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Abstract: This work presents the system performance 
analysis, in terms of frequency response and system 
resolution, of a 1-bit first-order Σ-∆ thermal modulator. In 
this system model, some of the operations conversion is 
performed by the thermoresistive sensor, which operates at 
constant temperature method. The system performance 
analysis was realized with a sampled version of the 
continuous time thermal Σ-∆ modulator. It will be shown 
that system performance is dependent on the system 
oversampling ratio (OSR) and the system transfer function 
pole and zero which depends on thermal and physical sensor 
characteristics and system operation conditions. This system 
was proposed as a solar radiation meter, but it may be 
applied to fluid velocity measurement. 
 
Keywords: transducer, thermal Σ-∆ modulation, frequency 
response, thermoresistive sensor. 

1.   INTRODUCTION 

In the classical architectures of solar radiation meters 
based on the equivalence principle and in which the sensing 
element is a thermoresistive sensor, the estimated output 
signal is in analog form [1]. The analog output may be 
treated with analog filter or can be converted to digital 
format by using an ADC at Nyquist rate. In both cases the 
system architecture demands complex circuitry. Even in the 
architecture which output signal is in digital format it needs 
to use ADC at Nyquist rate sampling to convert reference 
system value [2-3]. In this case, the resolution depends on 
ADC at Nyquist rate sampling bit number, which also 
demands complex circuitry when we think about 
microsensors.  

A 1-bit first-order thermal Σ-∆ modulation, which 
includes a thermoresistive sensor in modulation loop, was 
proposed as solar radiation meter. It is based on equivalence 
principle and sensor constant temperature operation method 
[4]. This system gives solar radiation estimation, in digital 
format, directly from physical signal and may be integrated 
with a microsensor.  

In the proposed modulator architecture the sensor 
substituted the sum and integration operations of the original 
1-bit first-order Σ-∆ modulator [5] and this fact turns the 
purposed architecture into a thermal Σ-∆ modulator version. 
Our previous paper discussed operation function principle 
but not system performance. Now we discuss this item. To 

do this, we develop a sampled time version of the 
continuous signal system to extract performance parameters. 

2. PURPOSE 

Our system model, in which the sensor substitutes the 
original 1-bit first-order Σ-∆ modulator sum and integration 
operations, can be seen in fig. 1. This is a continuous signal 
architecture, which was used to study system behaviour. 
Another system architecture very close to the version to be 
implemented is the pulsed current system version and can be 
seen in fig. 2. In those models, the sensor resistance 
variation due to the sensor temperature variation was 
modelled by equation of a positive temperature coefficient 
thermoresistive sensor and is expressed by Eq. (1): 
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R0 is the sensor resistance at 0 oC and β is the thermal 
coefficient which is a function of the sensor material. 

The sensor thermodynamic behaviour is modelled by Eq. 
(2):  
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In this equation αSH is the incident thermal radiation 
captured by sensor, Is

2Rs=YsRs is the electrical power 
delivered to the sensor, h is the heat transfer coefficient 
referred to the sensor surface area S, Ts is the sensor 
temperature, Ta is the surrounding temperature (ambient or 
fluid temperature), m is the sensor mass and c is the sensor 
specific heat. The system is project to operate at a constant 
temperature Ts0.  

 

Fig. 1. Proposed architecture block diagram for continuous signal 
version. 



 

Fig.2. Proposed architecture block diagram for pulsed current 
system version. 

As the sensor is projected to operate at constant 
temperature, a comparator is included into feedback loop to 
verify sensor temperature. If sensor temperature is greater 
than reference temperature, the quantizer generates a train of 
bits “1” at modulator output. These bits “1”, introduced in 
modulator feedback path, reduce the sensor current that 
reduces the sensor temperature. If sensor temperature is less 
that reference temperature, the quantizer generates a train of 
bits “-1” at modulator output. These bits “-1” introduced in 
modulator feedback path increase the sensor current that 
increases the sensor temperature. This is the system control 
mechanism. 

Our purpose is to verify the resolution that could be 
obtained with these architectures. 

