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Abstract: This paper presents the concept of time-varying
The

Butterworth filters with linear phase response.
compensation of the phase characteristics is caoug with
the aid of the phase shifter system. The paper shioat it is
possible to shorten the transient state in low-gassse-
compensated analog filters by varying in time deldc
parameters. This paper contains simulation resafitshe
proposed filters and comparison with the classicuits.
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1. INTRODUCTION

The fast evolution of the digital signal processinghe
last years has conducted to the reducing of interesew
solutions in the analog technics. Nowadays it iseseary to
improve the quality of the analog devices, esphciad
these places, where we cannot use the digital keshfhere
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but in the case of the second order phase shietraimsfer
function has the following form:
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The above mentioned systems are stable wier® and
Q > 0. The specificquality of the phase shifterstésdon-
stancy of the gain characteristics. These systamsaly
used to form the phase characteristics. Owing ®&seh
properties we know that if we connect in series phase

shifter to the compensating filter then the gairareh
cteristics of the resultant system remains withauny
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are many cases when it is important to preserve thehanges, however the group delay characteristitoavithe
sharpness of the step response and at the sameth@me result from a summation of the phase shifter and th

phase linearity. The design methods of analogréiltare
described in detail in the rich literature [1], [23], [4] and
concern mainly filters with constant parameters.

The main goal of the Butterworth approximation a@s t
obtain a maximally flat gain characteristics in fiier pass-
band. The square of the gain characteristics ofatvepass
Butterworth filter can be written as follows:
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where: N - order of the filter,ay - 3dB limit frequency.
Low-pass Butterworth filters are forming as a resoi
specified approximation of the gain characteristicsvever
the phase characteristics is the secondary effécthie
approximation. In the result of this effect, the aph
characteristics is nonlinear. Nonlinearity of thénape

characteristics causes that the dynamic properbés
designed filter may be undesirable.

2. GROUP DELAY COMPENSATION

G(jw)|" =

compensating filter characteristics. The procedofethe
group delay compensation is based on the choicthef
phase shifter(s) parameters in order that the teagugjroup
delay characteristics will be as flat as possiblehie filter
pass-band.

The N-th order low-pass filter structure can be describe
by the transfer function which is the product ofh@-order
systems for even filter orders or the product afd2erder
systems and one 1-st order system for odd filtéeis. This
can be written as follows:
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for even orderdN = 21 and for odd filter orderbl = 2 + 1
the transfer function has the following form:
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For the purpose of the group delay compensation one

can use the phase shifters [3], [5]. Transfer fiomcof the
first order phase shifter can be written as follows

In the case of the filter with possible linear phdbke
characteristic of the group deld@(«) is very useful. The
group delay is defined by the derivative of the sgha



characteristicgp(«) with regard to the pulsatiow with the
minus sign:
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wheret, is the settling time of the original filter bty is the
settling time of the filter with equalized grouplae re-
sponse.

The comparison of group delay characteristics ef 4kth

For theN-th order Butterworth filter the group delay can beorder original filter and the phase-compensatedeBworth

expressed as follows:
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The Taylor expansion of the above mentioned functio
round aboutw= 0 has the following form:
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The group delay of the second order phase shiftengoy
(3) has the following form:
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The Taylor expansion of the group delay of the sdaarder
phase shifter round about= 0 has the following form:
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The sum of both group delay expansions can beenriis
follows:
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Parameter§) and ay, should be selected in this way in order
to eliminate the term of the second and fourth oroe

filter is shown in figs. 1 and 2.
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Fig. 1. Group delay response of the 4-th order @inal Butterworth

filter.
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De(a)+Dy(a). For this purpose it is necessary to solve a

suitable system of equations as follows:
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All important parameters of phase-compensated Butieh
filters from 3-rd up to 6-th order are presentedable 1.

Table 1. Parameters of phase-compensated Butterwdrfilters from 3-
rd up to 6-th order.

N p Q tu [s] tuc [8]

3 1.0232 0.5509 5.9654 7.0927
4 1.0955 0.5434 6.8528 9.58583
5 1.0813 0.5406 7.657 10.51p4
6 1.0521 0.5389 10.7680 11.3863

Fig. 2. Group delay response of the 4-th order @ise-compensated
Butterworth filter.

