calculated

e finally, according to some semi-empirical cri-
teria, the critical Reynolds numbers were
compared with the local Reynolds numbers

Below, each of the steps will be explained in some
more detail.

4.1 Boundary layer thickness

There are several definitions of the boundary
layer thickness that are being used in the liter-
ature. These have to be kept strictly apart.The
most commonly used, and most useless is the sim-
ple boundary layer thickness d that is, actually
strictly speaking, not defined at all.Many times,
it is assumed that ¢ is found by the first occurance
of 7+ > 0.99 where u is the local velocity paral-

lel to the wall and U, is the velocity at the edge of
the boundary layer. The problem in the case of the
Venturi nozzle 1s that a) U, is not known apriori
and b) the velocity outside the boundary changes
as a function of the radius.However, the knowledge
of the velocity U, is essential for the further con-
siderations.Several approaches were tested, with
mixed results. Finally, the method that worked
the best consisted of two steps:

1) § and U, were estimated by assuming that the

uf

boundary layer edge was reached when v < 5,

with u' = % and y = %. ap and [y are reference
values at stagnation conditions.

2) more accurate estimate of § was obtained by
assuming that outside the boundary layer the con-
vective terms in the Navier Stokes equations are
much larger than the viscous terms. This means
that

< 0.005 (2)

The Reynolds number Reg will be explained in the
following section. After finding the simple bound-
ary layer thickness J and, in particular, the edge

velocity U,, it is possible to determine the displace-
ment thickness §; and the momentum thickness 6.
They are defined as

It should be noticed that, according to Schlichting
[22], 6 = 0.360 and &2 =~ 0.13664. Useful will be
also so called shape factors, defined as

6% 0U,

A= v oz (5)
2

K= L (6)
v Oz

A further shape factor is defined as H,p = g;; the
present work, however, makes no use of it.

The resulting displacement thickness for the case
Rerso = 8.75 - 10° is displayed in Fig.5. The
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Figure 5: Displacement thickness along the
nozzle wall, Rerso = 8.75 - 10°.

displacement thickness is plotted along the noz-
zle wall starting from the sharp corner in the in-
flow section of the nozzle. Immediately after the
sharp corner, the flow is mildly separated, causing
a significant increase of the displacement thick-
ness. Then, the flow strongly accelarates due
to a favourable pressure gradient. Accordingly,
the boundary layer thickness decreases.Shortly be-
fore reaching the throat,it starts increasing again,
as the favourable pressure gradient becommes
smaller. The throat is located at 5z = 1.71. At
this location, the displacement thickness displays
a spike due to the discontinuous first derivative
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of the nozzle wall shape.Thereafter, the d; rises
steadily, until getting closer to the flow separation
at approximately 5z = 4. Downstream of this
D+, the oblique shock induces an adverse pres-
sure gradient that rsults in a significantly higher
displacement thickness. The curve stops at sep-
aration. Noticable and important for the sub-
sequent computations is the somewhat irregular
shape of the d;-curve caused by the local charakter
of its numerical determination. The velocity pro-
file Ue = f(5+), not shown here, has even more os-
cillatory tendency, leading to problems in the com-
putation of the shape factors A and K. Although
smoothing has been applied to the velocity profile,
the resulting shape factors are strongly oscillating.
More work could be invested into a better smooth-
ing scheme for both U, and d2 needed for the de-
termination of the critical Reynolds numbers.

4.2 Which Reynolds number?

The surprisingly large number of Reynolds
number definitions might be confusing, making
a few remarks necessary. The most widely used
Reynolds number is given by the ISO 9300 stan-

dard as Rejspo = 9—‘—“‘:—0D—'. In the first authors opin-

ion, this choice is not logical as it uses the stag-
nation value of the dynamic viscous coefficient pg.
More logical would be the critical Reynolds num-

ber Rep+ = %. Both of these Reynolds num-

bers are global, having no meaning for the local
conditions in the boundary layer. Any considera-
tions of the boundary layer development along the
wall will have to use some Reynolds number that
is function of the coordinate along the wall. Very
fequently, the Reynolds number based on the sim-
ple distance from the leading edge Re, = £eUe®
was employed in the BL-theory.In the BL-stability
considerations,the Reynolds number based on one
of the thicknesses d, d; or d2 has been in frequent
use. The summary of the Reynolds numbers is
given below.

‘D'
 Rerso = &~
° R — QG‘D'

Ep* = u*

e Re, = e‘f]“
e

e Res = e‘Zeé

peUed
Re;, = ‘u: !

PeUed:
Re;, = e 2

— poaolo
Reo Ho

The last Reynolds number is based on the stagna-
tion properties and was used to nondimensional-
ize the governing equations. It ensures the correct

Rerso or Rep~ for an orbitrary grid size.

4.3 Transition

Several methods for the determination of the
location of transition can be found in the litera-
ture. In the present work, it was decided to select
an approach that was simple yet gave results that
were in reasonable agreement with the experimen-
tal results as well as general experience. It has
been observed experimentally that the location of
the transition depends on the free stream turbu-
lence level outside the boundary layer as well as
on some local boundary layer parameters that can
be correlated to the Tollmien-Schlichting stability
theory. Consequently, most of the transition the-
ories attempt to find a critical Reynolds number
(mostly Res, crit based on the displacement thick-
ness) that is a function of the free stream turbu-
lence intensity T'u given in percent and one of the
shape factors. It is then assumed that when the
local Reynolds number Res, exceeds the critical
Reynolds number Reg, ;¢ the transition occures.

