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Abstract: ISO toroidal-throat nozzle with a divergent influence of divergent section on discharge coigffit of
section differs from the nozzle used for the théoaé 1SO toroidal-throat sonic nozzles. Although Stredfthought
research of Hall & Geropp and is highly likely tfiemt the  that the effect of boundary layer on the positibthe throat
flow field and discharge coefficient. In this papahe could be negligible which meant the discharge dciefit
influence of ISO-type conical divergent sectiondischarge would not be affected [5]. And, Masahiro Ishibaalgo put
coefficient was analyzed basing on inviscid traisdlow ~ forward the difference in the conical diffuser dfet SO
model and laminar boundary layer respectively. Twatoroidal-throat nozzle would not affect the disgar
coordinate systems namely cylindrical coordinatesd a coefficient at all [4]. However, C. H. Li [14] ant H. Kim
curvilinear coordinate were applied to researchwublecity  [15] respectively presented that influence of diffiu angle
distribution of core flow and calculate displacemen on discharge coefficient was remarkable when theicso
thickness. The results indicated the influence ofhical nozzle diameter is less than 1mm at the atmospheric
divergent section decreases with increasing otigéff angle condition, except that the reasons and whole fackdny the
and Reynolds number, while increases with divergention  divergent section can influence discharge coefiicieere
length increasing. It meant that the discharge faoesfit is  not found, and different inlet conditions and léngbf
significant influence by diffuser angle and divargsection divergent sectioh’ had not been considered as well.

length when the Reynolds number decreases to airtert The key of the issue is Gerrop [2] and Ishibashi [4
value. The sonic nozzle which is miniaturized oplaggl to  proposed that the boundary layer does not influ¢heeeal
low Reynolds number flow should be carefully desigin throat position which means core velocity of visitv is in

) _ . _ accordance with non-one-dimensional inviscid flow.
Key\_/vords: sonic nozzles; discharge coefficient; divergentyswever because the divergent section of ISO natiffiers
section; laminar boundary layer; Reynolds numb&9O | 4y that of Hall-Gerrop nozzle, this conclusionymet be
9300 valid for ISO nozzles. In this paper, a theoretiegblanation
for the effect of divergent section was obtained.

1 Introduction

. o 2 Theoretical discharge coefficient
A lot of studies have been made to investigate the
relationship between discharge coefficient of somizzle The research of, is divided into three parts [16],

and Reynolds number by experimental measurementelés iscous region, namely viscous discharge coefficiEm

as theoretical c_:alculation_s. The d_ischarge_coefﬂit:iof &  affected by viscous effects of boundary layer. Ctosv
circular-arc sonic nozzle is theore'qcally derived Hall [;] region, namely inviscid discharge coefficie®y, influenced
and Geropp [2]. The nozzle studied by Hall & Gerapp ' non-one-dimensional flow (namely geometry). Adiri
called “Hall-Geropp” nozzle in this paper. The majo gischarge coefficien€q influenced by physical properties.
difference between ISO toroidal-throat nozzle andtpe influence of Cys is negligible when gas is ideal

Hall-Geropp nozzle is that the former has an ISRty gnnroximately [16]. Thus, discharge coefficient che
conical divergent section which is likely to affetie flow expressed by, [14]

field and discharge coefficient.

The research of Hall-Geropp nozzle mainly focused o C,=C,[T, :(kij[a (1)
theoretical study. Hall [1] and Kliegel [3] obtaihethe JRe
approximate solutions for the inviscid non-one-disienal Where, Cy, equals to parameter which is influenced

flow. Geropp [2] obtained analytical solutions fbe laminar by geometry. b, is undoubtedly influenced byRe and

boundary layer of one dimensional flow. The reseaesults geometry factors. According to previous studiesg th

of Hall and Geropp were integrated by Ishibashi. [4] discharge coefficient can be commonly describedgusivo

Stratford [5] divided the flow field of sonic noed into two  constants as

regions, non-one-dimensional core flow and the dauwn b

layer region including laminar and turbulent lafi@ther. Cy = a_ﬁ @)
On the other hand, the research of ISO toroidalathr Where, b = arh . According to Hall’s equation, [1]

nozzle mainly focused on the experimental and nigaker ' 0. 9 q '

simulation [6]-[13]. Most of the research did naihcern the
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In this paper, the radius of curvatiRes always #. For
air, k=1.4, C4,=0.99859. According to theory of Geropp, [2]
the discharge coefficiefily; can be written as