3. PERFORMANCE ANALYSIS 

To analyze system performance, we develop a sampled 
version in s-domain of the proposed architecture that can be 
seen in fig. 3. The sensor was substituted by its small signal 
model, which was obtained for small signals variation near 
theoretical operation point. The sensor small signal model is 
described by Eq. (3). 

[ )()()(1 sYksHksTk
ps

T sYHaTas ++
−

= ]  (3) 

In which, p is the inverse of the sensor time constant, kTa, 
kH and kY are the coefficients associated to environment 
temperature Ta, solar radiation H and sensor square current 
Ys, respectively. 

Figure 3 shows the sampled time version of the 
continuous signal system to extract performance parameters. 
The quantizer was linearized and modelled by a white noise 
source, E*(s), [6]-[7] and was added to the sensor 
temperature Ts(s) which is a function of the solar radiation 
signal H(s), and the surrounding temperature Ta(s). Ta(s) was 
compensated during simulation to the system correct 
operation.  The unity gain block between sensor output and 
the white noise source has °C-1 dimension, and realizes scale 
transformation from sensor temperature scale to the 
quantizer scale. A zero order hold, B0(s) in modulator 
feedback path, transforms modulator output samples to 
continuous signal. B0(s) is given by Eq. (4) with T been the 
oversampling period. 

 

Fig. 3. System block diagram used to performance analysis. 
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3.1. System transfer function 

The step response of H and Ta, for the 1-bit first-order  
Σ-∆ modulator with thermoresistive sensor is expressed by 
the transfer function in z-domain by Eq. (5). 
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In which, r is the quantizer error transfer function zero 
and p is the system transfer function pole.  

Solar radiation and surrounding temperature transfer 
functions had negative gains that provide attenuation to 
theses signals since the sensor must work at an almost 
constant temperature previously defined in system project. 

The quantizer error transfer function (NTF) has a zero 
that depends on the sensor small signal model pole p, for 

 with T being the oversampling period. The system 
transfer function pole q also depends on this parameter, for 
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The NTF zero degrades the NTF noise attenuation in the 
signal band once there is a finite attenuation at DC 
frequency instead of an infinite attenuation as in ideal first-
order sigma-delta modulator [6]-[7]. This may affect system 
resolution considerably. 

3.2. Spectrum magnitude 

The system NTF was manipulated to obtain its 
magnitude spectrum, which is expressed by Eq. (6). 
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3.3. In-band noise power 

The in-band noise power σey
2, at the output of the 

converter was obtained assuming modulator output samples 
passing through an ideal low-pass filter with cut-off 
frequency fB. The in-band noise power is given by Eq. (7).  
The in-band noise power depends on the OSR-1 and the 
quadratic relationship involving the NTF zero and pole. 
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3.4. Resolution 

To obtain system theoretical resolution, system noise 
power was compared with N-bits Nyquist PCM noise power 
and the resolution, in bit number, is given by Eq. (8). This 
expression shows the resolution dependence with OSR-1 and 
and the quadratic relationship involving the NTF zero and 
pole. 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

⎟
⎠
⎞

⎜
⎝
⎛−=

2

2 1
11log

2
1

q
r

OSR
N  (8) 

4. RESULTS 

The sensor characteristics used in theoretical analysis and 
in system simulations were: β=0,00385 oC-1, R0=102,48 Ω, 
αS=19x10-6 m2, hS=2.982x10-3 W/oC, mc=43,06x10-3 J/oC. 
The sensor temperature theoretical operation point was 
defined at 50 oC. To measure solar radiation in South 
America, the solar radiation scale was defined beginning 
from Hmin=0 W/m2 and ending at Hmax=1600 W/m2. Signal 
band frequency limit was chosen near system transfer 
function pole frequency, fB=0.9fsr.  

Figure 4 shows theoretical system noise transfer function 
magnitude for oversamplig ratio equal to 256, zooming to 
signal in-band frequency.  At DC there is a finite attenuation  
(-16.9 dB). This attenuation is degrading to –13.9 dB at NTF 
zero frequency and to   –3 dB at NTF pole frequency. This 
fact puts an application limit to in-band frequency. 

