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Abstract - The use of computational codes has becom@illiams and Notz [1], Rasmussen and Williams [3jglds
common practice when experiments are not feasibleshen a probabilistic decision framework to assess tlubaiility
their number is too parsimonious. The statisticaldailing of  of failure of the system and its associated unasta
numerical experiments with kriging models vyields a In order to decrease the burden of costly simufatio
probabilistic decision framework to assess the abilty of  when predicting the output of a system, the contlmneof
failure of the system and its associated uncestaintthis work, fast low-fidelity simulations with costly high-fidiey
fast low-fidelity simulations are combined with dgshigh-  simulations has proved an efficient method (XioXgan
fidelity simulations in a co-kriging model and ptEnare and Wu [3], Kennedy and O’Hagan [4]).
sequentially designed to reduce the number of yostl Besides, the knowledge encompassed in the metamodel
simulations. The methodology is applied to a firmiaeering can be increased by sequentially adding points he t
case study. training database. These new points are obtainéer af
optimization of a criterion depending on the quamto be
Keywords: multifidelity computer experiments, Gaussianestimated (Chevalier, Picheny, Ginsbourger [5], tBec

process, probability of failure, sequential plamnin Picheny, Ginsbourger and Vazquez [6]). Indeed, dor
propagation of uncertainty problem targeting theamand
1. INTRODUCTION the variance of an output quantity, a space fillangerion

exploring the whole input domain is adequate. In case,

When dealing with a computational code, one may bérgeting the probability of potentially rare evenequires a
interested in propagating the uncertainties asttisvith criterion faVOUring the eXploration of the failudemain.
the input quantities to evaluate the uncertaintyoeimted In this paper, sequential sampling in targetedoreds
with the output quantity. applied to co-kriging metamodel to estimate thebphility

In the decision theoretical framework pertaining toof conformity and its associated uncertainty. Aftaef
conformity assessment, one is interested alsodrptsition ~Presentation of the concepts, the methodologylustiated
of the output variable with respect to a given shadd in a one-dimensional toy example and applied to a
(regulatory threshold...). The problem of knowingether ~simplified fire engineering application.
the output of a computationally expensive modeleexis a
given threshold is very common for reliability aysis and 2. CO-KRIGING OF TWO CODES
safety-critical applications such as aerospacegeau@ower
stations and civil engineering (models of bridgesd a Denote Fz(.) the higher level code providing accurate
buildings etc.). The threshold can be interpretecdhdower pyt expensive simulations ang,() the lower level code

specification limit defining a one-sided tolerarncerval. idi h imati fE () Denot
The statistical methods that are usually used &b wdih providing — chéap approximations o1, enote

the propagation of uncertainties may need to betadato respectively?z(.) and Vl(.) the statistical surrogates of the
compute the probability of exceeding a threshollisTis codes established from a limited number of simaieti at
particularly the case when the probability is snwallwhen  egch level on a domainD . Let D, and D, (with

the code is computationally expensive. For instaihbente . ,
Carlo methods based on a large number of calleeotbde D, 0D, 0D for computational convenience) be  the

may be replaced by Monte Carlo simulations from draining databases df() and F,() respectively.

metamodel of the code which has just required artews to A co-kriging metamodel of two codes relates their

be calibrated (these runs form the training da&pas kriging surrogates in a regression model wherehigaer
The statistical modelling of numerical experimewith  level of codeV,() is explained by the lower level of code

kriging models based on Gaussian processes (Santn%yl(_) as in Kennedy and O’Hagan [4]



The procedure is repeated until a targeted relative
¥ (x) = o9, (x) + 3(x) (1)  uncertainty is reached (cv.seuil).
Sequentially adding points to a training databaseo(
where p can be seen as a regression parameter between ffiléd sequential planning) according to a spadindi

