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Abstract: A model-based approach, used to estimate object parameters from grey-
level images, is described. Position and orientation of a cube are estimated from
mono- and stereo-images. The Digital Elevation Map (DEM) of a wedge is computed
from an animated sequence of 2 successive images acquired by a moving camera.
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1 INTRODUCTION
Computer Vision (CV) [5] is "the science that develops the theoretical and algorithmic basis by

which useful information about the world can be automatically extracted and analysed from an ob-
served image, image set, or image sequence from computations made by special-purpose or general-
purpose computers. Such information can be related to the recognition of a generic object, the three-
dimensional description of an unknown object, the position and orientation of the observed object, or
the measurement of any spatial property of an object, such as the distance between two of its distin-
guished points or the diameter of a circular section." Much progress has been made in this area since
the 60's, which is the period the interest of scientists [4,11] for this area has been increased rapidly.

Virtual Reality (VR) is the inverse trajectory of CV, com-
prising the generation of 'realistic' images of 'virtual' scenes.
Figure 1 shows an example of a 256x256 grey-level image
generated by PARSCENE1. The ocular point spread function
(psf) is a δ-function. Many programs for animation and ren-
dering are already available for Windows, Mac OS and many
other platforms. Most of these programs for computer ani-
mation are used for fun, but the use of VR, e.g. in scientific
visualisation, is an upcoming application [9]. Serious re-
search on modelling of virtual actors, including their dynam-
ics to make them moving through a virtual world as realistic
as possible, is being done at the Computer Graphics Lab
(LIG) [13]. The dynamics are of great importance when im-
age sequences are used to reconstruct the observed world.

The synergy of CV and VR opens the possibility to im-
prove the modelled world by comparing the observed world
and the modelled world by their respective images. This can
be done by human interaction, or automatically, as is in
some sense the subject of this paper. In this work the simultaneous estimation of parameters of 3D-
objects from grey level images using a model-based approach is presented.

2 IMAGED-BASED MEASUREMENT
Images ([1], [5]) are spatial representations of a 2-or 3-dimensional scene containing objects. In

computer vision we usually deal with digital images, represented by m-vector discrete valued image
functions f(x). Usually, m=1, and the domain and range of f(x) are discrete. The domain of f is finite,
usually a rectangle, and the range of f is positive and bounded: 0≤f(x)<N, with N some integer. For bi-
nary images N=1, while for grey-level images N=255 is quite usual. The domain is determined by the
sampling rate. Usual values for the size of the rectangle are 512, 256, etc.

The motivation to choose for using grey-level images instead of binary images as the measure-
ments is determined by 4 points of consideration:

                                                          
1 PARSCENE is a software product developed by the Laboratory for Measurement and Instrumentation

Figure 1.  VR image of simple objects
illuminated by 2 point sources
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1. Images contain information about geometric and ra-
diometric parameters of 3D-objects. So the use of im-
ages is expected to allow the simultaneous measure-
ment of quantities from at least 2 different physical
domains.

2. The use of grey-level images is inspired by the idea to
use all the information from the image(s), instead of
throwing away most of the grey-level information,
which is being done in 'early processing' [1] to recover
intrinsic structure [2]. Every image element contains
information about the quantities to be estimated. The
suppression of the noise will take advantage of many observations. The variance of the noise will
decrease under certain conditions inversely with n, the number of the observations.

3. The use of all the pixels allows geometric parameters determined at sub-pixel accuracy.
4. The noise occurring in grey-level images acquired by video cameras, although caused by different

kinds of mechanisms, can be modelled approximately by Gaussian noise.
On the other hand, the choice for grey-level images, is in

some sense also a restriction. We could have used colour
images, which are usually of lower spatial resolution, but
which can be of interest for estimating radiometric parame-
ters. We leave this as a point for further research.

The higher complexity of the modelling is a disadvan-
tage. Errors in the structural descriptions of the scene or the
image formation process will cause errors in the estimated
parameters.

3 MODEL-BASED PARAMETER ESTIMATION
The grey-levels of the pixels are not directly related to the

geometric quantities that we want to know. As a conse-
quence a model will be required to reconstruct the informa-
tion about geometric parameters like length, position, etc. A
model-based approach also opens the use of the approach
for more types of applications such as those mentioned in
section 4.

