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Abstract – In this paper Adaptive Chirp transform (ACT) and 
Chirp-z transform (CZT) for measurements of frequency 
spectrum are presented. Algorithms are adjusted according to 
IEC 61000-4-7 standard. Interpolated ACT with narrowed 
frequency span is used for Phase Lock Loop (PLL) 
synchronization. The CZT is used along with windows function, 
to obtain the amplitudes of signal harmonics and 
interharmonics. Window function length is defined by PLL. All 
parts of proposed algorithm are tested through various 
simulations with changing parameters of analysed signals. This 
paper shows that CZT can be adjusted to synchronization and 
measurement of frequency spectrum. Results are comparable to 
the traditional approach (DFT) and completely satisfy the needs 
according to standard IEC 61000-4-7. 
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1.  INTRODUCTION 

Basic standard for defining harmonics, interharmonics 
and associated instrumentation is IEC 61000-4-7 Testing 
and measurement techniques – general guide on harmonics 
and interharmonics measurement and instrumentation, for 
power supply systems and equipment connected thereto. 
With growing number of new participants of the electrical 
grid (local renewable generators with integrated invertors) 
and with increasing number of nonlinear loads on grid, the 
need for detailed and unambiguous definitions of principles 
and parameters in power spectrum measurement occur. 
Exact definition of signal spectrum parameters seeks to 
ensure absolute comparability of two power quality 
instruments [1]. 

1.1. Grouping of harmonics and interharmonics 

Last version of IEC 61000-4-7 standard was made in 
2002 with appendix A1:2008. Standard describes additional 
requirements for harmonics and interharmonics 
measurement [2]. Spectrum parts which define harmonics 
and interharmonics cannot overlap. Spectrum measurement 
is divided into two frequency spans: first span up to 40th 
harmonic and second span from 40th harmonic to 9 kHz. 
According to Nyquist-Shannon sampling theorem, analysis 
of second span requests higher sampling frequencies and 

accurate AD converter. For analyzing 9 kHz span the 
sampling frequency must be at least twice higher. Analyzed 
signal data length is set to 200 ms regardless of the nominal 
frequency, which results in 10 periods of 50 Hz signal and 
12 periods of 60 Hz signal. Data length defines 5 Hz 
frequency resolution of signal frequency spectrum. Leaking 
of energy on spectral bins around each harmonic still exists 
due to impossibility of absolute synchronization of data 
length with signal frequency.  

Standard IEC 61000-4-7 solves the leaking problem by 
grouping basic harmonic with left and right contiguous 
frequency bins. Grouping is made by: 

  X୥_୦ ൌ ඥ∑ Xଶሺg ൅ kሻଵ
୩ୀିଵ	 ,	 ሺ1ሻ 

 
where X(h) is amplitude of hth harmonic and Xg_h is 
amplitude of grouped harmonic. Grouping of harmonics and 
interharmonics in first spectrum span (up to 2 kHz) is 
presented in Fig. 1. 

 

Fig. 1. Grouped harmonics and interharmonics. 

Interharmonics are grouped similar to (1). Definitions of 
grouped harmonics and interharmonics do not overlap. 
Consequently the good synchronization needs to be 
performed. The data length should be strongly associated to 
signal frequency. Unsuitable synchronization could lead to 
mixing the harmonics group bins with interharmonics bins.  
Good synchronization need to assure the stability of 
defining 40th harmonic in the range of ±5 Hz. This 
condition results in maximum 0,125 Hz frequency 
measurement error of fundamental signal frequency. The 



bigger error will lead to mixing of harmonics and 
interharmonics and inability of defining amplitude of signal 
spectrum component. 

 
1.2. Influence of fundamental frequency measurement 

Spectrum of signal with 0,3 V amplitude on the 40th 
harmonic is presented in Fig. 2. In this case the 
synchronization error is set to the border value of 0,125 Hz. 
The amplitude of harmonics is well measured and error is 
not significant because the most of harmonic energy is 
moved to 399th bin which is included in calculation of 40th 
harmonic according to eq. (1). 

