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Abstract: Practical usefulness of the result of spectrometric data correction
depends considerably on how precise its uncertainty is assessed. If the algorithm
used for correction is linear with respect to the data and all intermediate results of
computation, and if it does not use the data or intermediate results of computation
more than once, then the linear propagation of uncertainties represented by
intervals, executed step by step for each operation, yields a satisfactory estimate of
the measurement uncertainty. Otherwise, a tendency to overestimate the uncertainty
appears. An effective interval-based method for dealing with this problem in weakly
non-linear algorithms has been recently proposed by the authors. In this paper, it is
implemented in a new algorithm for spectrometric data correction. Computational
efficiency of this algorithm is demonstrated using synthetic spectrometric data.
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1 INTRODUCTION
The spectrometric data correction is a special case of measurand reconstruction [1, 2], i.e. an

operation aimed at transforming the raw measurement data [ ]Tyy ... ~ ~~
21=y , acquired by means of a

spectrometer, into an estimate [ ]Txx ... ˆ ˆˆ 21=x  of the measured spectrum [ ]Txx ...  21=x . This operation

can be compactly defined by an operator R :
[ ]pyx ˆ;~ ˆ R= (1)

where [ ]Tpp ... ˆ ˆˆ 21=p  is an estimate of the vector of parameters [ ]Tpp ...  21=p , determined during

calibration of the spectrometric system under consideration. Numerous examples of the operators R
and corresponding algorithms for spectrometric data correction may be found in [3] and [4-18].

The result of correction $x  is subject to uncertainty "inherited" both from the measurement data ~y

and from the estimate of the vector of parameters p̂ . Its practical value depends on how precise these

uncertainties are assessed [19]. Such an assessment is not a trivial task if the structure of the
algorithm contains loops - then basic methods of error propagation may become useless because of
overestimation of uncertainty due to inter-correlation of the intermediate results of computation. In the
paper [20], the authors proposed some means for dealing with this problem in a numerically efficient
way. The main objective of this paper is to apply those means for designing a new algorithm for
correction of spectrometric data with built-in estimation of uncertainty.

The following rules of notation are used throughout the paper:
• bold-face symbols denote vectors and matrices;
• " & " over a symbol indicates an exact value of a quantity denoted by this symbol;
• " ~ " over a symbol indicates a disturbed value of a quantity denoted by this symbol;
• " $ " over a symbol indicates an estimate of the quantity denoted by this symbol;
• " ∆ " preceding a symbol indicates the absolute error of the quantity denoted by this symbol;
• underlined symbols denote random variables, e.g. x̂∆  denotes the random vector modelling errors

in the final result of measurement $x ;

• symbols in brackets [ ]⋅  denote intervals, e.g. [ ] [ ]supinf ˆ,ˆˆ nnn xxx ∆∆=∆  denotes the interval modelling the

uncertainty corrupting the n -th component of the final result of measurement $x .
The abbreviation ACSD denotes an algorithm for correction of spectrometric data, transforming the

vector of uncertain data [ ]TTT pyd ˆ~~
=  into the vector of uncertain results $x . It is assumed that this
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algorithm may be decomposed into some algebraic operations - ( ),..., 210 vvfv =  - transforming the

intermediate results of computation - 1v , 2v , ... - into an intermediate or final result of computation v0 .

The values of the derivatives of the function ( )f v v1 2, , . . .  are denoted as follows:

( )
22
11

,..., 21

vv
vv

i
i v

vvf
f

&
&

=
==′

∂
∂

 ,...2,1for  =i  
( )

22
11

,..., 21
2

,
vv
vv

ji
ji vv

vvf
f

&
&

=
==′′

∂∂
∂

 ,...2,1,for  =ji (2)

The uncertainties related to the errors corrupting the data:

ddd &−=∆
~~

(3)
as well as those related to the final results of computation:

xxx &−=∆ ˆˆ (4)
and intermediate results of computation:

iii vvv &−=∆ ˆˆ  ,...2,1,0for  =i (5)

are characterised by intervals:

[ ]d
~

∆ , [ ]x̂∆ , and [ ]iv̂∆  for ,...2,1,0=i .

