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Abstract: This talk summarizes statistical approaches t@ncompass results reported with effective finitgrdes of

consistency analysis using key comparison datdudintg
conventional mediated testing relative to the isger
variance weighted mean, extensions of this chitsgla
methodology to accommodate finite degrees of freedo
the uncertainty claims, and a fully bilateral apgoo that
avoids invocation of any key comparison refereraee.
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1. INTRODUCTION

International comparisons have stable artifactsutated
and measured by different National Metrology Ingé&s
(NMls). These comparisons are usually conducted‘ipeer
to peer” style, where the “true value” is treatesl an
unknown, and a “reference value” may be chosengusia
measurements from the participating NMls: treatihgm,
without prejudice, as peers.

Key Comparisons are organized under the auspicekeof

freedom and to other methods for choosing the KG&\¢h
as the median) [1]The extended reduced statistic is the
mean-square [fof the participating laboratories, which is
distributed as a chi-squared-like distribution tlt@n be
evaluated for any specific comparison by Monte &arl
simulation of the participants’ claims that haveeme
constrained by the null hypothesis of ideal agregnoé all
the participants’ means with the KCRV. Although the
reducedy’ can be calculated for a single participant, irs thi
role it offers no striking advantage ovef & a measure of
consistency: it merely suppresses the sign. Howewer
many cases it has a familiar shape of distributamg can
approach a reduced chi-squared with one degreeeddm.

2. DISCUSSION

Traditionally, chi-squared statistics are usedxplat their
ability to aggregate a measure of consistency acttosN
participants in a comparison. Under the assumpfodeal

CIPM and published in the BIPM Key Comparison Data?9reement of the participants’ underlying (but unkn)

Base (KCDB) in support of the Mutual Recognition
Arrangement. Evaluation and reporting of consisgeirc
Key Comparisons has usually been done after trectsmh

of a Key Comparison Reference Value (KCRV). The KCR
is usually chosen by a clearly described methodgusie
peer results reported by the participants.

After a KCRV has been chosen, consistency reldtivihat
KCRYV can be described in a variety of ways. Thereeg of
equivalence of a participant relative to that KCR¥ given
in the KCDB as the departure of the participantitue from
the KCRV, and the 95% coverage interval for thagadtture.
The ratio of these is closely related to the tiaddl
individual measure of consistency, the normalizedres, —
and the 95% coverage factar The participant’s degrees of
equivalence ratio (departure : expanded uncerfaistyg/k,
and is closely related to other measures of camsigt

means, the resulting chi-squared statistic agasratfamiliar
distribution in many cases: a reduced chi-squarigu (M¥-1)
degrees of freedom. Larger numbers of participaarts
associated with sharper distributions that implyssle
arbitrariness in the reduceg’ value, and for decision-
making based on reduceg? analysis, the appropriate
distribution is used to account for the arbitrassmevith a
carefully constructed statement of probability (Beample
“...with the participants’ claimed uncertainties, @ssng
ideal agreement of the participants’ mean valuegiay?
statistic that exceeds the experimengdl value of this
comparison with a probability of x%...").

These measures of consistency are not metrics,abmt
closely related to a statistic thiata metric (also known as a
norm): the Root Mean Square,. B-or N participants, the
RMS E, is a metric for the consistency of their values’
agreement with this KCRV, to within the claimed

The reduced(® is another powerful measure of the overalluncertainties. All of the usual intuitive ideas abordering

consistency for a comparison where the particip#iatee
reported independent Gaussian uncertainties an& @V

apply to agreement measured in this way, but mayapply
to measures that are not metrics. In addition toutating

method is the inverse-variance weighted mean of théis metric — in much the same way as can be done X’

participants’ values. We have extended these msthod

statistic — it is possible to evaluate the probgbibf the



claimed uncertainties generating an RM$ |IBrger than the
experimental RMS E under the constraint of the null
hypothesis that all laboratories have a common ntbah
can be represented by the specified method’s KCRiése
provide a common basis for rigorous hypothesisrigshat
should appeal both to those familiar with chi-sguaar
testing, and to those familiar with, Eests.