2
Ca = (1—2T51J = 1—% =1- \/bI;_e =1-
1 )
L[K_*-lj%%-l) (3\/5 - 2\/_3+K__1j
ReOm\ 2 NE

Where, parametan defined by Geropp is determined by the
nozzle geometry [2]. Masahiro Ishibashi [4] putard that,
due to the non-one-dimensional flow, Hall’'s equatihould
be applied as the core velocity field to calculate
In order to analyze the effect of divergent section
discharge coefficient for any gas composition artd
different operating conditions, the important dirsienless
parameters are determined by normalizing the gavgrn
gas dynamic equations [17]-[19]. The function cfatiarge
coefficient is given by the following dimensionless
parameters [16],

Re,x,1° \°, Pr,2,¢ BT
C=H .
T../T , geometry

Where, A is the heat conductivity coefficient8T is
coefficient of volumetric expansion. In this papie effect
of roughness is not considered. The gas is coresider be a
perfect ideal air and the nozzle wall is adiabafibus, the
function can be simplified to
C, = f,(Re geometr (6)

C. H. Li [14] and J. H. Kim [15] found that the
influence of diffuser angle on the flow of soniczate with
small diameter cannot be neglected, namely theiist ex
differences in velocity distribution of ISO toroietiroat
nozzle and Hall's equation. Thus, parametesind discharge
coefficient change correspondingly. Neverthelessfunther
research for the influence of divergent sectionvetocity
field and discharge coefficient is conducted yet.
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Fig. 1 Sonic nozzles configuration and two typesawrdinates

a

To research the influence of divergent sectionthis
paper, a laminar boundary layer model combined with
non-one-dimensional core flow for the axially-syniriee

nozzle was presented. As is shown in

Fig. 1, two coordinates namely cylindrical coordinates
(r, ¢, X) and curvilinear coordinate,(y, ¢) were applied to
analyze the velocity distribution of core flow andlculate
displacement thickness of ISO toroidal-throat nezathere
X andr are axial and radial of nozzle respectivedy. is
rotation anglex andy are wall surfaces and surface normal,
respectively. In addition, the back pressure raticst be low
enough to achieve the critical flow at throat smttiand
avoid shock at divergent section of nozzle [20]}[22

3 Inviscid transonic flow in 1ISO toroidal-
throat nozzle

Firstly, for the inviscid critical flow, the effecbf
divergent section on flow field, especial on floate of ISO
toroidal-throat nozzle was studied. The steadytational
compressible axisymmetri€uler equations described by Eq.
(7) are established inr,( ¢, X) coordinate system. The
velocity in directiong is 0.

ov ov. vy, Cvy _
(%) ox ~2wu g+ (- )G+ =0
ov, _ 0V,
—_r=_2x 7
oxX or (7)
c=g-U (g y)

Where, speed of soulgl=,/(k+1)/2[t, and c'is the

critical speed of sound.

For I1SO toroidal-throat nozzle, the toroidal suefac
before divergent section is the same with Hall-@prnozzle
while the divergent section is conical which ideti&ént from
Hall-Gerrop nozzle half-height h can be gained by the
equation below,

2 4
9+L +L+O
_]2 2R S8R

%+ R(1-cosf)+( X~ Rsid) ta® X> RIsifl

(x“), X < R3ing

h 8)

Therefore, the wall boundary conditions of velo@an
be described by
2
1 +x_ + O

2R
tand, X > R(king

Since the first and second derivativewfat I1SO-type
conical divergent section is 0, velocity solutiosignilar
with Hall which converts the velocity into the imge
powers ofR cannot be obtained. Thus, analytic solution of
axial and radial velocity is unavailable. In thiaper, the
velocity distribution can be gained by using disere
numerical method.

Fig. 2 shows the velocity distribution at throatiwD®,

dh _ v,

dh (x3), X< R3ing
dX 1+v

(9)
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1°, 2.5°, 6° and 10° diffuser angles. The velosit throat
are unchanged with the variation of diffuser angles
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Fig. 2 Velocity at throat with different diffusengles
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Fig. 3 Velocity distributions with different diffes angles and divergent

section length

Fig. 3 a) shows the velocity distribution of dikert
positionsX with 0° and 10° diffuser angles. Fig. 3 b) shows
the velocity distributions at different position$’£X-Rsiné)
with the same diffuser angle 2.5° but different edgent
section length&’. As are shown in the figures, the velocities
at throat and convergent section stay unchangedh wit
variations of divergent section (including diffusangle 6
and divergent section length’), while the velocity at
divergent section depends on diffuser angle.

