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Abstract –The development of an indirect measurement model for
electro thermal furnace and its implementation in a reconfigurable
architecture are the main issues of this article. The proposed mea-
surement system is based on the system model, the principle of con-
servation of energy and the laws of thermodynamics are applied to
build a model of the thermal system where theKalman theory is ap-
plied for filtering and prediction of the temperatures inside of a resis-
tive furnace. Three setup are established to evaluate the performance
of the indirect measurement system: off-line implementation of the
algorithm on a test platform, the indirect measurement system is con-
nected on the furnace hardware for standalone and real time opera-
tions. The measurement algorithm can be seen as a good alternative
for temperature indirect measurement systems, due to its effectiveness
and simplicity during the performance evaluations.

Keywords –Kalman filter, error estimation, indirect measurement,
furnace temperature.

I. INTRODUCTION

The knowledge of the thermal system behavior can be eval-
uated by observation of certain variables. Some of these vari-
ables are very difficult to observe due to the access to insert
the sensors and/or due to its high level of noise. Indirect mea-
surement techniques based on the process models allows the
evaluation of the system states by others variables measure-
ments.

The main contribution of this work is proposed a methodol-
ogy for design, analysis and synthesis of indirect measurement
system. This methodology is based on a stochastic mathemati-
cal model that represents a thermal system and embedded sys-
tems.

In The Thermal System Model (section II) the Black and
White Boxes Modelling methodologies are investigated for
temperature measurements. TheTemperature Indirect Mea-
surement(section III) focus on the theoretical development of
the temperature estimation; its presented the thermal system in
state space description and the estimator. InComputational

and Experimental Tests(section IV) are presented the com-
putational results from a simulator of an indirect measurement
system and the experimental results from an embedded system
implemented in a reconfigurable architecture that executes the
indirect measurement system tasks. In the last section is pre-
sented theConclusion and Remarksof the design, analysis
and synthesis of the indirect measurement device.

II. THERMAL SYSTEM MODELS

The development of the thermal system model is performed
based on the thermodynamics concepts of heat transfer and flu-
ids mechanics. The discussion is made upon a furnace, Fig. 1,
under temperatureT1 and the temperatureT2 of an object in-
side of this furnace. The electrical resistorR is the heat source.

Fig. 1. The experimental thermal system sketch

The Black Box Thermal Model (subsection A) is a very
useful identification methodology for temperature monitoring
and control, in which all objects inside the furnace are associ-
ated with a sensor. TheWhite Box Thermal Model (subsec-



tion B) is a well fitted identification methodology for indirect
measurements; in this case, the model are based on electrical
and thermal laws of nature to estimate the temperature of a fur-
nace internal object by variations of the furnace temperature
that is driven by a resistor.

A. Black Box Thermal Model

The dynamic thermal system model is represented by a dif-
ference equation,

yk = −an−1yk−1 + ...− a0yk−n + bn−1uk−1 + ... + b0uk−n,
(1)

whereyk anduk are discrete variables,yk represents the tem-
peratureT1(t), andu(t) represents the excitation of the con-
tinuous time heat source. According to [2], a second-order
equation is sufficient to represent the dynamic behavior of the
temperature in the object. The structure of the model can be
written as,

yk = −a1yk−1 − a0yk−2 + b1uk−1 + b0uk−2, (2)

wherea1, a0, b1 andb0 are the model parameters.

B. White Box Thermal Model

The temperature white box model is based on the thermal
capacitance concept. The heat capacity is the ability of storing
heat. This feature has a thermal capacitance behavior, the total
heat storage feature is related to a specific heatCp and the mass
of the object inside the furnace. The temperature changes as a
function of time when the stored energy flows in the furnace.

The above premiss based on nature laws drives us into the
following model,

mcp
dT

dt
= Qh (3)

wherecp is the specific heat,m is the objet mass,Qh is the
heat flux. Equation (3) has a form of a flow variable that is
proportional to the rate of change of an effort variableT as a
function of time.

