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Abstract: The mathematical model of the measurement in the “Guide to the
Expression of Uncertainty in Measurement” is Y=f(X1, X2,...,XN), where Y is the
meansurand and X1, X2,...,XN are the influence quantities. The expanded uncertainty
U is obtained by U = k uc(y), where uc(y) is the combined uncertainty and k is the
coverage factor that depends on the effective degrees of freedom.
The value of effective degrees of freedom is obtained from the Welch-Satterthwaite
formula. It is assumed that there isn’t correlation between influence quantities.
In this paper will be presented an example in which the use of this formula would be
inadequate because there is a strong correlation between influence quantities. An
alternative model of measurement was used to compare with the first model in the
example case. Although the combined uncertainty of the two models is almost the
same, there are differences between the expanded uncertainty, because there is a
significant difference in the respective values of two effective degrees of freedom.
This difference is caused by strong correlation between influence quantities.

Keywords: manuscript, IMEKO, World Congress, Estimation of Uncertainty and
Error in Measurement, effective degrees of freedom,

1 INTRODUCTION

MODELING OF MEASUREMENT AND UNCERTAINTY
The mathematical model of the measurement in the “Guide to the Expression of Uncertainty in
Measurement” [1] is Y=f(X1, X2,...,XN), where Y is the meansurand and X1, X2,...XN  are the

influence quantities. Let y the estimator of quantity Y and xi  the estimator of Xi, , y=f(x1, x2,...,xN).
The expanded uncertainty U is obtained by U = k uc(y), where uc(y) is the combined uncertainty and

k is the coverage factor that depends on the effective degrees of freedom and level of confidence.

The combined uncertainty is calculated by following formula:
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Where:
u(xi) is the standard uncertainty of quantity Xi

u(xi , xj) is the estimated covariance associated with quantities Xi and Xj
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( )    is the sensivity coefficient of quantity Xi (2)

The value of the effective degrees of freedom is obtained from the Welch-Satterthwaite formula:
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This formula assumed that there is not correlation between influence quantities [2]. In this paper will be
presented an example in which the use of this formula can be inadequate because there is a strong
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correlation between influence quantities. An alternative model of measurement was used to be
compare with the first model.

The value of k is obtained from Student distribution table and γeff, ,normally the adopted level of
confidence is 95,45%.

In some cases the estimate y can be obtained using following model:
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Where n is the number of observations of each quantity and  Xi,k  is the observation k of quantity Xi. .
N is the number of quantities. In this model the correlation coefficients between the influence quantities
can the obtained by their observed values.

The alternative model is:  y Y
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In this case, if each measuring of Y is independent, the correlation coefficients can be ignored.

Although the combined uncertainty of two models is almost the same, there are differences between
the expanded uncertainty value, because there is a big difference between the respective value of
effective degrees of freedom. This difference is caused by strong correlation between influence
quantities.

2 GAUGE CALIBRATION EXAMPLE

There is a gauge to measure the volume of liquid that is transferred to a recipient or that is contained in
the gauge. Here will be considered the transferred volume. In this case the calibration by the weighing
method the transferred liquid is collected in another recipient. The mass and density of liquid are
determined to calculate its volume.

balance

recipient to receive
transferred water

gauge to be calibrated

internal neck
The gauge must be filled up to overflow

valve to drain overflowed water

valve to drain
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2.1 Mathematical model
Normally water is used in the calibration. The volume is calculated by the following formula:

( ))TT(11
M

V rw
weight

air

airw

w −γ−×










ρ
ρ

−×







ρ−ρ

= (6)

Where:
V= transferred water volume at reference temperature

M w = transferred water apparent mass

ρ w =  water density during calibration

ρ air = air density

ρ weight = weight density of weight that was used to calibrate the balance

Tw       = water temperature during calibration

Tr      = reference temperature of gauge

γ       = volumetric coefficient of expansion

The uncertainty of volume determination in each transference will be considered instead of uncertainty
of average volume, so the standard deviation will not be divided by square root of number of repeated
observations.

2.2 Results of measurements
Ten measurements of transferred volume were made and below are the results:

Table 1: Results of measurements

Apparent mass of
transferred water

Mw   (kg)

Water
temperature

Tw  (oC)

Water
density

ρw (kg/m3)

Transferred water
volume
V (m3)

1 527.369 19.80 998.39 0.5287808

2 527.375 19.85 998,37 0.5287962

3 527.349 19.92 998.36 0.5287736

4 527.382 19.85 998.37 0.5288032

5 527.367 19.85 998.37 0.5287882

6 527.367 19.90 998.37 0.5287869

7 527.387 19.95 998.35 0.5288163

8 527.287 20.68 998.20 0.5287760
9 527.287 20.67 998.20 0.5287762

10 527.281 20.76 998.18 0.5287796

average 527.345 20.123 998.316 0.5287877

stand. dev. 0.0427 0.4033 0.,0854 0.00001378

Table 2: Estimated correlation coefficient matrix: r(xi,xj)

Mw  ρw
Tw

Mw
1 0.693347 -0.837770

ρw
0.693347 1 -0.737475

Tw -0.837770 -0.737475 1

2.3 First model: ),TT,,,,,Mf(V rwweightaorww γρρρ=

The correlation between Mw., ρw, and Tw  are considered.
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Table 3: Uncertainty budget of first model

Input quantities Estimated
value

Estimated
expanded
uncertainty

Unit Sensivity
coefficient

Standard
uncertainty

Contribution
to uncertainty

Degrees
of

freedom
Xi xi ci u(xi) ui(y) d.f.