When the flow is inviscid, the divergent sectionIO
toroidal-throat nozzle does not influence the flalead of
the throat, which means the flow-rate is not a#dct
However, due to the viscousity of the real gas,becity
near wall of non-one-dimensional flow is influencey the
divergent section which undoubtedly will affect theundary
layer thickness [2]. The conclusion 'the real thrpasition
are not influenced by the boundary layer and thee co
velocity distribution has no difference with non-
one-dimensional inviscid flow' presented by Gerrapd
Ishibashi probably are not tenable.
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Fig. 4 Velocities at the nozzle wall with differetiffuser angles under
critical condition

When the boundary layer thickness continues
increase behind the throat which leads to the edgiv flow
area behind the throat is less than the equivélientarea of
the throat, the real equipotential surface of vigyois bound
to move towards the exit of nozzle to ensure ithea sonic
speed at the minimum cross-section. Theoreticalysisa
will be carried out in the following chapter to ifgrthe
correctness of this assumption. As is shown in Bigthe
non-one-dimensional inviscid dimensionless velocity
distribution A at the nozzle wall normalized bg* with
different diffuser angles is given in order to amal the
influence of divergent section on real gas later.

to

4 Viscid transonic flow with laminar boun-
dary layer

To analyze the boundary layer distribution of the
surface and keep the same form with Prandtl boyndar

equations, curvilinear coordinate systeqwy( @) in
Fig. 1 is applied. It is assumed that velocity in rotatio
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angleg is 0, andu andv are velocities irx andy direction.
Thus, the axisymmetric laminar boundary layer eiguat

can be simplified as
fuU,,2u)_ _dp, 0 ou
ox oy dx 0 oy
0
rou)+—(rov)=0
S 1) o)
oo

Lo _ ,dp, o (Aah au’

S p—F—| —— |+ | —

0x ay dx oy gay 2y,
p=RpT

With Howarth-type coordinate transformation [2]eth
velocity of boundary layer after coordinate tramsfation
can be written as

d

ox
oh

A
dA X
2k-1 2 :Em (11)
As/]z(l_K_l/]ZjKl I
K+1 [

Where, A is dimensionless velocity at initial positiox=Q).

L=NT?/(w%a)+/(k+1)/2 is the feature size of nozzle.

SinceN; is arbitray,L can be the nozzle throat namélyd.

4.1 One-dimensional core flow

of r with respect to the wall curvilinear coordinatean be
written as below
(r/ru)

d(r/r,) _d dA
d(¥t) d1 d(xy

With the relation of the swirl radiusand dimensionless

velocity A in Eq. (12),
3
1772
K=1r., |t
— (2 1)} ] O

a(1/r,) 1{ -
dA 2

= 2sin(6) (16)

17)
-1/ ’%1 2 -1, %
{[MZ(A -1)} ) {1—%0 -J)} }
Using Eq. (13), gives
dA  _ K1Y _k-1 ak
d(x/L)_m( 2 j (1 K+1/] j A (18)

Substitute Eq. (17) and Eg. (18) into Eq. (16), the
parameterm of ISO toroidal-throat nozzle at divergent
section can be described by

+ ] } (19)

According to the equations of one-dimensional flow,4.2 Non-one-dimensional core flow

under critical conditions, the following equatioar fcross
profile of nozzle can be obtained.

(] o i)

Substituting (12) into (11), the velocity distriban of
axisymmetric swirl nozzle is as follows

(12)

1
K+1\1 7 dA X
[ 5 J j 5 ;=om (13)
kﬁ@—Kﬁq
K+1

According to Geropp study, the displacement thiskne
of boundary layer for one-dimensional flow is
K- 1/]2

2-203s 7KL
V3K

kK+1

1

1 1 Taew
JRerImA? [1—"—1;12}2( )
K+1

Thus, when the flow at throat is critical,
displacement thickness of nozzle is as follow,

e SRS

So the discharge coefficie@y; is as shown in Eq.(4).
According the analysis in this paper as well as aha®s
Ishibashi [4] parameterm changes with different nozzle
structures. Parameten of ISO toroidal-throat nozzle before
the divergent section is the same as that of Halie@p
nozzle. While for ISO-type divergent section, trexidative

(14)

— |

(15)

the

Eqg. (19) is obtained under one-dimensional flowlgvhi
the real flow is non-one-dimensional. Thus, velpcit
distribution for non-one-dimensional inviscid flastiould be
applied for calculatingn. Eq. (12) about the relation of
and A at the nozzle wall is for one-dimensional flow aini
cannot be used further. So, thigation for Hall-Geropp
nozzle can be obtained directly by Hall's equatiile for
ISO toroidal-throat nozzle, this relation for digent section
must be obtained through numerical simulation ashimwn
in Fig. 4. Meantime, the first derivative of(x/L) are
calculated by the original Eq. (11) instead of Ki3).
Therefore, Eq. (18) become

2k-1

e W(P—E”JTﬁT

Substituting in Eq. (16) using Eq. (20), parameteor
ISO-type divergent section can be written
d(r/r,)

2sin(8)
/12[1—
dA

2k-1 2
/]zj k-1 (r)
r‘nt
Fig. 5 shows the value of with velocity filed of inviscid
flow for ISO toroidal-throat nozzle. The diffusengles are
including 1°, 2.5°, 6° and 10°. According to Fig, the
velocity gradient at the nozzle wall for 1ISO-typweatgent
section significantly less than that before divetggection.
Therefore, the value o for divergent section drops
significantly, which means that the boundary layeight
become sufficiently thicker that the effective floavea of
divergent section is smaller than that of throat.

