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Abstract - This paper discusses the analysis of interlaborap(«, ¢) « 1/¢, the posterior distributiop(«, ¢|y) is such
tory comparison data where there may be some doubt abotitat

the validity of the uncertainty statements. The analysis of

repeated measurements drawn from a Gaussian distribution,, ¢|y) oc /2~ exp {_? [(m —1)s% + m(7 — )?] } ’
with unknown variance provides a model for the posterior 2

adjustment of the input distribution associated with eaah p
ticipant. Importantly, the shapes of the input distribns@re
adjusted, not just their standard deviations. 1
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where

Keywords: Bayesian inference, interlaboratory compar-

isons,t-distributions, uncertainty evaluation The marginalised distributionge|y) andp(¢]y) can be de-

termined analytically. The posterior distributioify is the

t-distributiont,,, 1 (i, s?/m) with
1. INTRODUCTION

2 _ 21—m/2
One of the difficult problems in analysing interlabora- plaly) o [(m —1)s"+m(y— o) ] ’
tory comparison (ILC) data [4] is what to do when the data 1 m,_ 9 —m/2
is judged to be inconsistent. There are a large number of < |1+ m—1 8—2(y - a) ’

schemes for adjusting the input uncertainties to bring abou

consistency, e.g., [2, 5, 6, 3, 7, 8, 10, 12]. They generallyvhile the posterior distribution associated withy is the
start from a premise that some or all of the stated unceiGamma distributiort((m — 1)/2, (m — 1)s?/2) with
tainties are unreliable to a degree and that the information

available from all the participants in the ILC can be used to m—1)/2—1 ¢ 2
determine which input uncertainties need to be adjusted and CE {__(m — s } '

by how much. This paper uses the analysis of repeated mea-

surements drawn from a Gaussian distribution with unknowtror m > 3, the standard deviation of,_ (7, s>/m) is
variance to provide a model for the posterior adjustment of

the distribution associated with each participant, on s m—1\"? s
of the information provided by all the participants. Impor- ( ) mi/2
tantly, the shapes of the input distributions are adjustet,

m—3

just their standard deviations. If information abouta is available from another in-
dependent source, e.g., through measuremggptswith

2 ANALYSIS OF ILC DATA DERIVED FROM (marginalised) likelihoo@(y|«) gathered using another in-

REPEATED MEASUREMENTS strument, then knowledge abautaind¢ can be updated ac-

cording to

While the GUM framework [1] is based on propagat-
ing known uncertainties associated with influence quastiti p(«a, |y, yo) x p(yola, &)p(a, dly) = p(yola)p(a, dly),
through to the measurand using an input-output model, the
analysis of repeated data is one situation where the standairom which the marginalised distributiongaly,yo) and
deviation of the sampling distribution is unknown, a priori p(¢|y,yo) can be determined. In particular, if the additional
and is estimated on the basis of the observed data. The fagformation provides a very accurate estimageof «, then
that the standard deviation is estimated leads to the assign )
ment of a studentdistribution to the estimate of the quantit
derived from the sample mean. In a Bayesian framqework [yQ], Oly:yo ~ G(m/2,ms5/2), 5= Z(% —ao)*.
the analysis is as follows. =t

Suppose observatiogs= (y1,...,yn)", arise in ac-  If aq is significantly different frony, the additional informa-
cording to the model|a ~ N(a, ¢~ ') where¢p = 1/02  tion abouta will have a similarly significant impact on the
is unknown. Assuming a noninformative prior distribution state of knowledge distribution faf.



In the context on an ILC, the additional information p(¢y|{y;}) by the Gamma distributiorG(2y,/2, 7).57/2)
abouta comes from the results provided by other laboratowhere

ries. We consider the case where all the participants mea- P 2B o _ 1 @
surement results are associated with the analysis of regheat Ve By
measurements. Defind«, ¢|m, y, s) to be the function and
By =E(¢r), Vi = Var(¢éx),
flo, glm,y,s) = . .
& , , are the mean and variance of the posterior distribution
62 exp {_5 [(m—1)s* +m(y — a)?] } : p(¢rl{y;}). respectively. _
We can regard;, in (2) as an updated estimate @f

We assume that thigh participantj = 1,...,n, associates but the validity of this estimate will depend on the extent to

with the measurandy, the distributiont.,,, —1(g;, s2/m), which a Gamma distribution is a good approximant for the
derived from a sample; generated according tg;; €  Poster distributiop(¢x|{y;}). The new knowledge about
N(a,qu_l) using the priorp(a,¢;) o~ 1/¢;. We note ¢k Can also be used to predict the measurement rgsiilt
here that the distributiop(¢;|y;) associated withy; is the ~ thekthinstrumentis used to measure a new quaatityhe
Gamma distributionG((m; — 1)/2, (m; — 1)s2/2). The distribution forg is given by the posterior predictive distribu-

posterior distribution(a, p|{y; } is such that tion px (9@, {y, }) which can be calculated by marginalising
pk(Y, dklé, {y;}) with respect tap,. We have
p(a7 ¢|{yj}) X H f(aa ¢j|mja Yj, S]) pk(ga ¢k|da {Yj}) X p(ga |¢ka a, {Y,j})p(¢k|d7 {yj})’
=1 = p(yla, or)p(dkl{y;}), 3)