In this modelling it is assumed that the total mass satisfies
the design purpose for the temperature represented as a sin-
gle temperature. Consequently, the temperature gradient in the
mass is neglected. The thermal conduction inside the mass is
very high when it is compared with the transfer of heat at its
surface.

The thermal system is shown in Fig.2 and represents one
furnace of steel with primary energy supplied an electrical
power source. The external dimensions of the furnace are
x = 42.00 cm, y = 52.00 cm, z = 39.00 cm and the net
weight 28.5kg, Fig.2.

Fig. 2. Representation of the furnace with primary supplied by electric
energy

The thermal energy can be stored or transferred by the tem-
perature or range of flux heat by thermal systems. As there is
difference of temperature between the two mediums, there will
be transfer of heat, since the material between the mediums fa-
vors the transmission. The system model is based on the princi-
ple of energy conservation and on the laws of thermodynamics
that represent heat transfer between medium2 and medium1 in
the presence of an environmental temperatureT0(t). For each
medium, the resulting differential equation that represents the
system behavior is expressed as a function of the temperature,

m1c1
dT1

dt
= k12(T2 − T1) (4)

and

m2c2
dT2

dt
= −k12(T2 − T1)− k20(T2 − T0) + u(t), (5)

where themi andci are the mass and the specific heat of theith
medium, respectively, and thekij are the respective interface
thermal conductances[2],[6]-[9].

III. INDIRECT TEMPERATURE MEASUREMENT

In this section is presented the indirect measurement (IM )
models of temperature in a resistive furnace. The System
Model and theGauss-Legendreestimation forms are the basic
elements of theIM system, these forms states a two steps es-
timation process, prediction and filtering of real signals repre-
sented as stochastic models. The System model is used to pre-
dict the variables andGauss-Legendreform takes into account
some measured values to improve the indirect measurement.
The Kalman technique is used for filtering and prediction of
temperature behavior in a furnace that can be controlled by a
resistor. TheState Space Description(subsection A) presents



the furnace modelling based on physical laws presented in sub-
section B. InTemperature State Estimator (subsectionB) is
presented the standardKalman filtering application to temper-
ature indirect measurement.

A. State Space Description

The thermal system modelled by equations (4) and (5) are
represented in state space description,

ẋ = Ax + Bu (6)

y = Cx (7)

whereA andB are constantnxn andnxm parameter matri-
ces, respectively[10]. The system outputy is gived by a lin-
ear combination of the states andC is a constantpxn matrix.
Substituting the vector of state variablesx with x1 = T1 and
x2 = T2 in the Equations (4) and (5). In the matrix form,

[
ẋ1

ẋ2

]
=

[
−k12
m1c1

k12
m1c1

k12
m2c2

−k12−k20
m2c2

] [
x1

x2

]
+

[
0
1

m2c2

]
u +

[
0

k20
m2c2

]
T0 (8)

B. Temperature State Estimator

The Kalman filter algorithm produces an optimal estima-
tive of the temperatures inside the furnace, and it minimizing
the uncertainties about the prediction of the temperature. Con-
sideringx̂−k ∈ R2 a priori estimation of the state variable at
stepk given knowledge of the system prior to stepk, andx̂k∈
R2 is a posteriori stateestimation at stepk given the measured
value ofyk ∈ R. A priori anda posteriori estimation of the
errors,

e−k = xk − x̂−k (9)

and

ek = xk − x̂k. (10)

A priori estimation of the covariance error,

P−k = E[e−k e−k
T
] = E[(xk − x̂−k )(xk − x̂−k )T ] (11)

andA posteriori,

Pk = E[ekeT
k ] = E[(xk − x̂k)(xk − x̂k)T ]. (12)

The prediction of the measured value,

y−k = Ckx̂−k . (13)

A posterioriestimation ofx̂k is a linear combination of an
a priori estimatex̂−k and the measured(yk − y−k ),

x̂k = x̂−k + Kk(yk − y−k ). (14)

The innovation(yk − y−k ) reflects the discrepancy between
the predicted and the actual measurements. TheKalman gain
Kk is computed for each stepk as a function of the model
covariances,

Kk = P−k CT (CP−k CT + R)−1 (15)

Is described to follow the code intermediate to temperature
estimation. Is considered in this code, xhatmin(k) and xhat(k)
with the estimate statea priori (x̂−k ) anda posteriori(x̂k), re-
spectively and Pminus(k) thea priori estimate error covari-
ance, P−k and gain(k), the gainKalmanKk.