(20)

m=

(21)
k-1
K+1
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357 coincides with the minimum cross profile, which M#ad to
the decrease of discharge coefficient definitelyttirer, the
smaller the diffuser angle is, the bigger the ¢ffaentioned
above is and the smaller the discharge coefficientThe
shorter the divergent section length is, the sm#Beeffect is
and the bigger the discharge coefficient is. In itaid,
according to Eq. (22), the result that the largeymlds
number is, the smaller its effect is can be obthine

058 —=— (¥0)/d--10° —— wall-10°
1 (r-0)ld--6° - - - -wall-6°

(¥-0)ld--2.5° ——-— wall-2.5°
(
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Fig. 5mwith velocity filed of inviscid flow for ISO toralal-throat nozzle

5 The effect of divergent section on flow § ose i e
. . . . 044+ P _
flied and discharge coefficient e ] R Re;,=2000
Proceeding as in section 4.1, thickness of bounidaeyr 7 Y
can be obtained by the equation below U A
1 k=1, X/d
[Lﬂ) AV 57 2\/—3+£L Fig. 6 The displacement thickness of the boundary lay# vélocity
2 V3 1_K7_1A2 22) filed of inviscid flow for ISO nozzle with differérdiffuser angles
e K+1
L . .
R [éLJ[él_L‘l AZ]M 6 Conclusion
[ K+1

Where, the value ah can be calculated by Eq. (21). When The influence of divergent section on discharge
the flow at throat is critical, the form of discharcoefficient  coefficient of ISO toroidal-throat nozzle was arzalg with
Cq is in accordance with Eq. (4), except the valuenak  inviscid transonic flow model and laminar bounddayer
different. If using Hall's equation, at throatn=2.2272. respectively. According to theoretical analysisg theal
According to Eq. (4) b;=3.3982 b=3.3934, which is Vvelocity field is bound to move backwards whichlueld to
basically in accordance with the discharge coeffiti the decrease of discharge coefficient definitelyd ahe
equation for 1SO accurate machined toroidal-throaminimum effective area of the flow will be behirtaetthroat
(b=3.412). due to the effect of boundary layer thickness. Tifleience

The thickness of boundary layer with velocity filefl — of divergent section on flow field and dischargesfticient
inviscid flow for I1SO toroidal-throat nozzle couldbe  Of ISO toroidal-throat nozzle can be concludedeiew.

calculated by using Fig. 5 and Eq. (22). Additidyasince Flow field:
the thickness of boundary layer is algndirection of wallin 1. With the decrease of diffuser angor the increase of
curvilinear coordinate system, so the angular ietashould divergent section length’, the velocity field and the
be taken into consideration when the real thickness equivalent throat position moves towards the exit.
calculated. Namely, 2. The thickness of boundary layer is in inverse refat
E—y i with square root of pressure or Reynolds nunfitet
i: 1-(X/R)", X< Ring (23) Discharge coefficient:
9, Cos(H) , X > R[kirg 1. Discharge coefficient decreases with the drop fifisier
angled.

Where, &, is the equivalent boundary layer thicknessrin
direction.

Fig. 6 shows the displacement thickness of th
boundary layer with velocity filed of inviscid flovior 1SO
toroidal-throat nozzle with different diffuser aegl Due to
the boundary layer effect, the real minimum flowais not
at the throat. The minimum area will decrease it drop
of diffuser angle and move towards the exit of hezBased
on the gas dynamics, critical condition will appeaarthe
minimum area of nozzle, while in Fig. 6 the minimanea is
not at nozzle throat, which is contradictory withet Acknowledgement
assumption above. Thus, compared with velocitydfitef
non-one- dimensional inviscid flow, the real vetgdield is This work is supported by National Natural Science
bound to move backwards and the final velocity dfiel Foundation of China under Grant 61072101 and Prodoa

2. Discharge coefficient decreases with the rise of
divergent section length’.

Discharge coefficient increases with the rise ofritdds

numberRe,.

It means that the sonic nozzle which is miniatutine
working at low Reynolds number flow should be callgf
designed with respect to the diffuser angland divergent
section length.’.
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