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Abstract:
require summary information about
associated with the measurand. This paper

Many uncertainty evaluation applications distributions involving standard distributions, tatgular or
the distributionGaussian distributions, and determining an appration
looks &bm a sample. In particular, we provide a formiglatof the

summarizing distributions on the basis of Monte I€ar problem of finding a maximum likelihood estimate af

samples and describes how relative entropy carsbe as a
measure of the effectiveness of the summary.
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1. INTRODUCTION

The Guide to the Expression of Uncertainty
Measurement (GUM [1]) describes how information wthe
quantity, gained from measurement, can be repredent
terms of a probability density function (PDF). Suarmn
information about the quantity can be derived fithim PDF.
In particular, the mean of the distribution is takas the
estimate of the quantity and the standard devidddiaken
to be the standard uncertainty associated withe#tienate.
To determine further summary information, such as
coverage interval, the GUM assumes that the P[2#her a

mixture of Gaussians that leads to a relatively pm
optimization problem involving only linear inequgliand
equality constraints. In section 3, we consider tise of

measurementrelative entropy as a measure of the quality of

approximation or information loss. In section 4, armalyse
the behavior of the approximation schemes usingnpls
numerical example. A discussion and concluding réma
are given in section 5.

2. APPROXIMATING A DISTRIBUTION FROM
A SAMPLE

Suppos€{x;,i = 1,...,M} is a random sample from a
distribution with densityp(¢). We look for ways of deriving
a densityg (¢) from the sample such that inferences based
on q(¢) will be as reliable as possible, i.e., as close as

possible to those that would be made() was available.

We consider four general approaches to generatieg t

Gaussian or a-distribution, with the degrees of freedom approximating distribution. First, determine theam& and

parameter providing additional shape informatiohug, the
output from the GUM uncertainty framework is consieh
into two or three parameters.

standard deviatiors of the sample and assign the PDF
qn(é|x,s?) , the PDF associated with the Gaussian
distributionN(x, s2). This approach can be generalized to

Supplement 1 to the GUM (GUMSL [2]) uses a Monteassociate to the measurand a particular member of a

Carlo method (MCM) to produce a random sample fthen
distribution associated with the measurand. In thise, the
distribution is represented by, perhaps, tens ofishnds of
draws but there is still the requirement to provétdenmary
information about the measurand derived from thapde.

Similar remarks apply to Bayesian interpretatioristie

GUM uncertainty framework [3,4,5,6,7] in which aadem

sample from the posterior distribution is generatsthg a
Markov chain Monte Carlo (MCMC) algorithm [8,9]. Ui$,

for the MCM and MCMC approaches, the question arafe
how to provide summary information about the disttion

associated with the measurand.

parametric distribution based on information (motegetc.)
derived from the sample [10]. Second, assign a BHE)
derived from a histogram of the sampled points viith
edges given byz = (z;,..z,)" with - < z, <z, <

-+ < z, < oo. Third, use kernel density estimation methods

1 )
a(® = > K ()

whereK is a symmetric function integrating to 1. Here, we
setK (&) = qy(€]0,1), the PDF associated with a standard
Gaussian. The bandwidth or scale parametgvove plays a

In this paper, we are concerned with approximatingimilar role to that of the bin width using a higtam
distributions on the basis of Monte Carlo samplesl a approximation.

measuring the information loss associated with the The three approaches can be seen as approximhtng t

approximation.
sources, firstly the form of the approximating dimition
and secondly the fact that information about thetritiution
is represented by a finite sample. In section 2cermsider a

class of approximating distributions based on nmixtu

The information loss has two pdssib distributionp(¢) by a mixture distribution

q) = ijleq;(f).

where eacly;(¢) is a well-known PDF and the nonnegative



weightsw; sum to 1. The first approach involves only oneincluded by introducing a single scale parameter 0

Gaussian summand, the histogram approach usesrmnifoassociated with the mean locations.

distributions on the intervalg;, z;,,], while the kernel

In this case th
constraints can be written as

density method uses Gaussians. The number of sudhman

functions for the three approaches are 1 (the mimin N,
andM (the maximum).