I design brings a global reduction of uncertaintye(3éong
surrogate outputsé(.) controls the variability oﬁjz(.) that 4 Qian [3]). However this approach is not neadysa

is not explained bﬁl(.) and is independent frorﬁl(.). pertaining to the problem of determining the falarea and
This model requires hypotheses on the relationshifis probability accurately. Indeed when the ta@eta has a
between the codes and prior knowledge on the betawif  low probability, points have a very low probability fall in.
the codes. In particular, if the lower level codemiodelled This is particularly critical in high dimensionatgblems.
as a Gaussian proce§g(.) and if the regression error is also SPecific sequential methods targeting the failureaaith

. . dedicated criteria (such as the tMSE: targeted Maguare
modelled as a Gaussian Procef(é, the higher level code Error) are required. Such methods have already been

results in a Gaussian procesg (). Details about the developed to estimate a probability of failure hsm a
models, the estimation of parameters and the giedican  kriging model of a computer code (see Bect, Ginsfpeu
be found in Kennedy and O’Hagan [4]. The implem#ota  Picheny, Vazquez [6] and Roustant, Ginsbourger,ilRev
in an R package can be found in Le Gratiet [7]. &ind [9]). For instance, the tMSE criterion yields peintith high
convenient hypotheses described in Kennedy and @ikla predicted variance in the target area.

[4], predictions at untried inputs ifD follow a Gaussian Since the posterior predictive distribution d?z(.)
distribution which allows computing pointwise prdiidgies

of exceeding a threshold (also called probabilitf o . o ,
excursion) based on the Gaussian cumulative disioib estimated parameteyg is a Gaussian process such methods

function ® can be applied tﬁz(.)|y, V.
- (S _ ﬁ(X)—S The sequential co-kriging procedure returns anreds
n(x) P(yZ(X)>S) q;( alx ] ) of the probability of failure (non-conformity) ohé higher
fidelity code based of a limited number of highatefity
runs thanks to numerous cheap approximations pedval
valid relationship between the two codes.

outputs denoted 372(.)|y,f/ given observationsy and

where ﬁ(x) and &(x) denote respectively the predicted
mean and standard deviation at input

3. COMPUTING THE PROBABILITY OF NON 5. ILLUSTRATION OF SEQUENTIAL CO-
CONFORMITY KRIGING IN A 1-D TEST CASE
The targeted probability of exceeding a thresfsofdon- This section illustrates in a 1-dimensional examiple
conformity) is _ influence of a lower level code while predicting thutput
pr = P(xOD,¥,(x)>s) (3)  of a given code and the effect of the sequentiatedure on

The best estimato; of p; that minimizes the mean the estimation of the probability that the outpfithigher
level code exceeds a threshold. In this exampmith bodes

squared error (MSE) i ='[n(x) f(x)dx where 77(x) is ~ are supposed known.

the probability of excursion at inpwt defined in (2). Define, for xD{—s—ﬂ,s—ﬂ} , Fz(x) = xcos() the higher
A measure of uncertainty associated to this estimat 22
the mean squared error (MSE) level code and Fl(x) = 05F,(x)the lower level code,
u2(|{3f ): E; ((pf Y )2):: MSE represented respectively as the black and red swn€ig.
2

1 and Fig. 2
O et us assume that 9 points are run with the Ides!
code Fl(.) and, among those points, 6 points are run with the

higher level code Fz(.), displayed respectively as red

triangles and black points.
4. SEQUENTIAL CO-KRIGING
Q A kriging model is fitted to the 6 black points wia

Sequential co-kriging consists in sequentially addi constant mean and Gaussian .covariance. Based on the
points to the training database®, and D, (with knowledge brought by these points on the d(‘-);(é the
D,0D,0D) that will be evaluated by the two code kriging theory provides the best curve estimatlﬁg.) and
levels, respectively the lower fidelity code ane thigher ~9°7° confidence bounds represented as the greyoarg.
fidelity code, to decrease the relative uncerta{otefficient
u(py)

These estimators are computed with Monte Carl
method based on simulated trajectories fr(SQ{.) as in

Oakley and O’Hagan [8].

When the 9 points evaluated at the lower level are
) of the estimated probability of analysed with the higher level points, we obsehat the
f 95% confidence bounds around the estimated curve
(represented as the yellow area on Fig. 1 is faogmtly

of variation cv(p; ) =

non-conformity fJf with associated uncertainty(p;) .



reduced and the estimated curve (dashed black isve
shifted closer to the truEz(.) function.