 

Fig. 2. 40th harmonic (includes bins: 399th, 400th and 401st), with 
good synchronization (fest) and with synchronization error of 0,125 

Hz (fest+err). 

With significant synchronization errors in estimation of 
signal frequency, the harmonics components can drift to the 
bins which define the interharmonics. Example with 
frequency synchronization error equal to 0,2 Hz is shown in 
Fig. 3. 

 
 

Fig. 3. 40th harmonic (includes bins: 399, 400 and 401), with good 
synchronization (fest) and with synchronization error of 0,2 Hz 

(fest+err). 

Huge amount of signal energy disperses on the neighbor 
bins for the signal with inadequate synchronization. Part of 
dispersed energy will be used to define 39th interharmonics. 
Main spectral line is moved from 399th bin to 398th bin 
which is not included in 40th harmonic definition. This 
simple example presents the importance of good 
synchronization and good Phase Lock Loop (PLL) [2].  

2.  THE PROPOSED CZT BASED ALGORITHM FOR 
MEASUREMENT OF FREQUENCY SPECTRUM 

First harmonic can be determined with some additional 
methods. IEC 61000-4-7 standard set the data length to ~200 
ms. With such a long data set the best method to determine 
the first harmonic is Interpolated Discrete Fourier Transform 
(IpDFT) [4]. Our proposed method used Adaptive Chirp-z 
Transform (ACT) [5] for synchronization. Measurement 
setup according to IEC 61000-4-7 with ACT is presented in 
Fig. 4. 

 

Fig. 4. The schematic diagram of the instrument for harmonics and 
RMS measurements.  

In signal processing part the DFT is most commonly 
used for calculation of frequency spectrum components. 
Chirp-z transform (CZT) which is based on DFT is also 
frequently used for signal spectrum measurement. The CZT 
data length needs to be synchronized with analyzed signal in 
the same way as for DFT [6].  

 
2.1. Adaptive Chirp-z-transform - ACT 

ACT is presented in [5] and [7]. First step in calculation 
of ACT is narrowing the frequency band. First step is done 
by the adaptive P regulator which minimizes the error of 
non-linear model of the first harmonic signal. Adaptive filter 
in just one iteration decreases error of model function for 
observed frequency span. Amplitude and frequency errors 
are calculated for initial parameters and for first iteration of 
P regulation. Good initial parameters are defined with fast 
simple algorithm such as Zero-Crossing method. Algorithm 
flow is presented in Fig. 6.  

The main parts of ACT are initializing fast methods for 
estimation of the beginning information (amplitude and 
frequency of first harmonic). This estimation produced the 
first parameter e1 – estimation error (dimension 1x2). Next 
parameter is e2 which is made by slightly change of 
estimated amplitude and frequency.  According to these two 
pars of error information the adaptive regulation of signal 
estimated amplitude and frequency are made. Finally, with 
narrowed frequency span and according to the need of 



specific application, the corresponding frequency range and 
position of frequency bins for CZT are made. 

 
2.2. Adjustment of CZT to Measurement of frequency 
spectrum 

CZT is algorithm for calculation of z-transform of signal 
with N elements. It is widely used in energy measurement 
[8], rotor speed measurement [9], data filtering etc. 

CZT is calculated by using DFT. Laplace transform and 
Fourier transform are only special cases of z-transformation: 

 
 ܺሺݖሻ ൌ ∑ ௡ேିଵିݖ௡ݔ

௡ୀ଴ . (2) 
 
For Laplace transformation: 
 
ݖ  ൌ ݁௦∆௧, (3) 
where Δt is time resolution defined by sampling rate. For 
DFT: 
 

ሺ݇ሻݖ  ൌ ݁ି
ೕమഏೖ
ಿ , ݇ ൌ 0, 1, … ,ܰ െ 1. (4) 

 
Generally z(k) can be written as: 
 

  zሺkሻ ൌ AWି୩, k ൌ 0, 1, … ,M െ 1.	 ሺ5ሻ	
   

M is the number of bins in z-domain i.e. frequency 
spectrum. 	
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Fig. 5. Clip of |z|=1 circle. Points are set for both even and odd 

harmonics measuring. Parameter f is signal frequency. 
 