2 FORMULATION OF THE RESEARCH PROBLEM
If the analysed ACSD:

• is linear with respect to the data y~  and p̂ , and with respect to all intermediate results,

• does not use the data or intermediate results more than once,
then the linear propagation of uncertainties [19], executed step by step for each operation of ACSD,
yields a satisfactory solution to the problem of uncertainty estimation. Otherwise, the following
difficulties appear:
• if ACSD contains non-linear operations, then the results of those operations are biased, and -

consequently - biases of errors corrupting the intermediate results should be propagated together
with the random uncertainties;

• if ACSD uses some data or intermediate results more than once, then a tendency for
overestimating the uncertainties appears.
The first difficulty may be relatively easily overcome if the interval analysis is applied; the second

one requires the monitoring of correlation among the errors corrupting the data ( ~y  and $p ) and

intermediate results of computation during the execution of an ACSD. The methodology for solving this
problem, developed in [20], is based on the following assumptions:
• The expanded uncertainties of the data may be adequately expressed by the linearly independent

intervals [ ] [ ]supinf ~
,

~~
kkk ddd ∆∆=∆  with supinf ~~

kk dd ∆−=∆  ( ,...2,1=k )

• The analysed ACSDs are only weakly non-linear, i.e. they are composed of the operations which
may be locally approximated by the second-order Taylor expansion:

...ˆˆˆ 22110 +∆′+∆′≅∆ vfvfv ( ) +∆′′+ 2
111 ˆ

2

1
vf ( ) ...ˆˆˆ

2

1
2112

2
222 +∆∆′′+∆′′ vvfvf  (6)

• The errors in the data are small enough to keep satisfied the conditions:
...ˆˆ...ˆˆˆ 221122110 +∆′+∆′<<+∆′+∆′−∆ vfvfvfvfv (7)

for all the operations the analysed ACSD is composed of.
Moreover, it is assumed that only the uncertainty component “inherited” from the errors in the data is
considered. Another significant component - always present in the result of correction obtained by
means of an ACSD with an built-in mechanism of regularisation - is caused by this mechanism; its
analysis requires mathematical means - as a rule - specific for each ACSD so it is not consider here.

3 IMPLEMENTED METHOD OF UNCERTAINTY ESTIMATION
A linear ACSDs is composed of the operations of the form:

....22110 constvfvfv ++′+′= (8)

The method for tracking the correlation among the errors corrupting the intermediate results of
computation, proposed in [20], is based on expressing those errors by linear combinations of the errors
in the data:

[ ] [ ]da
~ˆ ∆=∆ T

iiv  for ,...2,1 ,0=i (9)

The expanded uncertainties of two intermediate results of computation, e.g. iv̂  and jv̂ , could be then

expressed (in terms of intervals) as:
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[ ] =∆ 0v̂ [ ]da
~

0 ∆T ,  [ ] =∆ 1̂v [ ]da ~
1 ∆T   and  [ ] =∆ 2v̂ [ ]da ~

2 ∆T (10)

where:

...22110 +′+′= aaa ff (11)

For a weakly non-linear ACSD, composed of the operations that may be locally approximated by the
second-order Taylor expansion, the formula for modelling the errors is generalised in the following way:

[ ] [ ] i
T
ii bv +∆=∆ da

~ˆ  for ,...2,1,0=i (12)

where ia  are the same vectors as in Eq.(9), and ib  are displacements of the intervals with respect to

zero. The key idea underlying this solution is the choice of vectors min~
d∆  and max~

d∆  which generate a
realistic estimate of the interval [ ]0v̂ :
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The vectors ∆~ mind  and ∆~ maxd  are constructed using information contained in the vector a 0  computed

according to Eq.(11), viz.:









<∆
=
>∆

=∆−=∆
0  if

~
0  if0

0  if
~

~~

,0
inf

,0

,0
sup

minmax

kk

k

kk

kk

ad

a

ad

dd (14)

for ,...2,1 ,0=k . The interval displacement corresponding to Eq.(12) may be then estimated using the

formula:

( ) ( ),...,ˆˆ
2

1ˆ
21

sup
0

inf
00 vvfvvb &&−+= (15)

Example: Let us consider a simple non-linear operation:

( )   
1

,
2

2
1

210 v
v

vvfv
+

== for &v1 2= , and &v2 1= .

