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Abstract  Coordinate Measuring Arms (CMA) are devices that 

differ in many respects from conventional coordinate measuring 

machines (CMM). They have from 5 to 7 rotating pairs, in 

which the encoders are placed. These devices are manual, 

mobile, redundant, and at least 3 axes have a full rotation. 

Therefore, in this article, the method of  development of CAA 

correction matrix for the CMA is described. What is a 

completely different issue of the development of CAA 

correction matrix for the conventional CMM. 

Keywords: Coordinate Measuring Arm, Coordinate 

Measuring technique, CAA correction matrix  

1.  BASIC INFORMATION 

CAA correction matrices are used to programmed 

correction of geometric errors of coordinate measuring 

machines. All of these errors affect the indication error. For 

the measuring machines the indication error e is calculated 

as the ratio of vector of 21 units of geometric errors k and 

matrix M showing the impact of each of these errors on the 

units x, y, z of machine indication error. Until recently, the 

development of this matrix was the domain of only the 

producers of the systems. Currently, the matrices shall be 

made available to users. This allows users to develop their 

own error correction, and thus improve the accuracy of 

measurement systems. Development of the quantities of the 

each errors using coordinate measuring systems allows to 

build a virtual measuring machines [1,2,3]. 

There is no doubt that the different structure of the 

CMA, forces the user to a different approach to the issues 

related to the development of geometric errors of these 

devices and also CAA model. Correction matrix  for CMA 

will be based on simple kinematic task. In conventional 

CMM, geometric errors, derived from sliding pairs, can be 

described using the 21 units such as: 

 3 position deviations of each axis (xtx, yty, ztz) also 

denoted as (xpx, ypy, zpz) 

 6 straightness deviations of machine axis (xty, xtz, ytx, 

ytz, ztx, zty); 

 3 rotation deviations of axis (xrx, yry, zrz); 

 6 mutual twisting axis deviations  (xry, xrz, yrx, yrz, zrx, 

zry); 

 3 squareness deviations of CMM axis (xwy, xwz, ywz). 

For CMA in each rotating pair these errors will be as 

follows (Fig 1): 

 ztz characterizing the shift error along the rotation axis 

of encoder; 

 ξi characterized the shift "zero" of encoders; 

 xtx characterized the shift along the each units of CMA; 

 zrx characterized torsion of axis z with the axis x. 

To determine the values of errors that occur in rotating 

pairs of CMA, provide a kinematic diagram of the CMA, 

and then describe it in accordance with the Denavit- 

Hartenberg notation (DH). From the CMA software we can 

get data such as: a) the encoder readings, b) directing of the 

stylus, c) coordinates of the measuring tip. Using a simple 

kinematic task we can build the equations with the many 

uncertainties that correspond to the geometric parameters of 

the CMA. Reading the indicated encoders  and the 

coordinates of points and referral stylus from with the entire 

measuring space we are able to determine the actual 

geometric parameters of CMA[3,4,5,6]. 

 

  

Fig.1. characteristic errors of rotation pairs in CMA 

where 

 λn- nominal length (founded by designer),  

λi - length read from the individual kinematic pairs, 

 ln - nominal length, 

 li - length read from the individual kinematic pairs, 

 ξi - offset of zero of encoder of each configuration parameters 

αn - nominal length,  

αi - Value of twisting axis in each pairs 

2.  CMA KINEMATISC 

The basis for CMA kinematics analysis is the description 

in accordance with the Denavit-Harterberg notation. This 

notation binds  local coordinate system associated with each 



joint, and then determines the sequence of transformations 

of neighboring coordinate systems and leads to the 

calculation of the kinematics of the device as the submission 

of these transformations. 

2.1. Development of the kinematic scheme 

To determine the kinematic errors of CMA, and thus to 

analyze the geometric accuracy of the arms, we must build a 

kinematic model of the device. This model must accurately 

reflect the behavior of the actual machine. 

On the basis of the actual construction of the measuring 

arm and data from technical documentation the kinematic 

model was developed (Fig. 2), in the D-H coordinates [7,8].  

On the basis of the CMA scheme the matrices of 

subsequent transformation of coordinate systems were 

determined. 
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where 

i - the angles between the axes z,  

i - configuration coordinates which are the angles between 

the axes of x, 

il - length measured along the axis x,  

i - length measured along the axis z. 

 

 
 

Fig. 2. Kinematic scheme of CMA 

 

The matrix A contains information about the position 

and orientation of the individual units, using matrix algebra: 
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where 

B – orientation matrix of individual units, 

p- position matrix of individual units, 

zyx ppp ,, - location coordinates corresponding unit, 

iziyixiziyixiziyix nnnmmmlll ,,,,,,,, - coordinates of the 

vector describing the rotation of the individual units. 

2.2. Development of a simple and inverse kinematic task  

The main job in the mechanical manipulation study is 

the so-called kinematics simple task. It is the static and 

geometric task, which is sometimes treated as a task of 

mapping of description of the device location from  the 

configuration coordinates space to the description of the 

Cartesian coordinates space. 

Position and orientation matrix of the n system  relative 

to the system associated with the unit i can be written as the 

product of a sequence of transformations: 

                            niiiin AAAAT ...321,        (5)                              

where 

A- matrix describing the location and orientation of the 

individual members, 

T- transformation matrix of matrices A. 

Inverse kinematics task of CMA consists in determining 

a set of values of angular or linear displacement 

(configuration coordinates) in the kinematic pairs that 

provide specific position and orientation of the working unit 

(in the case of measuring arms stylus). 