A problem encountered in computer vision problems is
the occlusion (figure 2) problem. The model-based approach
is able to cope in a 'natural' way with this problem, as long as
the information available in the images guarantees the 'observability' of the geometric and/or radiomet-
ric parameters. The clue to cope with the occlusion problem is to use 3D-models to describe the
scene, and to use a (non-linear) measurement function that models the image formation and acquisi-
tion system. Occlusion should be interpreted in its most extensive sense. It comprises self-occlusion
as well as occlusion by other objects (figure 2). The model-based approach uses geometric and ra-

diometric models to describe the objects, in-
cluding the light sources and cameras consti-
tuting the scene. Figure 3 and 4 show exam-
ples of stereo images of a scene consisting of
a single cube. The size of the ROI2 is 64x64
and 256x256 respectively. The modelling of
the dynamics of objects in the scene, e.g. a
robot moving around or a camera mounted in
an aeroplane observing the earth, is not part of
the work described. This point is planned as
part of further research.

3.1 Non-linear parameter estimation
For a set of geo- and radiometric parameters a, the physical imaging process, indicated in figure 5

as the measurement process, produces a set of images (e.g. the set in figure 3). The image pixel grey

                                                          
2 Region Of Interest

Figure 5.  Iterative estimation of model parameters
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Figure 3.  Noisy reference image pair
(64x64 pixels) of a cube with σn=10

Figure 4.  Noisy reference image pair
(256x256 pixels) of a cube with σn=10

Figure 2.  Noisy reference image pair
(64x64) of an occluded cube for σn=10
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levels, which are put row by row in a vector z, constitute the set of measurements, which may be cor-
rupted by (additive) noise n0.

0)( nahz += (1)

The functional relation h(a), describing the image formation, is usually non-linear. In accordance
with Liebelt [8], the estimator in figure 5 determines iteratively the unknown parameters using a least
squares estimator. This estimator estimates the error

ii aaa ˆ−=δ (2)

still existing between the real parameters a and their estimate âi, available after the i-th iteration, by
using the difference

ii zzz ˆ−=δ (3)

between the measurements z and their prediction iẑ  obtained with âi from the model described by

iẑ =h(âI). This estimated error δâi is used to compute a new guess âi+1 using âI+1=âI + δâi. Under cer-

tain conditions, this process will converge to an optimal estimate of a. The measuring function h(a) is
approximated by a Taylor series expansion about âi. Using the first order approximation of h(a) and
joining the higher order terms and the observation noise in a general noise term n, yields:

naHz +δ=δ iii (4)

with Hi being the Jacobian of h(a) with respect to the parameters at âi. If there is no a priori information
about δâi, and assuming that n is (nearly) an equal-variance uncorrelated noise term, the correction
δâi can be computed from

i
T
ii

T
ii zHHHa δ=δ −1)(ˆ (5)

which is the least squares estimation of δai. If these conditions are not satisfied, the use of a linear
minimum variance unbiased estimator (see Liebelt [8]) should be considered.

3.2 Identifiability of the parameters
To be sure that the parameters can be estimated uniquely, the matrix HTH should be positive defi-

nite. This requires the determinant of HTH and all its sub-determinants to be > 0 (Beck [3]). This condi-
tion is called the 'identifiability condition'. If this condition is not satisfied, there will be no unique point
at which the expectation of the squared sum Q=E[(z−h(â))T(z−h(â))] has a minimum. This condition
yields under certain conditions the same solution as obtained when the Trace[Ce] is minimised. The
matrix Ce=E[eeT]) is the so-called error matrix, with the error defined as e = â-a = -äa (Houkes [6]).
The absence of a unique minimum might be caused by 'sensitivity coefficients' hij=∂hi/∂aj of the Jaco-
bian H being zero for at least one parameter, or by 'near dependency' of at least 2 columns of the Ja-
cobian H containing the sensitivity coefficients hij=∂hi/∂aj, within the range of the measurements. In the
first case the sensitivity coefficients for at least one parameter are zero, which is expressed in the re-
lation for the jth parameter:

02 =∑
i

ijh (6)