= y Z]WJ=AZ, =0,
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The fourth approach used here explicitly involves ayng

mixture of Gaussians

N
qu(§lw,n,0) = Z leqN(flu,-.ajz).
j=

The mean: and variance? of such a mixture distribution
are given by

u= Z?}=1 Willj, o = Z;y=1 Wi ((“j - “)2 + 01'2)'

Given a samplgx;,i = 1, ..., M}, optimal estimates of the
parametersw, u ande can be determined by maximizing
the likelihood

l(x|w,p,0) = HqM(inW.u. o)

L

subject to non-negativity constraints on the weiginid the
additional necessary equality constrairff;w; = 1. This

optimization problem is likely to be ill-conditiodef there
are more than a few summand distributions. To remsuch
ill-conditioning, we consider a number of consttaion the
mixture distribution. We first assign the same dispon
parametelo, to each summand distribution, i.e;,= aj.

We also apply the constraints that the mixturerithistion

has the same mean and standard deviation as thpesan
that

x)".

In the presence of the first constraint above, $beond
constraint can be written as

N
ol =s?+x? - ijujz-.

By subtracting the mean from the data we can asshate
X = 0, so that the constraints on the problem can b#enri
as

YWl =X, of = s = 2N wi(u; -

and
N
2 2
j=1

This latter constraint implies an additional linéaequality
constraint on the Weights namely,

Zw]u] <

If the meansu; are fixed then all constraints are linear
equality or inequality constraints on the weiginfsand the

O-g = 32 - 2?’:1‘7/]'#,2-, Z] 1W]H] =

wherei; = w;A%. Thus, the problem can be posed in terms
of the un-normalised weight®;. The effect of introducing
the scale parametgéris to modify the constraint on the sum

of these scaled weights. The normalised weightsgaren

by w; = //12, with 2 = (T, w;) /2, and the summand
Gaussians for the mixture distribution have means Au;.
In the numerical example discussed in section 4take for
an initial set of means the centred\bbins determined from
the sample adjusted so that the centre of one diircides
with the sample mean.

With these additional constraints on the mean aaddsrd
deviation of the mixture distribution, the deteration of
the maximum likelihood estimate amounts to maxingza
nonlinear functionsubject to linear equality and inequality
constraints. This formulation of the problem avoids
nonlinear constraints that would make the optintzat
problem much more difficult to solve.

3. RELATIVE ENTROPY

We look for a measure of how well the distribution
derived from the sample approximates the distrivuti
generating the sample. Given two probability disttions
with densitiesp(¢) and q(¢), the relative entropy (or
Kullback-Leibler divergence) is given by [12]

Dtplla) = [ p6)108 (53) e

The relative entropy is not a metric since it i$ sygmmetric,
but the Gibbs inequality can be used to show that t
relative entropy is zero only if the distributiorsre
essentially the same [12]. pfis close tog in the sense that

1- ;—’ ~ 0,thenplog(p/q) ~ p — q. The relative entropy is

an important concept in information theory. In Bsig@
inference, the relative entropy, (p(¢|y)|Ip(§)) of the
posterior distribution p(¢|y), relative to the prior
distributionp (), is a measure of the information gain about
& derived from the measurement dgta

If p(¢) is the density associated with the Gaussian
distribution N(a,,0?) and gq(§) that associated with
N(a,, o), then

(45

The first term depends only on the standard denatof the

Dy (pllg) = %[log (Zz) +4_ 1]

variance terns§. An additional degree of freedom can bedistributions while the second term also takes Btoount



the difference in their means. Similarly, pi(¢) is the
density associated with the rectangular distribuR@A,B)
andq(¢) that associated witN(a, 62), then

Dy (pllq) = log [@]

6(B—A)

If p(¢§) has mearu and standard deviatiom, it is
straightforward to show that the Gaussian distidout
pn (€', a") that minimises

Dy, (p(O)Ipn (€', 0")

is py(€lu, o). Thus, if we are going to approximate a
distribution with a Gaussian distribution, then thest such
distribution to choose according to the relativetregoy
criterion is that with the same mean and standaviation.

If a sample is drawn from(¢) and used to construct an
approximating distributiog (¢), we use the relative entropy

Dyi.(pllg) as a measure of the quality of the approximation

derived from the sample.

4. NUMERICAL EXAMPLE

This example concerns the distributip() associated
with the random variabl& = exp Y /5 whereY ~ N(0,1).
Using the transformation of variables rule [13], ig
straightforward to write down an analytical formuiar

(&), namely
P = Zoa(Slogglon), §>0,

wherepy (€]0,1) is the standard Gaussian density.