To obtain better system resolution the signal band must 
stay under system NTF zero frequency. The system NTF 
zero, in s-domain, is equal to sensor small signal transfer 
function pole. The maximum signal band frequency, in 
radians, must be less than the sensor small signal pole. 

Figure 5 shows the system NTF zero and pole locations 
in z-plane. In this figure, it can be shown how close those 
two parameters are.  

Figure 6 shows theoretical system resolution obtained by 
using Eq. (8) as an OSR function. The system resolution is 
improved by half bit every doubling of the oversampling 
ratio. 

To verify theoretical results, the continuous signal current 
system and the pulsed current system were simulated in time 
domain for a sine wave input of solar radiation expressed by 
Eq. (9) to cover the full scale. The sine wave frequency was 
selected below sensor small model pole. The frequency used 
was f=1/600 Hz. 

 

Fig. 4. System noise transfer function magnitude 

 

Fig. 5. System NTF zero-pole located in z-plane. 

 

Fig. 6. System resolution. 
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 Estimated solar radiation was obtained by simulation, 
after the samples y[n], at the 1-bit first-order Σ-∆ modulator 
with thermoresistive sensor output, have moved through a 



digital filter as presented in [8]. The surrounding 
temperature input signal was mathematically compensated. 

Figure 7 and fig. 8 show estimated solar radiation 
absolute error for continuous signal system and pulsed 
current system, respectively. When considering solar 
radiation full scale of 1600 W/m2 and not considering 
dynamic resolution lost located around positive peak of 
estimated solar radiation signal due to surrounding 
temperature compensation mathematical process these 
absolute errors are less than 15 W/m2, less than 10 W/m2 
and less than 5 W/m2 for OSR equal to 64, 128 and 256 
respectively in both systems. The dynamic resolution lost, 
when taking in account, affects system resolution 
evaluation. 

The medium square error in both systems was obtained 
from estimated solar radiation samples at the end of the 
converter after stabilization process and were calculated by 
Eq. (10): 

( ) ( )[
2

1

2

minmax

2 12 ∑
=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
aN

i
n

a
ey iHiH

NHH
σ ]  (10) 

In which Na is the number of samples, Hn is the estimated 
solar radiation at the output of the converter and H is the 
solar radiation at the input of the converter. 

The estimated solar radiation square medium error was 
compared with N-bits Nyquist PCM noise power to obtain 
system   resolution in time domain. The system resolution 
was given by Eq. (11): 
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Table 1 shows system resolution results obtained for 
three oversampling ratio values. The first column refers to 
system resolution results calculated by Eq. (8). The two and 
three columns refer to the continuous signal system and the 
pulsed current system time domain simulation results, 
respectively.  They were calculated by Eq. (11). Continuous 
signal system absolute error leads to better results than 
pulsed current system absolute error. The problem is that the 
energy is not continuous in pulsed current system and 
represents a continuous signal system approximation. In 
these calculations we consider all samples, including those 
samples around estimated solar radiation signal positive 
peak (i.e., with dynamic resolution lost due to temperature 
compensation mathematical process).  

5. CONCLUSION 

The proposed 1-bit first-order thermal ∑−∆ modulator, 
when applied to physical greatness measurement like solar 
radiation measurement, leads to some operation limitations. 
The sensor small signal time constant or sensor small signal 
transfer function pole contributes to decrease quantization 
error attenuation at DC frequency affecting C. S. and P. C. 
systems resolution. 

 

Fig. 7. Continuous signal system: estimated absolute error. 

 

Fig. 8. Pulsed current system: estimated absolute error. 

Table 1. Continuous current system and pulsed current system 
simulated resolution results. 

 Resolution  (bit number) 

OSR Theoretical 
System 

Signal Current 
System 

PWM System 

64 5.9 5.6 5.1 

128 6.4 6.5 6.3 

256 6.9 7.8 7.2 

When comparing to ideal 1-bit ∑−∆ modulator, which is 
1,5 bits for every doubling of the oversampling ratio, the 
resolution shown at Table 1 was worst.  

To obtain better resolution operation condition, excitation 
signal band frequency must be limited under sensor small 
signal transfer function pole frequency and the modulator 
output samples must be filtered at the sensor small signal 
pole frequency. 
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