Parameters A and W are complex numbers and they are 
defined as: 

 
  A ൌ A଴e୨ଶ஠஘,			W ൌ W଴e୨ଶ஠஦,	 ሺ6ሻ	
	
where A defines starting point in z-domain and W amplitude 
modulation and exact position of z(k) points. A0 refer to the 
amplitude of starting point. Parameter θ is angle of starting 
point and φ is angle step between two sequential points as 
presented in Fig. 5. 

All parameters A and W, and therefor the angles θ and φ, 
can be adjusted to the specific needs of application. Fig. 5. 

shows the exact position of CZT frequency bins for 
harmonics measurement. For measuring the values and 
contribution of signal harmonics according to IEC 61000-4-
7 the neighbour bins also need to be taken into 
consideration. The base of CZT needs to be adjusted for this 
specific task. In this analysis the CZT bins are adjusted to 
have the same resolution as DFT. The ratio between two 
bins in frequency domain is 5 Hz.  

 

 
 Fig. 6. ACT algorithm flow (reproduced from [5]).  

 

3.  RESULTS OF DFT AND CZT COMPARISON 

ACT (CZT), inside PLL, needs to be adjusted for 
synchronization. In this case the fRange for power frequency 
metering, the point A and W from (6) and number of bins M 
(Fig. 5.), are set to the corresponding values: 

 

 A ൌ eି
ೕమഏ
ಿ ,			W ൌ e௦௛௜௙௧

మೕഏ
ಿ ݐ݂݄݅ݏ			, ൌ ܯ			,7 ൌ 7.  (7) 

 
In this way ACT creates, for the PLL, the fixed 

frequency range [35, 65] Hz with 5 Hz step. After 
processing CZT on input data the 3-point interpolation for 
used Hann window function is calculated, according to [10]:  

 

௔݂௣௫. ൌ 2
ሺ௑ిౖ౐ሺ௜౉ఽ౔ାଵሻି௑಴ೋ೅ሺ௜౉ఽ౔ିଵሻሻ

ሺ௑ిౖ౐ሺ௜౉ఽ౔ାଵሻାଶ௑ిౖ౐ሺ௜౉ఽ౔ሻି௑ిౖ౐ሺ௜౉ఽ౔ିଵሻሻ
.  (8) 

 
Where XCZT is the CZT of signal x and the index iMAX is 

the maximum of transformed signal. Now with knowing 
approximated frequency (fapx.) of input signal the window 
length for harmonics measurement can be determent. 



According to IEC 61000-4-7 standard for harmonics 
measurement in z-domain 408 bins should be created.  

ACT frequency spectrum of signal with changing first 
harmonic frequency, from 44 to 56 Hz, is presented in  
Fig. 7. 

 
Fig. 7. Frequency spectrum of first harmonic measured with ACT. 

 
The level of amplitude of ACT spectrum characteristic is 

presented in Fig 8. 

 
Fig.8. 2D presentation of first harmonic amplitude transition over 

specified ACT frequency range. 
  

Results for first harmonic frequency estimation are 
presented in Fig. 9. Signal is disturbed with 40 dB of white 
noise. Simulation is made for wide range of signal 
frequency and repeated for 100 times, averaged results both 
for interpolated DFT and interpolated ACT are presented. In 
Fig. 9. can be seen that there is no significant difference in 
results.   

4.  CONCLUSION 

This paper presents capability of CZT and ACT transforms 
in measurement of frequency spectrum. Frequency spectrum 
is based on harmonics and interharmonics measurement and 
grouping the energy distribution of spectral components.  
CZT and ACT have proved to be equally effective as DFT 
based algorithms. Main contribution of this paper is using 

interpolation from IpDFT on CZT results.  
 

 
Fig. 9. Result of DFT and ACT synchronization comparison. 

 
Also it is shown that ACT can be both adjusted for PLL 
synchronization an for signal spectrum measurement. 
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