If {y;,,i=1,..,M} is a sample fromN(0,1) then
{x; =expy; /5,i=1,..,M}is a sample according f{¢).
Figure 1 graphg(é) (blue, solid) along with the Gaussian
approximant (green, long dash) and the approximanved
from a histogram with 9 bins (red, short dash)d=tifrom
M = 10,000 samples. Figure 2 gragh§) (blue, solid)
along with approximants derived using the kernehsity
approach (green, long dash) and a Gaussian mixtace
short dash) with 5 components also derived friym=
10,000 samples. It is seen that the approximaiiofigure
2 are much better than those in Figure 1.

A measure of the quality of the approximation igegi
by the relative entropy. Table 1 shows the relatwéropy
calculationsDy; (pllgu) andDy.(p|lgm) for the histogram
and mixture approximations, respectively, for vaso
numbers of components. Each calculation involvedsdime
sample of 10,000 random draws. For comparison, th
relative entropy Dy, (p|lgy) and Dy, (pllgx) for the
Gaussian and kernel density approximatigRsandgy, are
0.0298 and 0.0011, respectively. (Both the Gaussiath
kernel approximations do not depend on the numbbking,
etc.)

We also calculate the relative entroPy, (p|lqy) of
p(&) relative togy;, the mixture distribution that minimises

the relative entropy derived directly from¢é) rather than
from the sample. Table 1 also shows the relativieopy
associated with the mixture approximation to thenke
approximant. Again we consider two mixture apprcms,
the first derived from the sample, leading to thécglation
of  Dxu(gkllgm), and, the second, the mixture distribution
that minimises the relative entropy derived dingftbm g,
leading toDyi(qkllgy) - We are interested in these
calculations because for most practical applicatigris not
possible to provide an analytical definitionp®) but the
kernel density approximant can be calculated imdstea
However, we would like to represent this approximanre
compactly, for example, using a mixture distribatieith a
modest number of components.

From table 1, we note:
The histogram approximatiap; of p is much less
accurate than the corresponding mixture distrilsutio
The mixture distribution approach provides
successful approximations fbk= 5 or more. Figure
3 shows a graph oflog(p/q) whereq is the kernel
densitygx approximant (blue, solid), the Gaussian
mixture approximant gy s with 5 summand
functions determined from the data using maximum
likelihood estimation (green, long dash), and the
Gaussian mixture approximantyy s with 5
summand functions (red, short dash) determined by
minimising the relative entropdx.(qx||qx) directly.
The figure provides evidence that the kernel dgnsit
approximant is slightly better. Figure 4 shows the
same information but for Gaussian mixture
approximants with 7 summand distributions. In this
case it can be argued that the Gaussian mixture
distributions provide better approximants.
Comparing the values ofDg.(p|lgy) Wwith
Dy (pllgm) and also those oby(qkllqm) With
Dxi.(qkllgy), we see that the quality of the
approximant determined from the sample data using
maximum likelihood estimation is similar to that
calculated directly fronp or gx. (Compare the green,
long-dashed curves with the red, short-dashed
curves in figures 3 and 4). In other words, the
sample contains essentially the same information as
p itself as far as determining the Gaussian mixture
approximant.
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Figure 1. Gaussian and nine-bin histogram appraiims
to p(¢) based on 10,000 samples.
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Figure 2. Graph gb and approximating distributions
calculated from kernel density and Gaussian mixture
distributions (with 5 summand functions) based 610Q0
samples.
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Figure 3. Graph of log(p/q) whereq is calculated from
kernel density and Gaussian mixture distributioith &
summand functions based on 10,000 samples.
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Figure 4. Graph of log(p/q) whereq is calculated from
kernel density and Gaussian mixture distributioitf W

summand functions based on 10,000 samples. The blue
solid curves in figures 3 and 4 are the same.