Let us consider the everﬁtz(.) >5 and let us estimate its

probability and its associated uncertainty from tbhe-
kriging model based on sections 3 and 4. Figshdws that
the true function may lie anywhere within the yellarea
with probability 95%, which brings uncertainty ohet
probability of exceeding the threshold, as seethénresults
p; = 0099, u(p;)= 0015 andcv(p;) = 0152.

In order to reduce the uncertainty in the targetesh, a
new point x = 7.847 is added to the databaserditgpto
the tMSE criterion.

The updated kriging model shows
uncertainties in the targeted area with a biasign B, that
is that kriging alone doesn’t allow to estimate tinae
function. However, co-kriging results displayed Big. 2
show no more uncertainty in the target area so theat
probability of exceeding the threshold is exacfly = 0.1.

F20x)

Fig. 1 Plot of the kriging and co-kriging confit® intervals
(resp. in grey and yellow) to predict.An red: the FFcurve and its
observations (red triangles). In black: thechrve (plain curve), its
best co-kriging estimate (dashed curve) and itemasions (black
circles).

USSR SUpU

F2(x)

Fig. 2 Plot of the updated kriging and co-krigingnfidence
intervals (resp. in grey and yellow) after a nevinpobtained with

the tMSE criterion has been added to the databBgesind D, .
In red: the k curve and its observations (red triangles). Irckila
the R curve (plain curve), its best co-kriging estimdtashed
curve) and its observations (black circles).

6. FIRE ENGINEERING APPLICATION

6.1. Conformity in fire safety engineering

The prediction of the evolution of tenability cotidins
in an environment in fire can be estimated usinmmex
fire models like zone model or computational fluid
dynamics tools and requires setting appropriatetiity
criteria which ensure that the occupants will netexposed
to untenable conditions. Nowadays, there is nolsisgt
that is universally accepted and various tenabilitieria are
proposed (Purser [10]). The tenability critericsed in the
present study comes from the international standaf
13571 [11] and is based on the best available sfiten

decreasegl,dgement of the consequences of human exposineato

According to this standard, the thermal risk ikdid to
the heat flux associated to the radiation of thelsrand the
temperature of the atmosphere. The tenability lifoit
exposure of skin to radiant heat is approximateEyI@N/n?.
Below this incident heat flux level, exposure cae b
tolerated for 30 min or longer without significantffecting
tenability. The radiant heat limit of 2.5 kW nmay be
reached when the hot layer temperature UL risesveabo
200°C.

The probability of non-conformity arising in thisudy is
thus: P(UL>200°C) considering various fire scenario
defined in section 6.3 resulting from a combinatidrinput
variables.

6.2. Case study

For the purpose of the study, a known building is
considered with dimensions 19.75m (length), 12nd(w)i,
16.50m (height) along with those of the openingshwi
negligible uncertainty. The thickness and the tla@rm
properties of the walls are defined in accordandé the
present structures. The test hall is equipped twith doors
assumed as open and two natural smoke removalnsyste
(see Fig. 3).

The room mesh is defined from the actual dimensains
the test hall, as shown in Fig. 3. In the case@$, the grid
is uniform, and the cell dimensions are 25 cm arheside.
This cell size is a compromise between flow resofutind
computational time. The fire source is placed md¢bnter of
the test hall.

6.3. Input variables

Apart from changes in environmental conditions (sas
outside and inside temperatures, ambient pressack a
relative humidity, wind velocity and direction), eh
properties of the fire (fire source area, fire griowate and
heat release rate (HRR) per unit area) in the tesf is
governed by the physical and chemical process edolv

Multiple interactions between these input variabégs
different time during the fire may affect the pattef the
fire growth and lead to uncertainties. For thissoeg there is
a need to determine the uncertainty (probabilitithwhich
input variables may affect a real fire in a knowiilding. In
the present framework, the environmental conditemd the
properties of the fire are therefore randomly duateed.
The chosen probability distributions for these inpariables



are detailed in Table 1. A sensitivity analysiswbd that

only the fire areaA; and the characteristic heat release rate

(HRR) Q"have an influence on the exceedance of the

threshold. So only these two variables will be gysetl and
the others are kept constant.

