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PRIOR INFORMATION IN PRODUCT-RATIO MEASUREMENTS

V. Tuninsky', W. Wéger ?
! Mendeleev Institute for Metrology, St.Petersburg, Russia
2 Physikalish-Technische Bundesanstalt, Braunschweig, Germany

Abstract: In this paper we consider direct repeated measurements of a quantity

R that is defined by the product P *®." ("N, =*1) of m other quantities.

Bayes theorem is applied to obtain posterior estimates of R and P (a =1,...n)
based on the measurements of R and prior information (estimates, associated

uncertainties) about Pa. The paper extends a previous result [1] applicable to a
calibration chain with only two elements to chains with arbitrary number of elements.
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1 INTRODUCTION

By using Bayes theorem it is possible to incorporate into the final evaluation of a quantity not
only the actual measured values but also information ( usually in form of an estimate and associated
uncertainty) about the quantity obtained from other sources prior to measurement. In a previous
paper [1] an approach was developed to estimate a ratio of two quantities as well as the two quantities
in the ratio. The estimation is based on direct measurements of the ratio and prior information about
the two quantities. In the present paper this approach is applied to the more general case of a
product of more than two quantities. The product may contain ratios. Repeated direct measurements
of the product

R = P1”1>.<..>Pr:”(n1,...,nm —il) (1)
yield measured values

Ry,....Rp. (2
It is supposed that prior estimates

Poa (1% Uy (Poa)) 3)
are available for the quantities

Pi.iPr (4)
The values (2) are supposed to be measured with the same relative uncertainties

l'Irel( RI) = Urel - (5)
Also, the values (2) are supposed to be independent.

One can easily see that model (1) includes the case when the values (2) are obtained in
measurements of ratio

R = N/D. (6)
This particular case, which has been considered in paper [1], corresponds, for example, to the
following parameters

n =+Ln,=-1,n,=..=n_=0. (7)
A linearization of the general task (1) will be performed (Section 2) to obtain the relative quantities and
the Bayes theorem will be applied to the relative quantities (Section 3). As in the previous paper [1] the
distributions in the following will be supposed to be Gaussian (see, also [2]).

2 LINEARIZATION OF THE TASK
The linearization of (1) around the prior values P,7 suggests the introduction of the relative

guantities

Pa = Pa_/ Poa - 1, r=R/ (Pol'""Pom) -1 (8)
as well as the new variables qrj = ng py with the result

r=op+..+0qnm 9)
instead of relation (1). The linearization leads also to relative measured values

=R/ (Poreo-Pom)- Loeoey i =Ry (Popevo'Pom) - 1 (20)

instead of the absolute measured values (2) as well as to relative prior estimates calculated according
to (8)
Goa O Na Py (P, =Py ) % Uy (Poa) =0 % U (Poa) (11)
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instead of the absolute prior estimates (3).

Thus, we have prior information in the form of relative estimates and associated uncertainties (11)
and measurement results which can be presented in the following analogous form

M * Urels+-+sIn x Urel - (12)
To combine (11) and (12) the Bayes theorem will be applied.

3 APPLICATION OF BAYES THEOREM
The prior distribution function of the quantity gy is given by expression

fo(0,) =expl - q° 72521/ \[2psé, (13)

where Soa = Ut (Poa) -
We further assume the likelihood

fl_(l’l,... ,I’n) = eng- é(rI - r)z /zszybnpns 2n 14

where S =u, (R).
According to Bayes theorem the posterior distribution function for q; , , q, is given by the
expression

f(n o n) ()% ()
0. Qua,..dg, f, (r,...r,) f,(q,)%%, (q,) (15)

From (13) and (14) the normal law follows for the posterior distribution of quantities g, g, and for the
prior distribution of sample ry _ r,.

To find the explicit form of the distribution (15) we will follow to the scheme developed in [3]. This
scheme is based on consideration of the two representations of the joint distribution of the quantities q;

. ,»0mand the sampler; r,

.....

fpost (ql""’q ) =

fea,,....q,.r,...r,)=f (rj.....t,B,,....q ) F (a )% X (q,.) =
fpost (9,00 b r ) fo(r, ).