Table 1. Relative entropy associated with histogazueh
mixture approximations tp(¢) for different numbers of
component$N, 10,000 samples.

pllqu pllgm pllam qxllam | 9kllam
0.7165| 0.0298  0.029 0.0328 0.0328

0.1506 0.0243 0.024 0.02%3  0.0252
0.1475 0.0037 0.002 0.0042 0.0040
0.0791 0.000¢ 0.000 0.0012 0.0010
0.0509 0.0005 0.000 0.0009 0.0006
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4.1 Effect of sample size on the quality of the
approximants

The effect of sample size can be examined by
performing the same calculations for different skrgzes
M. Tables 2 and 3 provide the same information bk ta
but for sample sizes oM = 3,000 and M = 1,000,
respectively. (The values 0% (p|lqy) differ across tables
1, 2 and 3 due to the fact that the means for timensand
Gaussians are determined from histograms derived the
sample.) For the Gaussian approximatiog, (p|lqy) =
0.0298, 0.0301 and 0.0310 figr= 10,000, 3,000 and 1,000,
respectively while for the kernel density estimathe
corresponding values abg; (p||lgx) = 0.0011, 0.0029, and
0.0088. Thus, there is some evidence that a sasigdeof
1,000 is not sufficiently large to capture the mmfiation
represented by the distributign(for this example). In terms
of the quality of the histogram approximation, tmaller
sample sizes have no significant effect on thetivea
entropy values. This reflects the fact that thes laxf
information aboup arises not from the finite sampling but
from the form of the approximating distribution. rFthe
Gaussian mixture approximations, comparing tableit8
tables 1 and 2, it is seen that the smaller sarsgle is
losing pertinent information aboutp as far as
approximations with 5 or more summand functions.

Figures 5 and 6 correspond to figure 3 but for gdam
size of 3,000 and 1,000 respectively, and showiHercase
of M = 1,000 especially, the effect of the small sangite
on the quality of the maximum likelihood approximat
determined from the sample.

Table 2. Relative entropy associated with histogazueh
mixture approximations tp(¢) for different numbers of
component$, 3,000 samples.

pllqu pllgm pllay | agxllam | axllam
0.7165| 0.0301  0.030 0.0309 0.0309

0.1500 0.0247 0.024 0.0242  0.0241
0.1521 0.0034 0.003 0.0077 0.0972
0.0816 0.0015 0.000 0.0034 0.0027
0.0532 0.0013 0.000 0.0020 0.0013
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Table 3. Relative entropy associated with histogasch
mixture approximations tp(¢) for different numbers of
component$, 1,000 samples.

N | pllgu pllam pllav | axllam | qxllqum
1| 0.7165/ 0.0310  0.031p  0.0340 0.0340
3| 01532| 0.0256 0.0250  0.0311 0.0308
5| 01591 0.0083  0.0041  0.0074 0.0045
7| 00890 0.0074 0.001f  0.00%3 0.0016
9| 00628 00074 0.0014 0.00%3 0.0016
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Figure 5. Graph of log(p/q) whereq is calculated from
kernel density and Gaussian mixture distributiorith vb

summand functions based on 3,000 samples. Thelo#ed

curves in figures 3, 5 and 6 are the same curve.
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Figure 6. Graph of log(p/q) whereq is calculated from
kernel density and Gaussian mixture distributiorith vib
summand functions based on 1,000 samples. Thelo#ed

curves in figures 3, 5 and 6 are the same curve.

5. DISCUSSION AND CONCLUDING REMARKS

The kernel density approximation derived from a gi@n
can usually be regarded as a
approximation to the underlying distribution thatvg rise
to the sample, assuming the sample &izis large enough.

reasonably accurate

However, the kernel density estimate is defineteims of

M summands making it potentially unwieldy for further
inferences. Our approach to determining a mixture
distribution involving a modest numbét of component
functions as discussed here has some advantages. Th
distribution is defined byI2 items of informationN means
and N weights with the common standard deviation
determined by the constraint that the mixture dhistion
has the standard deviation as that of the samplg. O
formulation also ensures that the mixture distitouhas the
same mean as that of the sample. These constraintbe
implemented in terms of linear inequality and edyal
constraints, thereby reducing the computational plerity

of the associated optimisation problem. For largmes,
initial estimates of the optimisation parameters dze
determined from a subsample, so that only a feratitns
are required involving the complete sample.

All probabilities involving the mixture distributio are
easily calculated in terms of the standard compbnen
distributions, and the mean and standard deviatiothe
mixture distribution can be calculated exactly.

Relative entropy can be used as a measure of #iléyqu
of an approximating distribution and can be used to
determine an appropriate number of summand furgtion
represent the distribution directly or through fioxy, a
kernel density estimate.
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