How one can notice, the compensation of the group
delay characteristics brings good results, becaosepen-
sated characteristics is considerably more flathi filter
pass-band than in the original Butterworth filt€he group
delay value of the phase-compensated filter is aisly
greater than in the original filter, however thiglue does
not play a greater part. For the systems from isgul
technique the important feature is constancy of greup
delay in the filter pass-band. Compensation of gheup
delay was carried out at the cost of the extensfdhe filter
transient state.

3. TIME-VARYING COEFFICIENTS

For constant parameter filters there are only small
possibilities of shortening the transient state dhid is
because the filter parameters are calculated orbdise of



the assumed approximation method of the frequencygf a theorem saying that if for the 2-nd order systthe

characteristics (phase or gain) which guarantees tie
frequency specifications are satisfied without ngkinto
consideration the character of the transient stafEhe
possibility of improvement of the filter properties
provided by varying in time their parameters. Aisayof
parametric systems is much more complicated and
number of works on this subject is rather low. Owugry
specific types of parametric differential equatiacen be
solved analytically. However the development of erod

functionswg(t) andg(t) have the same sign and:

day (1)
a
then stability can be determined in the same maasdbr

théme-invariant systems. It allows us to claim tHahe filter
structure contains elements with varying parametirsn
for the time going to infinity the values of vargn
parameters converge to limit values following frahe

lim 7
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simulation techniques makes examination of pardmetr Bytterworth approximation and the filter stabiligan be

systems possible. The paper shows that it is pessidb
shorten the transient state in low-pass analogrdiltby
varying in time selected parameters.

The indeterminacy principle says that it is notgilole to
achieve a shorter rise time of the low-pass filbeitput
signal when the filter pass-band is constant. Gaeabtain
significant changes of duration of the transieratestby
variation of filter band-pass in low-pass filter3his
procedure is connected with the change of value

parameters,, f# andT which leads to non-realization of the

imposed filter frequency characteristics.

Time varying filter design is the result of modeliof
system of ordinary differential equations with viagy
coefficients described as follows:
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In the case of odd filter ordeg(t) = 0 andby(t) = T(t).

Dynamic properties of arbitrary low-pass filter cha
described by means of the damping fagtorcharacteristic
frequencywgy and time constarnif (only in the case of odd
filter orders).

Let's assume, that all those parameters belongrtaic

set:
= 1
- {ﬁl ' a)oi ’ T}

let's create the sd¥(t) of filter coefficients
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Next,
functions:
1
F0={A0.0.0.20} (15)
The main assumption which was imposed on functicora
setF(t) is the necessity of settling these functionsrmiyithe

transient state of theoriginal time-invariant filter. This
condition can be written as follows:
F()=F+a (16)

t>t

where:ty, -

frequency assumptions of designed time-varyingtfilt

The introduction of time-varying parameters regslire %

examination of the stability of the systems witlersént
containing varying parameters. Paper [6] preseatpioof

settling time of a constant parameter filter with
an accuracy of. Relation (16) is responsible for keeping

examined as in the time-invariant case. Since the
Butterworth approximation guarantees stability ohe-
invariant filter one can skip the stability issuer fthe
parametric filter.

In order to shorten the filter transient state assumes
functions from seE(t) as follows:

(18)

of F(t)=dF Eﬁl — Eh(t)}

where:F - value of parameter from setfollowing from the
Butterworth approximationd - variation range of the fun-
ctions from sefF(t) described by the relation:

__F@O
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Function h(t) describes the step respond of the second
order system:
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where:f; is the parameter which determines oscillations of
functions from sef(t), wy is the parameter which dete-
rmines the range of the speed of above-mentionectifins,
andL™ is the inverse Laplace transform.

The best results in shortening the transient stdte
phase-compensated Butterworth filters were obtaimleite
parametersog and 1T were varied according to the same
function F(t). Fig. 3 presents responses to the noised
rectangular input signal for the original Butterttofilter
and the phase-compensated time-varying Butterwiiieh.
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Fig. 3. Filter responses to the noised rectangulanput signal.



4. CONCLUSION

As it has been proven, application of time-varying
coefficients in the low-pass phase-compensateccButirth
filters causes considerable shortening of theisgttiime.
The best results of shortening of the settling timere
obtained by varying in time the characteristic freqcywo;
and the inverse of the time constardccording to the same
function. It seems that further examinations ofetimarying
Butterworth filters are needed. Especially, thebpems of
optimal selection of variation range and the spesdje of
functions are open. Nevertheless already this pppmres
possibilities and practical usefulness of the psaubfilter
concept as a signal processing instrument.
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