One of the simplest methods of finding the criti-
cal Reynolds number is offered by Schlichting [22].
He gives a graphical corellation between the criti-
cal Reynolds number Re; . and the shape factor
A. This relation has been put into an analytical
form Rej it = F(A) by using a general relaxation
method. However,although the shape factor is de-
fined between +12 for highly accelerated flows and
-12 for separation due to adverse pressure gradient,
the range of A given in [22] does not exceed +6.
The shape factor A is subject to fairly strong fluc-
tuations due to the problems discussed above, eas-
illy reaching the maximum value of +12, making
the determination of Res iy impossible. Clearly,
this method was not well suited for the present
problem.

Another approach,tailored specifically to internal
turbomachinery problems, has been introduced by
Mayle and Schulz [23]. Without going into the de-
tails of their derivations, the resulting relationship
for the critical Reynolds number can be formulated
as

Reg, erit = 400 - (Tu) ™% (7)

This approach worked better, since the momentum
thickness d2 experiences much smaller oscillations
than the boundary layer thickness 4. Besides, in
contrast to the formulation given in [22], it de-
pends on the turbulence intensity T'u. It is, how-
ever, independent of the local conditions, such as
the pressure gradient or shape factor. The result-
ing critical Reynolds number is therefore constant
along the wall and its value is too high.

The method that worked the best in the present
case was developed by Abu-Ghannam and Shaw
[24]. Here, the critical Reynolds number is corre-
lated to both, Tu and the shape factor K through
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Figure 6: Critical Reynolds numbers compared
to the local Reg,.

an empirical function F(K):

Res, crit = 163 + exp (F(K) — (%Sgﬁllm))

F(K) = 6.91 + 12.75 -K +63.64 - K? ; forK <0
F(K) = 6.91 + 2.48 -K —12.27- K2 ; forK >0

Although the calculated critical Reynolds number
was showing some oscillations, these were much
weaker that in the case of the Schlichting method.
More significantly, the resulting location of the
transition agreed qualitatively with the experimen-
tal investigations.

V. RESULTS

All three methods of predicting the existance
and location of the transition have been applied
to the two flow cases discussed above. These
were interesting in regards to the transition phe-
nomenon, since the case of the lower Reynolds
number Rerso = 8.75 - 10° is just at the lower
range of the transitional Reynolds numbers, with
the transition possibly located downstream of the
throat due to the smooth walls of the nozzle.
On the other hand, the second case at Rejsp =
4.15-10% is well in the turbulent region and should
indicate early transition well ahead of the throat.
In both computations, the turbulence intensity in
the inflow was assumed to be Tu = 4%.

The two more useful critical Reynolds numbers,
Reg, erit,m due to [23] and Regmc,-,‘g, ABgs according
to Abu-Ghannam and Shaw are compared to the
local Reynolds number based on the momentum
thickness Re;, in Fig. 6 for the case of Rerso =

Critical Reynolds Numbers
Re =4 000 000

1000 |-

Re-numbers

~— local Re_d2
—~ critical Re M
—~— gritical Re AGS

_ . : | |
0 0.5 1 1.5 2 2.5
distance s/D along the wall

Figure 7: Critical Reynolds numbers compared
to the local Res,.

8.75 - 10°.  The local Reynolds number follows
closely the trend set by the displacement thickness
shown in Fig. 5 for the same Rejgp. Considering
the Abu-Ghannam-Shaw Res, crit, aps, the transi-
tion will occure at approximately 55 = 4.25, being
well downstream of the throat. The flow rate will
be given by the laminar relationship in equation
(1). The Res, crit,p fails to predict any transition.

The same plot is shown in Fig. 7 for the higher
Reynolds number Rejgo = 4.15- 10, In the case
of the higher Reynolds number, the flow separates
earlier, at approximately 7 = 2.75. More impor-
tantly, however, the critical Reynolds number be-
comes smaller than the local Reynolds number well
ahead of the throat, at about = = 0.55. Clearly,
the flow in the throat will be turbulent, and con-
sequently the C'p-coefficient will be obtained from
equation (1) with a = —0.2.

VI. CONCLUSIONS

In the present work, the suspected transition
of the boundary layer from laminar to turbulent
has been investigated. To this end, the flow field
in a Venturi nozzle shaped according to the ISO-
standard 9300 has been simulated. Eﬁ;er the con-
verged results were obtained, the possibility of
transition was investigated using three transional
models. Only one of them, the Abu-Ghannam-
Shaw approach, worked properly and predicted the
correct trend observed experimentally. At flow
conditions corresponding to Rejso = 8.75 10°,
the transition was determined to be well down-
stream of the throat, not effecting the flow rate.
On the other hand, at the higher reynolds number
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of Rerso = 4.15- 108, the transition was predicted
to be in the intake part of the nozzle, influencing
the flow rate as expected.

In the next future, the Abu-Ghannam-Shaw ap-
proach will be applied to real gase flows in nozzles
under high pressure metering natural gas.
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