Let us assume that:

[ ]005.0,005.0
~

+−∈∆ kd  for 3,2,1=k , [ ]T5  5 51 −=a , 01.01 =b , [ ]T10  11 112 −=a , and 01.02 −=b

The corresponding interval representing the uncertainty of the result of computation is
[ ] [ ]0460.0 ,0201.0ˆ0 =∆v ; thus 0331.00 =b . According to the applied methodology of analysis, one obtains

21 =′f  and 12 −=′f , and consequently:

[ ]T0  1 12 210 +−=−= aaa
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The corresponding estimate of the displacement 0b  is 0321.00̂ =b . The only reason for the difference

00̂ bb ≠  is the non-informative element of the vector 0a , 03,0 =a , which makes impossible precise

identification of the vectors:

[ ]T005.0 005.0+ 005.0
~max −−=∆d  and [ ]∆~

. . .mind = + − −0 005 0 005 0 005  
T

Nevertheless, the obtained result of analysis is significantly more precise than that yielded by the
standard interval formula, viz.:

[ ] [ ]( )
[ ] [ ]4328.2 ,6968.1~

1
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The corresponding estimate of the displacement 0b , 064.0ˆ
0 =′b , would be subject to 100 % error, and

the span inf
0

sup
0 vv −  would be overestimated even more! ♣

4 PROPOSED ALGORITHM FOR CORRECTION OF SPECTROMETRIC DATA
The following non-linear, recursive formula was used for designing a new ACSD with built-in

estimation of uncertainty:
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where:

[ ]Tcbbbbbbbaa 1321012310          −−−−=p (17)

is a vector of parameters to be estimated during calibration of the spectrometer. This formula contains
a nonlinear transformation of a quadratic FIT-type filter. The obvious superiority of the operator defined
by Eq.(16) over this quadratic filter is that it imposes a physically justified constraint on the solution,
viz.: [ ]5.0,5.0ˆˆ 11 +−∈− −− nn xcx .

5 RESULTS OF STUDY OBTAINED FOR SYNTHETIC DATA
First, a genetic-algorithm-based procedure described in [18], as well as the test signals { }&xn

c a l  and

{ }cal
ny~  shown in Fig. 1, were used for calibration which yielded the following result:

[ˆ =p 2.8455 –3.3464 –0.0048 0.9940 –0.3536 –0.5958 –0.3467 1.5121 –0.8536 0.6867 ]T (18)

Fig. 1 Spectrometric-type synthetic signals used for estimating the parameters of the proposed ACSD

Next, the spectrum { }&xn  shown in Fig. 2 was reconstructed on the basis of the synthetic data { }~yn

- also shown in Fig. 2 - using the proposed ACSD. The built-in procedure for analysis of the uncertainty
was based on the assumption that:

• the raw measurement data are subject to errors { }∆~ sup &y yn n n= η , where 310−≤nη ;

• the estimates of the parameters are subject to errors ∆ $ &p pk k k= ε , where 310−≤kε .

Fig. 2 Synthetic signals used for testing the proposed ACSD with built-in evaluation of uncertainty
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Finally, the expanded uncertainty of correction obtained by means of the proposed method was
compared with the corresponding estimate obtained by means of the Monte Carlo simulation
technique; the result of comparison is shown in Fig. 3.

Fig. 3 Expanded uncertainty of correction [ ]supinf ˆ,ˆ nn xx ∆∆ : an estimate obtained by means of the

proposed method (solid line) compared with the corresponding estimate
obtained by means of the Monte Carlo technique (dashed line)

6 CONCLUSION
A new algorithm for correction of spectrometric data with built-in evaluation of the uncertainty of the

results of correction has been proposed. The main conclusions which may be drawn from its
investigation, based on synthetic spectrometric data, are the following:
• It is able to effectively deal with overestimation of uncertainty characteristic of widely used methods

of error and uncertainty propagation.
• It is much less time consuming than highly reliable Monte Carlo techniques or fully reliable worst-

case simulation technique (the proposed method required ca. 30 times less computer time than the
Monte Carlo technique).
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