In the latter case we would like to check the 'degree of dependency' of the columns of the Jacobian H
regardless of the magnitude of the sensitivity of the measurements to an individual parameter. The
numerical computation of the sensitivity coefficients requires the variation of a parameter. The magni-
tude of this variation determines the magnitude of the sensitivity coefficients and consequently the ei-
genvalues. The sum of the eigenvalues equals the sum of the diagonal elements of the identifiability
matrix! To be able to check the dependency regardless of the magnitude of the sensitivity coefficients,
at first a scaled (Houkes [6]) parameter vector δâ'i is estimated. From the scaled set of parameters the
j-th element of the correction vector δâi is computed using

ji
j

j s
)'ˆ(

1
)ˆ( i aa δ=δ (7)

with sj the square root of the j th diagonal element of HTH. The sum of the eigenvalues of this matrix
equals the number of parameters. The identifiability condition mentioned before is satisfied when the
eigenvalues of the normalised matrix differ significantly from zero. When one of the eigenvalues
comes close to zero (e.g. <0.05), two or more of the columns of the Jacobian H containing the sensi-
tivity coefficients are nearly dependent. See [6] for a detailed discussion about the normalisation of
HTH and the eigenvalues.
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3.3 Stereo vision
A common problem in computer vision

is the extraction of depth parameters of an
object from single images. It is not possible
to estimate both its size and distance from
a single image. Combinations of these pa-
rameters don't provide a parsimonious
(Beck [3]) set of parameters. In terms of
identifiability, it means that size and depth
parameters can not be estimated uniquely,
because the columns of the Jacobian H
containing the sensitivity coefficients con-
cerning these parameters are (nearly) de-
pendent. An additional camera might solve
this problem. In the case of two cameras
observing the scene from different points of
view, as in stereo vision, two sets of meas-
urements can be used to estimate the
scene parameters. The measurement vector z is now composed of the two sets z1 and z2 of the indi-
vidual cameras. In the same way the prediction ẑ  is composed of the individual predictions 1ẑ  and 2ẑ
for both camera images.

);,( 21
TTT zzz =   )ˆ,ˆ(ˆ 21

TTT zzz = (8)

The eigenvalues of the normalised identifiability matrix for a binocular camera set-up are expected
to differ significantly from zero compared with those for a monocular set-up. This will realise the si-
multaneous estimation of depth and size parameters from sets of images.

The model-based approach, using grey-level images as the measurements in the described esti-
mator, has the advantage that it can use all the available measurements in the same straightforward
manner. The requirement is adequate modelling.

4 APPLICATIONS OF THE MODEL-BASED APPROACH
The model-based approach, as described before, opens the use for different kinds of applications:

1. parameter estimation of simple objects like a cube, a cylinder, etc., eventually extended to de-
formable objects composed of a set of solids or even to 3D-reconstruction;

2. alignment problems, e.g. occurring in remote sensing when 2 airborne images should be aligned;
3. motion estimation, using sequences of images for object reconstruction;
4. DEM-generation, e.g. by using a sequence of video images to determine terrain elevation;
5. camera-calibration;

The estimation of position and orientation of a cube is used
to demonstrate the approach depicted in figure 5. The iterative
model-based estimator, based on a least squares criterion, is
extended with a Gaussian filter. The stereo images of the fig-
ures 2, 3 and 4 are used as the input of the estimator. The re-
sults are discussed in the next section.

Figure 7 shows an animated picture of the set-up used for
experiments with images of a real scene. The (real) reference
images of size 256x256, shown in figure 8, are produced with
this set-up. The external parameters, comprising the position

(Ox,Oy,Oz) and the
orientation in Euler angles (Ex,Ey,Ez) of the co-ordinate
systems of the cube ({P}), the light source {S} and the
cameras {C} and {D}, are given in the experimental set-up
depicted in figure 6. The principal distance f for both cam-
eras is 12.5 mm. The internal parameters are based on the
parameters of the CCD-chip used (see [12] for the details).
The calibration has been carried out with the algorithm de-
scribed in [7].

The 2nd application concerns DEM-generation. To be
able to better illustrate the capabilities of the approach, a
wedge was modelled to generate the animated images with

Figure 7.  The set-up used for the
experiments with real images.