The variablep; appears in only one factor of the product so
that analytical marginalisation can be performed a factor
atime to determing(«|{y;}) with

with §|&, ¢, ~ N(&, ¢, ). Thus, the two terms on the right
hand side of (3) are known and the predictive distributiam ca
be determined using a two dimensional numerical quadrature
n scheme. The predictive distribution is likely to be similar
plal{y;}) o< [ ] tm, -1(alg;, s3/m;). (1) at-distribution.
j=1 If m; > 3,5 = 1,...,n, a posterior estimate fax

o . ] can also be determined using an estimation approach [4] to
This distribution takes into account the fact that therenly o jetermine the weighted mean

partial information aboutr; derived from them; samples

y;. (The posterior distribution depends on the déyg} n -t

only through{g;; }, {s;} and{m;}.) a= (S5 2L, 4)
If our primary concern in the analysis of the data is =Y =Y

to derive a consensus state of knowledge distributiorfor

then we need go no further than determinji{@|{y;,}) in  and associated uncertaintya) with

(1). A single numerical quadrature calculation is required

to determine the normalising constant for this distribatio nq -t me— 1\ 2 .

If we also wish to update our knowledge abayt we can u?(a) = Z — .U = ( s > IJ/Q,

choose to perform the marginalisation with respect to 4l bu =Y mj —3 m;

¢ to determinen(ov, ¢ |{y;}) with (5)

the standard deviation of the distribution, 1 (g;, s3/m;).
pla, ol{ys}) o< fla, drlmi, Gr, si) ¥ The distribution associated with is usually taken to be
H b, (0], 52/m;). N(a,u?(a)) which we denote byys(a).

Figure 1 shows data simulating sets of repeat measure-
mentsy;,j =1,...,n = 8, drawn fromN (0, o—?). Fromy ;,

A two dimensional numerical quadrature scheme can bare calculated meaf;, standard deviation;. The collec-
used to marginalise this distribution with respectitto de-  tion of data has two slightly usual features. The datayget
terminep(¢x|{y;}), and therefore the posterior distribution by chance has all but one of the 10 draws greater than zero,
for o, given the information available from all the ILC par- leading to a mean of 0.93 while data sgthas all 9 draws
ticipants. Thus, the formulation involvingdistributions al-  less than zero, leading to a mean of -0.54. Furthermore, by
ready provides a mechanism that is akin to adjusting the inchance the standard deviation pf is much smaller than
put uncertainties. og. Figure 1 also shows shows the uncertainty aes 2u;

As noted above, the distribution fo¥, |y, derived from  whereu; is calculated as in (5). Compared to the true mean
yi. alone is a Gamma distribution and the posterior distri-of zero,js andys look outlying. The observeg? value as-
bution ¢ |{y;} determined from all the ILC data is likely sociated with the sum of squares of the residual errors for
to be similar to a Gamma distribution. We can use thehe weighted mean is 23.16 aid(y? > 23.15|v = 7) is
method of moments to approximate the posterior distriloutio approximately 0.002, indicating that it is very unlikelyath

J7#k



they;/u; are samples froN(«, 1) for somea. (We know,

of course, that they are not samples from such a distril 4
tion.) If we inflate all the uncertainties; by a factor of
& = 1.82, then the resulting observad value is equal to its 3r

expected value of—1 = 7. Thisinflation corresponds to the
Birge adjustment procedure for this data [2]. We denote
pLs.B(a) the distribution corresponding (a, 6%u?(a)).
Figure 2 graphs the posterior distribution fgry|{y; })
calculated according to (1) and the distributigng(«) and
pLs,B(a) associated with the weighted mean calculated
(4). The distributions are significantly different from &ac
other. Figure 1 graphs the consensus valder « given by

the mean of the distribution(«|{y }), solid horizontal bar, -2r
along with the uncertainty bandt2u(a), dashed horizontal
bars, where:(a) is the standard deviation pfa|{y;}). -3,

Figure 3 shows the distributigr{¢: |{y;}), its Gamma
approximant angh(¢1|y1). All three distributions are very
similar. Forj = 2, 3, 4, 6 and 7, the three distributions are
also similar. Figure 4 gives the three distributions fot 5.

