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Abstract - A common approach in the validation of
metrology software involves the use of reference data
comprising reference input data and reference output data.
Software to be validated is applied to the reference input
data to generate test output data that is compared, in an
appropriate way, with the reference output data. This paper
considers reference data generation in the context of a
Joint Research Project currently being undertaken under the
European Metrology Research Programme.
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1. INTRODUCTION

Within metrology, the use of software to undertake
computation is widespread and it is imperative that such
software can be shown to be operating correctly. The
European Metrology Research Programme (EMRP) [1]
funded the Joint Research Project (JRP) NEWO06
“Traceability for computationally-intensive metrology”
(referred to as “TraCIM”) [2]. The JRP was concerned
with meeting the requirement to establish traceability of
metrology software at the point of use and a key output is an
information and communications technology infrastructure
that allows online software validation.

In order to undertake software validation, a number
of steps, of which reference data generation is one, must
be undertaken. Section [2| begins by summarising those
steps, while Section [3] describes how reference data may be
generated, including details of how to provide statements of
“numerical uncertainty” to accompany reference data and
which are used to assess software under test. Although
the focus of the paper is on data generation, choices of
performance metrics are briefly discussed in Section H]
Section [5] considers the application of data generation
techniques to polynomial regression before conclusions are
given in Section[f]

2. STEPS IN SOFTWARE VALIDATION

Fig.[I] captures the main steps that must be undertaken
to validate software:

e Write a clear, unambiguous statement of the
computational aim to be addressed by the software.
The statement acts as both the user and functional
requirements for the software developer, and provides
a basis for verification and validation of the software
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Fig. 1. Steps in software validation.

implementation. Its provision is therefore fundamental
for all subsequent steps. Within the TraCIM project, a
database [3] has been created that allows computational
aims to be specified and stored.

Develop software to generate reference data, also
referred to as ‘“reference pairs” and comprising
reference input data and reference output data. Each
reference pair must be accompanied by a statement of
its “numerical uncertainty” that reflects the fact that it
is generally not possible for the reference output data
to be the exact solution to the specified computational
aim for the corresponding reference input data. The
reference input data is to be processed by software



under test to obtain test output data that is compared,
in an appropriate way, with the reference output data.
Section [3] provides more details on the generation
of reference data and the provision of statements of
numerical uncertainty.

e Define performance metrics that allow test output
data and reference output data to be compared.
The performance metrics must take into account the
numerical uncertainty statement that accompanies each
reference pair. Performance metrics are discussed in
Section [

e Develop software to evaluate performance metrics.

e Define a single “figure of merit” that combines the
values of the performance metrics obtained by applying
test software to a (suitably large) number of reference
pairs.

e Develop software to evaluate the single figure of merit.

e For each reference pair, apply the software under test to
the reference input data to obtain test output data, and
evaluate the performance metric(s) for that reference
pair.

e Evaluate the single figure of merit to provide a
numerical assessment of the software under test.

Note that the definition of a single figure of merit is not
considered in this paper.

3. REFERENCE DATA GENERATION

Reference data generation (RDG) is a key step in the
assessment of software. An appropriate number of reference
pairs must be generated to ensure (a) that the full range of
problems intended to be solved by the software is adequately
covered, and (b) confidence that a fair assessment of the
software can be provided.

For many computational aims, approaches for
reference data generation are well known. RDG is typically
implemented in one of the following ways:

e Forward RDG, in which reference input data is taken
and used to produce corresponding reference output
data.

e Reverse RDG, in which reference output data is taken
and used to produce corresponding reference input data.

Forward RDG typically requires the availability of
reference software that processes reference input data to
produce reference output data. Whereas in the past this
process could be both complicated and costly, nowadays
forward RDG may be more easily implemented, e.g.,
through the use of software that supports extended precision
arithmetic such as [4}5].

Reverse RDG generally requires an analysis of the
computational aim to be undertaken so that reference output

data can be processed to obtain reference input data, and in
some cases is much more simple to implement than forward
RDG.

3.1. Numerical uncertainty

In order to obtain an assessment of the numerical
performance of software intended to implement a specified
computational aim, the provision of reference pairs alone is
insufficient. For each reference pair, additional information,
in the form of a statement of “numerical uncertainty”, must
be provided. The numerical uncertainty associated with a
reference result, i.e., a single element of a reference output
data set, is expressed in two ways:

e By the accuracy of the reference result (see
Section[3.2)).

e By the sensitivity of the reference result to
perturbations in the reference input data (see

Section [3.3).