Natural smoke control

/

Dummy smoke-laden
upper layer

— L Dummy interface

Dummy cooler
lower layer

Doors

Fig. 3 Simulation of fire plume in a building. Nenical room
with the CFD code Fire Dynamics Simulator. Smokenpu
obtained from a fire area of 13.75m2 and a heaasd rate of
487kW.m-2. Dummy regions and layer height are regmeed.

Table 1 Description of the input variables of the fcode (N:
normal, U: uniform).

Variable Name Unit Range Distribution
Patm Atmospheric pressure Pa [98000, 102000] N
g External temperature K [263.15,303.15] N
Ting Inside temperature K [290, 303.15] N
o Fire growth rate kW.s=2  [0.011338,0.20] U
Ay Fire area m? [1,20] U
Q5 Characteristic HRR ~ kW.m™2 [300, 500] 1
per unit area
i Design fire load density MJ.m—? [300, 600] U

per unit area

6.4. Numerical codes
Two numerical tools are considered in this appiocat

CFAST (Fl(.)) and FDS Fz(.)) used respectively as the

lower level and the upper level code.

Temperature [°C]

200

Fig. 4 Iso-temperature located at the term sofyce 0) at t=
200s. Results obtained from a fire area of137%md a heat
release rate of 487kW:fn

6.5. Initial databases

The initial database evaluated by CFASTFl(())
comprises 9 points displayed in Fig. 5, among tbemoints
(in red) are evaluated by FD$2((.)). Voluntarily, no FDS
points exceed the threshold. The domain of variatib A;

and Q is [1-20]m2 x [300-500] kW/m? respectively.

[=]
[=]
W

Qdotsec
400 450

350

300

Fig. 5 Initial databases: in red: points evaluabgd FDS and
CFAST (D,), in green: points evaluated only by CFASX;) The

The Consolidated Model of Fire and Smoke Transporigontour plot of the probability of excursion furmti is also

CFAST, is a fire model which relies on the assuprpthat
a volume is subdivided in two zones.

Upper level CFD simulations were performed with the

version 6.1.2 of the Fire Dynamics Simulator (Fx8de

developed by the NIST Building and Fire Researcl

Laboratory (USA) and the VTT technical researchtieenf
Finland. FDS is far more complex because thereatréwo

displayed.

6.6. Analysis
Numerical interpretation of the sequential _co-kriging
tesults

Remark: In this paper, the additional FDS points

required to carry out the sequential co-kriging moelt have

distinct zones, but rather a continuous profiléesfiperature ooy replaced by the predicted mean of the custembgate

(see McGrattan, McDermott, Weinschenk, and Overholtt Fpg at each

[12]) as illustrated on Fig. 4.

iteration to avoid modelling numalric
instability.



A comparison of kriging and co-kriging methods has

been carried out on the fire engineering case stodhow
the influence of the number of points in the dasgband the
influence of their location on the estimates of pinebability

of conformity and its accuracy (relative uncertginResults
are displayed in Table 2.

The initial contour plot displayed on Fig. 6a sisoa
large dispersion of the level lines, representirte t
uncertainty on the predicted frontier between non-
conformity (white area) and conformity (black are&pr
instance the predicted 0.5 line indicates thatethisr50%
chance that the non-conformity domain lies above lthe

For the same number of FDS runs (5 runs) co-krigingnd the predicted 0.9 line indicates that the@0P% chance

reduces the relative uncertainty of the point estén A
relative uncertainty divided by 3c{(p;)= 013versus

cv(ps) =0.3968) was obtained at the cost of 4 cheap,

that the non-conformity domain lies above this line

As points are sequentially added to the databdme, t
uncertainty is reduced. The first two points ad@ese Fig.
6b) (red crosses) have a high predicted variantieeiiarget

CFAST simulations. This shows the positive impaét oarea, as they are far from FDS points (red trias)gl€heir

combining expensive runs with cheap runs.