In this case the distributions(¢s|{y;}) andp(¢s|ys) are
significantly different, reflecting the fact that the pogier

Fig. 1. Datay;, j = 1,...

,n = 8, dots, along with
meansy;, circles and uncertainty baes2u; as-
sociated with the mearg .

estimatess is larger than the estimate derived fromys

alone. The fact thag; is far from the consensus value pro- 457
vides evidence that; is an underestimate. The Gamma ap- 4r
proximant in this case also is closezt@ps |{y;}). Similarly, 35}

figure 5 gives the three distributions fpr= 8. In this case al

the (_jistributionsa(¢g|{yj}) andp(¢8|y§) are different, re- S 25
flecting the fact that the posterior estimateis larger than |
the estimatesg derived fromyg alone. The fact thaps is
far from the consensus value provides evidence thds Lo
an underestimate. The Gamma approximant in this case i r
somewhat different tp(¢s|{y;}). 057
The quantities’; ands; can be used to adjust the un- 95
certaintiesu; in a least squares analysis (but we do not nec- '
essarily recommend this approach). For example, setting
5 1/2 5, Fig. 2
N 6
uj (%‘—2) m;l/2 ©
we can perform a least squares analysis as in (4) with these
0.25

. Posterior distributiom(a|{y;}), solid, calculated

according to (1) and the distributiopgs (<), dot-
ted, andprs,s(«), dashed, associated with the
weighted mean calculated in (4).

posterior adjusted uncertainties. Figure 6 shows the uncer
tainty barsy; £ 2u;, y; £24; andy; + 26w, this last adjust-
ment that following the Birge procedure. For all ut 5 0.2t
andj = 8, 4; is very similar tou; while for j = 5 and par-
ticularly j = 8, thed; is considerably larger. The observed
x? value for the weighted mean calculated usings 10.6,

0.15f

S
much closer to the expected value of 7. The Birge procedure =
inflates all uncertainties by the same amount. o

3. ANALSISOF ILC DATA USING 0.05¢
t-DISTRIBUTIONS
The previous section showed that the analysis of ILC 0
data where each laboratory assigns-distribution on the
basis of observed repeated measurements allows the poste-
rior distributions forg; = 1/07 to be evaluated. If the mean Fig. 3.

y; is far from the consensus value relativewp the pos-
terior distribution forg; will usually assign more probabil-

12

Posterior distribution(¢1|{y,}) calculated from
all the ILC data, solid, along with its Gamma ap-
proximant, dashed, and the distributipf:|y1),
dotted, derived frony; alone.



Fig. 4. Posterior distributiom(¢s|{y;}) calculated from
all the ILC data, solid, along with its Gamma ap-
proximant, dashed, and the distributipfys|ys),
dotted, derived frony; alone.

15 20 25

Fig. 5. Posterior distributiom(¢s|{y;}) calculated from
all the ILC data, solid, along with its Gamma ap-
proximant, dashed, and the distributipfys|ys),
dotted, derived fronyg alone.

Fig. 6. Uncertainty barg; + 2u;, left, y; + 2u;, middle,
andy; £ 26u;, right.

ity mass to larger values af;. This adjustment procedure
uses no additional modelling assumptions. The above anal-
ysis suggests the following approach for analysing ILC data
(zj,u; = u(z;)). Instead of starting with the assumption
zjlo € N(e,u?), j =1,...,n, we assume instead

with (independent) priors
bjlv; ~ Gv;/2,v5u5/2)
for ¢;, with the degrees of freedom parameterencoding

our degree of belief in the estimaig of o; = 1/¢;/2. The
simplest case to consider is wherg= v > 1 is the same
for all participants and is hyper-parameter that represant
single measure of the degree of belief associated with the se
of quoted uncertaintiegu, }.

Givenx = (z1,...,7,)", the analysis above deter-
mines the posterior distribution

pla, v[x) o< p(v) [ ] to(ela;, uf). @)
j=1

Using a two-dimensional quadrature scheme, the posterior
distributionsp(a|x) andp(v|x) can be determined. The pos-
terior distributionp(«|x) is the consensus distribution for
determined from all the participants whijév|x) reflects the
mutual consistency of the results. The choice of a prior dis-
tribution for v needs to be considered. In the calculations
below, we se = 1/v,0 < ¢ < 1 and assign an exponential
distributionp({) o e~*¢. As\increases, the more probabil-
ity mass is associated with higher valuegptorresponding
to greater belief in the inpuftu; }.

As in the case of repeated measurements, posterior in-
formation about;, can be derived by marginalising with re-

spect togp;, j # k, yielding

p(a, i, v[x) P(V)@(CVTH%) H tl,(a|xj,u§) X
J#k

exp {_% [l + (2 — )] } .