Mw. 527.345 0.0212 kg 0.00100275 0..0106066 1.06357E-05 ∞
Mw.  (*) m3 0.00100275 0.0427 4.28268E-05 9

ρair
1.2 0.02 g/ml 0.00046421 0.01 4.64214 E-06 ∞

ρw
998.32 0.10 g/ml -0.0005303 5.7735E-02 -3.06182E-05 ∞

ρair  (*) -0.0005303 8.480E-02 -4.4971 E-05 9

ωeight
8000 200 g/ml 9.9164E-09 115.47005 1,14504 E-06 ∞

Tw 20.12 0.10 o C -2.538E-05 0.05 -1.2691 E-06 ∞
Tw  (*) -2.538E-05 0.4033 -1.02371E-05 9

γ. 0.000048 0.000008 1/o C -0.1707994 4.6188E-06 -7.8889 E-07 ∞

Volume Expanded
uncertainty

Combined
uncertainty

Coverage
factor. k

Degrees of
freedom

Relative
uncertainty

m3 m3 m3 %
0.52879 0.00050 0.000036 13.97 1.9 0.094

(*) repeatability component of contribution to uncertainty

2.4 Second model considering V
n
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Table 4: Uncertainty budget of first model

Input quantities Estimated
value

Estimated
expanded
uncertainty

Unit Sensivity
coefficient

Standard
uncertainty

Contribution
to uncertainty

Degrees
of

freedom
Xi xi ci u(xi) ui(y) d.f.

Mw. 527.345 0.0212 kg 0.00100275 0.0106066 1.0636E-05 ∞
V  (*) m3 1 0.00001378 1.3785 E-05 9

ρair
1.2 0.02 kg/m3 0.00046421 0.01 4.64214 E-06 ∞

ρw
998.32 0.10 kg/m3 -0.0005303 0.057735 -3.0618 E-05 ∞

ρweight
8000 200 kg/m3 9.9164 E-09 115.47005 1.14504 E-06 ∞

Tw 20.12 0.10 o C -2.5382E-05 0.05 -1.2691 E-06 ∞

γ. 0.000048 0.000008 1/o C -0.0650413 4.6188E-06 -3.0041 E-07 ∞

Volume Expanded
uncertainty

Combined
uncertainty

Coverage
factor. k

Degrees of
freedom

Relative
uncertainty

m3 m3 m3 %
0.52879 0.000072 0.000036 2.0063 399 0.013

2.5- Upper and lower limit of quantities values
A simple numeric method was used to evaluate the limit of possible variation of transferred volume.
The variation of each input quantity was estimated combining the standard uncertainty of each
measurement and standard deviation.
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Table 5: Estimated upper and lower limit of each input quantity

Input Estimated Estimated Unit upper limit Lower limit

quantity values uncertainty Up(xi) Lw(xi)

Xi xi U

Mw 527,345 0.10 kg 527.4451 527.2451

ρ air
1,20 0.02 kg/m3 1.22 1.18

ρ w
998.316 0.22 kg/m3 998.0964 998.536

ρ weight
8000 200 kg/m3 8200 7.800

Tw 20.12 0.95 o C 19.17 21.07

γ 0.000048 0.000008 1/oC 0.000040 0.00006

The upper limit and lower limit of volume were calculated by:
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The upper limit and lower limit of volume were calculated by:
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Where:

Up(X) is the upper limit of quantity X and Lw(X) is the lower limit of quantity X

Table 6: Estimated upper and lower limit of each input quantity

upper limit
Up(V)

Lower limit
Lw(V)

range/2

transferred
volume (m3)

0.5290366 0.52853089 0.00025

The range of volume variation determined in this way is greater than the actual value, then the
expanded uncertainty must be lower than 0,00025m3.

3 CONCLUSIONS

The two models have the same combined uncertainties but the expanded uncertainty of the first model
is almost seven times bigger then the second model, because there is a big difference between the
effective degrees of freedom.

In the formula (1) of expanded uncertainty the correlation is considered. The formula (3) of Welch-
Satterthwaite assumed that there is not correlation between influence quantities. Then for some cases
the formula (3) can be inadequate.

The expanded uncertainty obtained from first model is 0.0005 m3 and from second model is
0.000072m3. In the condition where there is no uncertainty type A the expanded uncertainty is
0.000065m3. The evaluation of range of volume variation showed that expanded uncertainty must be
lower than 0.00025m3 , therefore  the result of second model is better.
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