Code intermediare:
1. input: xhatmin(0) and Pminus(0)
2. For(k, 0, n){
3. yminus(k) = C(k)* xhatmin(k)
4. gain(k) = (Pminus(k) * mtrans(C(k) * minv(C(k) * Pminus
* mtrans(C(k)) + R(k))))
5. xhat(k) = xhatmin(k) + (gain(k) * (y(k) - yminus(k)))
6. P(k) = (id(n) - (gain(k) * C(k))) * Pminus(k)
7. xhatmin(k+1)= A(k) * xhat(k) + G(k)*u(k)
8. Pminus(k+1) = (A(k) * P(k) * mtrans(A(k))) + Q(k)}

From the linear stochastic difference equationxi
k+1 =

Ai
kxi

k + Bi
kui

k, andyi
k = Cxi

k + vi
k, is considered that the

random vectorsuk andvk that represent the process and mea-
surement noise, respectively, [1],[3]-[5],[7],[10]-[19]. The ran-
dom vectors are assumed to be independent of each other
with normal probability distributionp(uk) ∼ N(0, Qk), p(vk)
∼ N(0, Rk), E(ukvT

i ) = 0, Qk, if i = k or 0 if i 6= k,
E(vkvT

i ) = Rk, if i = k or 0 if i 6= k.

IV. COMPUTATIONAL AND EXPERIMENTAL TESTS

The computational results (subsection B) are obtained from
a simulator of the proposed indirect measurement system.
These results are used to analysis and synthesis of digital de-
vices based on concepts that are presented in Temperature In-
direct Measurement, section III. The Experimental Results the
embedded system is the core of indirect measurement device.
The embedded system is implemented in a reconfigurable ar-
chitecture that is used to perform the main tasks of indirect
measurement. TheKalmanalgorithm performs the tempera-
ture prediction of an cube of aluminum, with weight of19.50
g, inside of the furnace, Fig. 2. The available measured output
are used to support the state observer with temperature estima-
tion that are not directly measured.



A. Numerical State Space Description

The numerical state space description of the furnace state
is representation of the real system. This representation is ob-
tained by substituting in the state space description, Equation
(8), the values approximately form1c1, m2c2, k12 andk20 are
3.88, 3049.5, 2.08 and0.46, respectively.

�
ẋ1
ẋ2

�
=

� −0.54 0.54
0.00068 −0.00083

� �
x1
x2

�
+

�
0
1

3049.5

�
u + (16)�

0
0.46

3049.5

�
T0

y =
[

1 0
] [

x1

x2

]
. (17)

The continuous state state space equations are mapped into
his equivalent state space difference equations, the discrete
model accomplishes the prediction step ofKalman filtering
algorithm. In terms of the furnace temperatures, the discrete
model performs the temperatureT1 indirect measurement of an
object that is inside of the experimental thermal system, Fig. 1.

0 5 10 15 20 25 30 35 40
30

35

40

45

50

55

60

65

70

D
ire

ct
 m

ea
su

re
m

en
t i

n 
m

ed
iu

m
 T

1 
(o C

)

Number of measures

Fig. 3. T1-Direct temperature measurements

B. Computational Results

Two simulations are performed as a function of the system
covariance,Q, and measurement covariance,R, to achieve a
better convergence of filter gains. These results are compared
with the sensor measured temperature values of the furnaceT2,
Fig. 4.

In the first simulation, the system covariances elements are
qii = 1 and measurement covariance arerii = 0.0001. In
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Fig. 4. T2- Temperature sensor measurements - 40 samples

the second simulation,qii = 10 and rii = 0.01. The latest
simulation presented a better performance when is compared
with the measured temperature values of the furnaceT2 of Fig.
4. The Fig. 5 show theKalman gain evolution, as can bee
seen, the steady value is reached around fifteen sampling time
intervals.
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Fig. 5. Kalman evolution

C. Experimental Setup

The measured temperature values initially were obtained by
integrated-circuit temperature sensor,LM35DZ, inserted in
the medium2 conform Fig. 6.