The posterior distributiong(¢;|x) can be determined us-
ing a three-dimensional quadrature scheme. (Such schemes
can be implemented on a standard PC and take of the or-
der of a few seconds to compute; quadrature for dimen-
sions much higher than three are not practical.) A com-
putationally cheaper alternative is to determine the poste
rior distributionp(v|x) using a two-dimensional quadrature
scheme fop(«, v|x) in (7), setv to be the maximum like-
lihood estimate/, that maximise®(v|x), and perform two-
dimensional quadratures to determjr{e; |x, v = 1y).

Once the distributiom(¢x|x) has been determined, it
can be used to used to determine the posterior predictive
measurement for the laboratory as in (3). This distribu-
tion is symmetric and the 2.5 and 97.5 percentiles U,
for this distribution can be used to provide 95 % uncertainty
bars for the measurement restjtand provide a measure of
the posterior adjustment to the input uncertaingy



4. EXAMPLE CALC
KEY

LATIO

U S. GAUGE BLOCK
COMPA

N
RISONS

We give calculations for data derived from the Length
Consultative Committee key comparison CCL-K1, calibra-
tion of gauge blocks by interferometry. The measured rgsult
x; and associated standard uncertaintigare from eleven
participating laboratories measuring nine tungsten darbi
gauge blocks of nominal lengths ranging from 0.5 mm to
100 mm [11, Table 5]. The data was analysed using the ap-
proach given in section 3. The prior for= 1/v chosen was
p(¢) oc e~ A¢ with A = 10.

Figures 7—9 show the results of the analysis for gauge
blocks of nominal length 0.5 mm, 1 mm and 6 mm. All
three data sets show inconsistency. The graphs show un-
certainty barse; + 2u; based on the input uncertainties,

x; + U; derived from the posterior 95 % coverage interval
for the posterior predictive distributions ang+26u; based

on a Birge adjustment in which all input uncertainties are
scaled to achieve consistency. Figures 10-12 graph the pos-
terior distributionsp(a|x) for the three data sets in figures
7-9 along with the Gaussian distributions; («) associated
with the weighted mean calculations and the Gaussian dis-
tributionsprs p(«) associated with Birge adjustment proce-
dure. The posterior distributiong(|x), ¢ = 1/v, for the
three data sets in figures 7-9 are given in figure 13. These
distributions indicate the level of consistency in the dats.

5. CONCLUSIONS

This paper has been concerned with analysis of inter-
laboratory comparison (ILC) data and approaches to resolv-
ing inconsistency in such data. We have discussed the sit-
uation in which the measurement result from each labora-
tory is derived from the analysis of repeated measurements
from Gaussian distributions with unknown variances. For
this case, it is appropriate to associatedistribution with
each measurement result and the distribution for the censen
sus value of the measurand is then given by a product of
t-distributions. However, using a Bayesian approach, it is
also possible and computationally straightforward toaeri
posterior distributions associated with the varianceshef t
sampling distributions for each laboratory. These updated
distributions for the variance parameters are based on the
analysis of all the measurements and providing new infor-
mation about each laboratory, amounting to a posterior ad-
justment of their uncertainty information. We have used thi
idea to provide a general approach to analysing ILC data us-
ing a parameter, a degrees of freedom parameter, that en-
codes the degree of belief in the stated uncertainties. The
approach depends only on the measurement results, their as
sociated uncertainties and a prior distribution:f@and deliv-
ers a state of knowledge distribution for the measurandylon
with updated distributions for the variance parameters-ass
ciated with each laboratory. We have illustrated the apgroa
on data associated with a gauge block key comparison.
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Fig. 7. Analysis of key comparison measurement data for
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a 0.5 mm tungsten carbide gauge block. Uncer-
tainty barsz; + 2u;, left, z; & U; derived from
the posterior predictive distributions, middle, and
x; +26u; derived using a Birge adjustment, right.
The solid horizonal line indicates the mean and the
horizontal dotted lines the 2.5 and 97.5 percentiles
of the posterior distributiop(a|x).
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Fig. 8. As figure 7 but for measurement data for a 1 mm
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Fig. 9. As figure 7 but for measurement data for a 6 mm

tungsten carbide gauge block.
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Fig. 10.Posterior distributiorp(ax), solid, for the data
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in figure 7 derived from marginalising(«, v|x)

in (7) and the distributionrs(«), dotted, and
pLs,B(a), dashed, associated with the weighted
mean calculations and the Birge adjustment pro-
cedure.

Fig. 11.As figure 10 but for measurement data for a 1 mm
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Fig. 12.As figure 10 but for measurement data for a 6 mm

tungsten carbide gauge block.
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Fig. 13.Posterior distributiong({|x), ¢ = 1/v, for data
in figures 7-9, solid, dotted, dashed, respectively,
along with the prior distributiop(¢), dot-dashed.
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