Straightforward calculation according to this scheme gives the postenor function in the form

1 e 1

Foo (G50, 0,) @ f () = expg 5 (a- a)' vig- q)g

ep)"NMI” (16)
with the vectors
- T G=(q-Gy)]
4=, 0p) Gor-eerll) (17)
Here the vector q contains the expectations qa which are given by the expression
R r/(S /n+ab1al Ob) (18)
da = 2
: 1/Soa+]/(s /n+ab1asozb)
where
r=(r, + .. +r)n. (19)

The expression (18) can be interpreted as a weighted mean of the two values one of which is zero

2
prior estimate (11) with the weight equal to 1/S0a and the other is the combination

r-adgq, °F-0=7 (20)
bta
, : S?/n+ a .. S
with the weight 1 / ( bta ). It is clear from (18) that the value (20) plays the role of a

measured value of 9a , which is to be weighted with the prior value (11) within the Bayesian approach.

The elements Vab of the covariance matrix V for the posterior distribution (16) are
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Vo, =082 -S25S5 AS? /n+asog] (21)
g=1
From (21) the variance associated with the posterior estimate (18) is

Via =S5 -SL /IS* /n+ asog] (22)
The expression (22) can be also transformed to the form
v = 1
- O
® afst +1f(s* /m+aAsl)
bta

23
which co(rre)sponds to the presentation (18) of the posterior estimate as the weighted mean.
The prior distribution of the sample
r=(r,..,r)"
has the same form as given in [1]

f(r - a:"irTB'lrg 24
(M) = (zp)na Bilz Eng' 5 b’ (24)

however the covariance matrix B includes m variances
—_ 2 2 2
B=s’I+(2+.4s’)P . (25)

Here | is (M m)-unit matrix and P is “unit systematic* matrix

% ... 10
p=% . i (26)

AT

According to (9) the a posteriori estimate f of r can be obtained from (18) by simple

summation.
The verification of the above expressions can be performed by straightforward calculation. For

example, the exponent of the product fPOSt (@@ F 1) £ (0T when multiplied by “-2”
gives

s = @ OV @ @]+ e =

‘ .. w Ag g
& nrs;, O nrs hati - 2 4 gk
ea g, - E@ab /Soza+n/82gb-—2 b 5488 ik TGP 9y
&b s” +nq S*+nq g
where
8 2
q=as, - (28)
a
Then, further transformation gives
.2 Y
nfrsz, 0 1 n & & nrsZ, O 252
aga_ oa - 2 +_28a8qa_ . oa i —ér_z- n°r-q
Jign = ° S'+nq oS, S é& S"+nd@g , s*7 " s’(s’+nq)
I .
and

q; 2nfr n’r’q nr? 2n’rrq

- + + -
2 2 2 2 2 2 2
sz s’+ng (s°+nQg)’> s’ s’(s’+nQ)

a

‘]right =
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n3r—2q 2

+ia n’r?q
SZ(SZ +nq)2 SZ

2 2

19 2nfr nr 8 q,
_Za ri2 - 2 + 2 +a 2 +
= s S’ aaSi
_€2n 2n 2n’q u
rrg—- - 0+
&' s’+nq s’(s+nq)
an n3q2 an

ceNC

é
Fzé 2 2+ 2 2 2- 2 2
&s® +nq)" s*(s’*nq)’ s*(s® +nq)

Taking into account that the exponent of the product fi(T-if By n@y) fo(a,) %28 (a,)

multiplied by “-2”. is
1 4 nr’ 8 g’
_za ri2 - Tt T a ?
i=1 S S a=1554 (29)

2nrr

Jiet =

and the coefficients in the square brackets for rr and Fare equal to zero, we have
Jiett = Jright -

Thus, the equality of the exponents is valid. The equality of the prefactors can be similarly verified.

4 CONCLUSION

Expressions (18) constitute a generalization of the corresponding solution in [1] where there were
only two terms. Similarly, the covariances given by (21) were calculated in [3] for a ratio of two
quantities. The two expressions for the covariances have opposite sign since in the present paper the
resulting relative quantity (9) is presented in form of a sum while the paper [3] dealt with a difference of
two relative quantities corresponding to the numerator and the denominator.

Application of the obtained expressions to the description of a calibration process is similar to that
given in [3] exept that here an arbitrary number of elements (resistors, etc.) can be involved in the
calibration chain.
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