Fig. 6. The block diagram of the indirect measurement of the temperature in
medium1

C.1 EmbeddedIM System

A reconfigurable architecture software is used to implement
the core ofIM device, micro controller PSoC, version 4.0,
CY8C26443 model, Liquid Crystal Display - LCD module and
ADC module. One I/O port line of the reconfigurable architec-
ture is used for output of the effective temperature value in
medium1. This line is connected from module LCD of the
architecture to the external display. The PSoC general features
are 24 MHz frequency, 3.0 - 5.25 V tension, 16kBytes flash
memory, RAM 256 Bytes, digital block 8 (Timers, Counters,
PWM, etc) and analog block 12 (ADCs, DACs, Programmable
Filters, Comparators, etc). The Kalman filter algoritm is devel-
oped and processed inC language for this architecture. Indi-
rect measurement temperature values are visualized through a
LCD.

UsingC language, version 4.5, Kalman’s filter processing
can be carried through. With this tool, temperature values of
the furnace for40 samples was indirect measurement. Filter
performance is verified and compared with measurement val-
ues for sensor of the temperature. After that, Kalman’s algo-
rithm development throughC language for PSoC. This pro-
gram development is limited to value formats and available
commands for PSoCC language, beyond memory capacity of-
fered by the version. The indirect measurement of the temper-
ature, in this design, was visualized through a LCD.

C.2 The Embedded Code

A Programmable System on Chip (PSoC) is used in this
project for Kalman filter implementation. The PSoC available
memory capacity was considered. The Kalman filter algorithm
was developed in PSoCC language, considering40 samples.

The intermediate code to temperature estimation as pre-
sented after Equation takes as input specification, Equations
(6)-(7) and also the descriptions of the noise characteristics
and filter parameters. The generated code is executed inC
language and MATLAB. The algorithm code was developed
in 148 lines of C code, using 233Bytes of the SRAM. Each
floating point sample occupy 4Bytes and the integer vari-
ables occupy 2Bytes. Even if the basic architecture employs
8 bits registers, the application was implemented with a 16
bits words. The algorithm mainC code file has a size of 7
kBytes. The auxiliary .rom and .hex files took 32kBytes and
36kBytes, respectively.

C.3 Experimental Results

The values obtained from the direct and indirect measure-
ments of the object’s interior inside the furnace presented some
discrepancies in some instants of time. It is necessary to con-
sider the factors that contributed for such discrepancies, as: the
initial conditions, such as the mass of the material, the specific
heat and thermal conductance not properly adjusted; and the
heat dissipation between the material and the furnace, because
the material was not properly solid. A comparative analysis
performed between those two measurements (direct and indi-
rect measurement) verified that the average error of the ab-
solute error values in the indirect measurement is calculated
as shown below:

E =
1
n

∑n

j=1
|T1md(j) − T1mi(j)|, (18)

with T1md as direct measurement in medium1, T1mi, indirect
measurement in medium1 andn, number of the measures (n
= 40). The average error of the indirect measure inside the
material is of1.47 oC, approximately.

V. CONCLUSION AND REMARKS

In this paper had been presented the development of indi-
rect measurement device, based on model, for temperatures in
a small furnace. A mathematical model that represents a ther-
mal system is assembled in the state space description and the
Kalman theory is used for filtering and prediction of tempera-
tures behavior in a furnace.

The performance of proposed estimation algorithm was ver-
ified computational by simulations and experimental imple-
mentations. The algorithm was implemented in a low-cost
reconfigurable architecture, an AD Converter block receives
the temperature values from sensors located inside the furnace



and performs the estimation temperature processing of an ob-
ject without associated sensors. For monitoring and control re-
quirements match, the proposed indirect measurement device
had shown as an alternative for optimal estimation of tempera-
tures.
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