These measures of consistency have also
recommended for application in a Key Comparisonrdur
the quest for an appropriate method for determiniisg
KCRYV, for testing KCRV methods and even for chogsin
consistent subset of participants. Different methodn be
evaluated as candidates for choosing the KCRV,eaeth a
defined procedure for selecting a suitable methan ltave
its full decision tree evaluated to determine tihebpbility
of mistakenly labeling a comparison as “not cowesist In
the search for a consistent subset, “outliers” idemtified
and excluded from the determination of the KCRV. Waéée
that for theN dimensional metric space of the RM$, E
outlier rejection is not simply described by prdijex into a
subspace but requires both a projection into a pades
(where the outlier’'s departure from the KCRV iscied to
zero) and the renormalization of the RMghy (N/(N-1)).
Outlier rejection also changes the KCRV. Procedses
searching out a consistent subset (by choosingrdift
outliers) will be discussed in the context of jungpifrom
subspace to subspace, and the intricacies of dirajufiese
decision trees will be presented.

Rather than use measures of consistency that adatee
by the KCRV, we advocate using unmediated measuofres

outlier rejection and searches for the largest istarst
subsets.

Pair consistency provides a powerful means of s@agdor
the “largest consistent subset”, agdiefore a KCRV is
chosen. It is a parameter-free discrete search dhiatbe
done very efficiently by ranking the RMS ,Eand
considering the largest value to be the best caelifor

beéautlier” status. If multiple outliers are to beeidtified, the

issue of whether or not this is the “globally moshsistent”
set of participants can easily be addressed. Fopadsons
with fewer thanN=20 or 30 participants, it is feasible to
evaluate all 2 combinations and calculate the pair
consistency from the RMS pair,Hor all [2"-(N+1)]
possible subsets with 2 or more participants.

3. SUMMARY

The subtle distinctions between consistency-with-a-
particular-K CRV-method and pair-consistency will be
discussed. Demonstrating pair consistency will iseussed
as a necessary condition for any demonstration
consistency in utilitarian metrology. We will disai the
deficiencies of relying wholly on testing consistgwith-a-
particular-K CRV-method. Pair-consistency tests wlilée
presented for the screening of comparisons, befdf€RV
is chosen. Strategies for evaluating probabilities
mistakenly rejecting the null-hypothesis will betlmed.
Through all this we will emphasize the distinctibetween
non-rejection of the null hypothesis (common in roleigy)
and the ultimate acceptance of the null hypoth@selgch is
almost never done in international comparisons).

of

consistency that exactly emulate the simplest u$e o

measurements from different participants, based tfon

RMS of all the relevant bilateral ,.E Unmediated pair
consistency can be aggregated in a large number
meaningful ways: one participant with respect toogher

for a single artifact; or for all participant pdor a single

artifact. Each of these styles can be aggregatedraultiple

artifacts in the same comparison; or aggregatedsaca

scale; or aggregated across different methodsggregated
across different measurands. For all these, paisistency

is an easily explained concept that matches thelsshuse
of measurements — comparing one measurement gitectl
another — without mediation (needing neither thight

answer” nor a reference value nor a designer'sranbe

interval).

For example, the KCDB can be “mined” to determime a

Methods will be discussed for the efficient extensof chi-
squared-like consistency tests to situations wileeee are
tHousands of pooled comparisons under consideréiorh
as the KCDB). Ab-initio regeneration of all the qoamisons
is not necessary when a new comparison is to bedatid
the pool — if the proper information is preservete
simulation of the new comparison can be incorpakran¢o
the previous pool and the required -chi-squared-like
probability density function can be obtained by fineperly
scaled numerical convolution of two histograms i
from Monte Carlo simulations. The choice of appiater
scaling is discussed.
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