predicted mean is close to the threshold so thatlehel

Final results of the sequential co-kriging show alines interpolate the points. The lines are alsoawveed in

dramatic decrease of the relative uncertainty wédpect to
co-kriging results ¢v(p;) = 0.0078versus cv(p;) = 013)

at a cost of only 6 smartly chosen new expensius.ru

Table 2 Summary results of the probability of namformity
obtained with various kriging based methods.

evlfy)
0.3968

u(Py)
0.0648

number of FDS runs type of analysis Py

5 kriging 0.1634

5 co-kriging 0.172 | 0.022 0.13

b+3x2 sequential co-kriging | 0.1710 | 0.0013 | 0.0078
q ging

Graphical interpretation of the sequential co-kriging
results
Results obtained at each iteration of the sequectia

kriging procedure (see section 4) are displayedahle 3.

The first line (iteration 0) gives the co-krigingded Monte

Carlo estimates obtained with the initial datab@s@oints
including 5 expensive FDS simulations) displayedira 2
of Table 2.

The contour plot of the posterior probability otersion
function on the full domain provides a graphicabltdo
assess the efficiency of the iterative algorithm.

(=]
=3
oy

450

400

Qdotsec

300

(a) Baseline : points of the imtial database

Fig. 6 Zoomed in. Contour plot of the initial prdiiiy of excursion (a) and the updated probabitifyexcursion after 2 points have been
added at the first iteration of the sequential dgikg procedure (b).

between, close to an initial FDS point, which shals
effect of this point given the additional knowledge

Table 3 Summary results of the probability of namformity
obtained at each iteration of the sequential proediteration 0
gives the baseline results obtained with the ihitiatabase (9
points).

iteration | number of added points Py u(py) | cv(pys)
0 - 0.172 | 0.022 | 0.13
1 2 0.1707 | 0.0076 | 0.0446
2 2 0.1709 | 0.0023 | 0.0132
3 2 0.1710 | 0.0013 | 0.0078

The next two points added (see Fig. 7Fig. 6aglaso
a predicted mean close to 200°C and yield reduced
uncertainties so that 1-probability of non-confagmiones
appeatr.

600

new point (2)

T

b F
b5 :‘.: new point (1)

Qdotsec
400

&0

aon

(b} Iteration 1: add 2 points
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(a) Iteration 2 : add 2 points

Qdotsec
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(b) Iteration 3 : add 2 points

Fig. 7 Zoomed in. Contour plot of the updated pbiliig of excursion at the second iteration of #egjuential cokriging procedure (a) and
at the third iteration (b).

Finally, two more points are needed (see Fig. tab)
reach cv =1%, with the effect of creating a 1-ptuolity of
non-conformity zone, which means that fires stgrtwith
coordinates lying in this zone will lead to non-fammity
(UL > 200°C).

CONCLUSION

[3] S. Xiong, P.Z.G. Qian, and J. Wu. “Sequentiglsign and
analysis of high-accuracy and low-accuracy computedes”.
Technometricsb5:37-46, 2013.

[4] M. C. Kennedy and A. O’Hagan. “Predicting thetput from a
complex computer code when fast approximationsaaeglable”.
Biometrikag 87:1-13, 1998.

[5] Chevalier, C, Picheny, V, Ginsbourger, D, The gimv

The methodology presented in this document to assepackage : An efficient and user-friendly R implenagioin of
the conformity of a characteristic given a spedifie Kriging-based inversion algorithms, ComputationatiStics and

threshold, using an expensive computational coces hDataAnalysis, 71,1021-1034, 2014.

proved efficient to overcome too parcimonious eatbns

from an expensive code when fast approximations al

available. This method builds on the kriging modesally
used to model code outputs, to improve the preagistiof
the kriging model of the expensive code. Anothesirdble
feature is that the method allows smart samplingh@iv
points targeting the non-conformity domain in order
further reduce the uncertainty of the probabilitfy reon-
conformity. Although demonstrated in a simple beslistic
case study, the method is flexible to take intooaot more

complex relationships between the two codes in drigh

dimensional problems.
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