Figure 8.  Real reference image pair
(256x256) after clipping
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Figure 6.  Set-up and parameters for real experiments
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texture shown in figure 9. The wedge has a maximum height of 29.7 [mm] and a width of 35.2 [mm].
The length of the wedge is 122.6 [mm]. The origin of the world co-ordinate system coincides with the
upper right corner of the wedge, which is at the side where the height is 0. The pinhole is located at
z=350 [mm] above the ground level. The xy-position of the camera, with a focal length of 6 [mm], is (-
10,70) and (-10,50) after a displacement of 20 [mm] in the negative y-direction. The pixel period is 6.5
[µm] in x-direction and 6.25 [µm] in y-direction.

The model used for DEM-generation
approximates the terrain (the wedge in this
example) locally by a block of constant
height. The 'radiometric' model that will be
used in this problem is based on the as-
sumption that the appearance of the object
does not change essentially from one im-
age to the next one in the sequence. It is
used in combination with the geometric
model and the motion of the camera to
predict the appearance of the set of corre-
sponding pixels in frame n+1 from a se-
lected set of pixels in frame n. Because the
movement of the camera is known, the

only unknown parame-
ter is the terrain height
hter. An initial guess of
this parameter is used
to initialise the iterative
estimation process.
This procedure enables
the computation of the
sets of pixels in two
consecutive images
corresponding with the
surface of the blocks
given their height. The procedure starts with a set of pixels {In} in the first image (frame n) to compute
the corresponding area on the earth surface, given an initial estimate of the local terrain height. This
area can be used to compute the corresponding set of pixels {In+1} in the second image (frame n+1).
Repeating the last part for a slightly increased estimated height of the terrain enables the computation
of the Jacobian. The initial estimate of hter should be within the region of convergence of the estimator.

5 SOME RESULTS AND CONCLUSIONS
Figures 10 and 11 show for 5 different realisations of the noise (σn=10) and for a filter parameter

σpsf=1, typical results of the correct convergence of rms error and the cube distance parameter Oz
(depth parameter) for binocular (right) images of 64x64 pixels (figure 3) and the convergence to an in-
correct value for monocular images (left). The results for 6 other parameters show a corresponding
behaviour. Only for the case of binocular images (right) the rms error decreases to the sd of the noise.
For monocular images a clear divergence occurs in the rms error after 4 iterations, indicating the oc-
currence of the same effect in the individual parameters. The keyword to determine the kind of be-
haviour is ‘observability' or 'identifiability'.

The 1st results showed errors in the estimated parameters indicating that the calibration of some
internal parameters could not be correct. The best responses that could be obtained with real images
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Figure 12.  rms error, z-position (depth) and y-position of an occluded cube
estimated from binocular images of 64x64 pixels disturbed with additive

noise (σn=10, 20, 50) and Gaussian filtering (σpsf =2.0).

Figure 11.  Cube distance parameter Oz
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Figure 10.  Propagation of the rms error
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are depicted in figure 13. To obtain these results, some
of the internal parameters were adjusted by hand using
information from the error images to minimise the
squared error. The reference images contain some
'noise' in the background, which is caused by the foun-
dation of the 20 mm cube and by the reflectance of the
background. This 'noise' does not fulfil the zero-mean
condition. It has been removed from the reference im-
ages by a clipping operation to avoid effects on the es-
timated parameters. The camera model does not con-
tain a model of the lens. This model discrepancy, which
might cause errors (e.g. aliasing), has been left for fur-
ther investigation.

The wedge reconstructed from these 2 images is
shown in figure 14. The reconstruction used the estimated DEM of a previous reconstruction (started
at an initial height estimate of 0 for every point) as the initial estimate. This improved the height esti-
mates of the wedge at those points where, because of the maximum number of iterations was 3, the
final value was not reached. The height in [m] is estimated at pixel positions in the 2nd image, started
at (row,col)=[50,50] and increasing step by step with 15 pixels in row and column to
(row,col)=[425,425]. The size of the region is 4 [mm] in world co-ordinates. The standard deviation
computed varies between 1 and 2 [mm] except for a few points lying at the edge of wedge. The stan-
dard deviation varies from 2 [mm] at the low end to 8 [mm] at the high end of the wedge.
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Figure 14.  The reconstructed wedge.
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Figure 13.  rms error, y-position and z-position (depth) of a real cube estimated from bin-
ocular images of 256x256 pixels shown in figure 8 and Gaussian filtering (σpsf =8.0).
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