Developing of inverse kinematics task of CMA we base  

on the equation (5) and calculate the values of the variables 

θ1, θ2, θ3,…, θn and then consider the solvability task due to 

the: 

• workspace; 

• multiple solutions [9,10,11]. 

3. ALGORITHM OF DEVELOPMENT OF 

GEOMETRICAL PARAMETERS 

Determination of the geometric accuracy of the CMA, is 

a multistep and task as well as the most time-consuming and 

the most difficult part of the entire implementation. 

However, most of the tasks we do once, and the remaining 

ones we repeat after the device calibration or after it is 

completely dismantled and re-assembled. 

3.1. Determination of the mathematical model 

The first step is to determine, in a symbolic way, the 

simple kinematics task. This task has saved information 

about the location and orientation of the stylus. Then we 

build a system of equations which comprises 28 unknowns 



describing the parameters needed to characterize the 

individual units of the kinematic diagram, recorded in 

accordance with the D-H notation. Algorithm of 

development of geometrical parameters is shown in fig. 3.  

 

Fig. 3 The algorithm for calculating the geometric accuracy of the 

CMA 

where (Θm – readings of angular measurement systems, Am, Bm, Cm 

- unit vectors of referral stylus, Xm, Ym, Zm - coordinates obtained 

from the manufacturer's CMA software, Xni, Yni, Zni- coordinates 

obtained from the length artifact, lm – distance from zm-1--axis to 

zm-axis measured along the xm-axis, αm – the angle between the 

zm-1-axis and zm-axis measured around the xm-axis, λm – 

distance from xm-1-axis to the xm-axis measured along the zm-1-

axis). Dm- Length read from the artifakt. 

3.1. Measurement strategy 

 

Fig.4. The measurement strategy with the designed artifact adapted 

to the measuring tip. 

To obtain the values of individual, geometrical  units of 

the device, we measure the artifact allowing for 

unambiguous reading of length. The measurement is carried 

out across the whole measurement space. 

From the manufacturer's software, we can read the 

configuration coordinates i  (readings from the encoder), 

A, B, C (unit vector describing the referral stylus), as well as 

cartesian coordinates x, y, z. Then we read the nominal data 

from the length artifact xn, yn, zn. After obtaining the data 

from the actual measuring device and from the artifact, we 

substitute the data to the system of equations built on the 

formula (6): 
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where 

D1 - distance of two points on the length artifact, 

 X1s - formula on the X coordinate of point 1, on the artifact  

determined from the simple tasks, 

 X2s - formula on the X coordinate of point 2, on the artifact 

determined from the simple tasks, 

 Y1s - formula on the Y coordinate of point 1, on the artifact 

determined from the simple tasks, 

Y2s - formula on the Y coordinate of point 2, on the artifact 

determined from the simple tasks, 

Z1s - formula on the Z coordinate of point 1, on the artifact 

determined from the simple tasks, 

Z2s - formula on the Z coordinate of point 2, on the artifact 

determined from the simple tasks, 

As, for the calculation we have 28 variables, we have to 

develop a minimum of 28 equations, and each of the 

equations will be built in an analogous way. 

3.3. Presentation of the results 

As a result of a series of calibration measurements and 

calculations listed in the programming language, and based 

on the measurement of the length, we get 28 variables that 

describe the errors of parameters of the CMA (Fig. 3). 

Parameters xtxi, ztzi,  xrxi and ξi are characterized as an 

unchangeable errors for given configuration of the 

measuring device. The encoder displacements or its 

mounting errors are characterized by ξi errors. In a futher 

stage of works another parameters corresponding to errors in 

whole measuring volume will be obtained. They will be 

different accordingly to the measuring volume part. One 

additional parameter to every encoder.  

 

Errors characterized the shift along the each units of CMA: 

 

xtxi [mm]=    

 

Errors characterizing the shift error along the rotation axis of 

encoder: 

 

ztzi [mm]=    

 

 

 

 

Dm 



 

Errors characterized torsion of axis z with the axis x: 

zrxi [°]=   

 

Errors characterized the shift "zero" of encoders: 

ξi[°]=   

 

All of these errors affect the indication error e. For CMA 

the CAA matrix will be: 

                                           e=k*M                                      (7) 

where                           e=[ex, ey, ez],                                   (8) 

                                k=[xtxi, ztzi, xrxi, ξi],                             (9) 

                                    M=[xzp, yzp, zzp]
T
                                (10) 

and 

xtxi, ztzi, xrxi, ξi- units of errors occurring in individual 

rotation pairs 

xzp, yzp, zzp –coordinates from simple task 

e - indication erros, k - units of geometric errors, M - matrix 

of interactions of each of these errors on the units x, y, z of 

machine indication error. 

4.  CONCLUSIONS 

Determination of the correction matrix for the CMA is a 

different issue than for conventional CMM. The operator 

must take into account completely different approach to the 

problem because CMA does not have in its design rotating 

pairs only sliding ones and because they are redundant 

devices [12,13,14,15,16]. 

The study will help to build a virtual machine and to carry 

out the correction of the measuring device which is CMA. 

The algorithm determining the parameters is designed so 

that it allows to use it for all devices with open kinematic 

chain.  

In the next stage of works authors are going to construct a 

special standard for mapping the errors in the whole CMA 

measuring volume.  

Research on the CMA are conducted within the research 

project “Accuracy assessment system of on-line coordinate 

measurements implemented using redundant devices”. 
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