The statements of numerical uncertainty that
accompany a reference pair capture the fact that in finite
precision it is generally not possible for the reference input
data and reference output data to satisfy exactly the required
mathematical relationship. These statements of numerical
uncertainty should be taken into account when evaluating
metrics to evaluate the performance of software under test.

Let b and t represent sets of input and output data,
respectively. In practice, b and ¢ are formed by aggregating
a number of elements having different properties, e.g., real
and integer values, vector and matrices, etc.

Let , = t!(b) represents a value for the kth element
of output data, e.g., as might be returned by a reference or
test software implementation of the computational aim. The
closeness of agreement of the value with the corresponding
reference value ?j, is given by

d(ﬁk,£k> =t — fk.
It is assumed that:

e The variables defining the reference data and the
reference results are stored as floating-point numbers to
a defined working precision (usually double precision
with a floating-point relative accuracy of e,, = 2752).

e A function p,[.] is available to convert floating-point
numbers stored in the working precision to floating-
point numbers stored in extended precision.

e A function py|[.] is available to convert floating-point
numbers stored in extended precision to floating-point
numbers stored in the working precision.

e An extended precision software implementation of
the computational aim is available represented by the
functions

f
tk’k: 17...,N,



where N is the total number of elements of output
data. This software implementation is considered to
behave as a reference software implementation of the
computational aim.

3.2. Accuracy

The accuracy of a reference result is expressed by its
closeness of agreement with a result obtained using the
extended precision arithmetic software implementation of
the computational aim. The accuracy A(tx) of tj is given
by

A(ty) = |d(te, Tl
where
te = pulti(pe[B])],

i.e., t, is obtained by converting reference input data
b to extended precision, applying the extended precision
software implementation of the computational aim, and
converting the result to the working precision. A(ty) should
be independent of the number of digits used in the extended
precision calculations.

3.3. Sensitivity

The sensitivity of each reference result is expressed in
terms of the sensitivity coefficient measuring the variation
in the result due to variations in the input data values.
Calculations of the sensitivity coefficients are implemented
using the extended precision software implementation of
the computational aim. The sensitivity coefficient is
determined using a Monte Carlo calculation in which
random perturbations are applied to the reference data [6].
Specifically, given a number M of Monte Carlo trials and an
integer m to control the size of the relative perturbations that
are applied, with 1 < m < 1+|log;, €w|/2, the sensitivities
S(tx), k =1,..., N, are determined in the following steps:

1. Setd = 10™€y,.
2. Forg=1,...,M:

e Form the vector e, with elements e, ; = 2 56,
where the z,; are random draws from the
rectangular distribution R(—1, 1);

e Calculate b, = b + ey,

e (Calculate
Qg = d(tky%\kq)a k= 1, .. -7N7
where tig = pw [th (pe[by])]-

3. Calculate, fork =1,..., N,

ﬁ Z(I]\i1(akq —ay.)?
5/V3 ’

S(tr) = max {1,

where

M
1
qf. = — E Qg -
M ?
q=1

Provided the floating-point relative accuracy e, for
the extended precision software implementation of the
computational aim is sufficiently small compared with e,
(for example, ¢, < ¢2), the values calculated for the
sensitivities can be expected to provide information about
the computational aim, viz., its “condition”, rather than
about the algorithm and software used to undertake the
computational aim, viz., their “stability”. It is recommended
that the above procedure is applied for integers m satisfying
1 < m < 4, say, in order to determine whether there is
any dependence of the sensitivity coefficients on the relative
size of the perturbations applied to the reference data. It is
also recommended that the above procedure is applied for a
number M of trials satisfying M > 10% in order to ensure
the reliability of the estimates of the sensitivity coefficients
is adequate.

4. PERFORMANCE METRICS

It is important that performance metrics take into
account the statement of numerical uncertainty associated
with the reference results.

Lettt, k = 1,..., N, be the results returned by a test
software implementation of the computational aim operating
with floating-point relative accuracy e,. The test results
returned may be compared with corresponding reference
results as follows.

e (Calculate

D(t) = |d(t, t4)], k=1,...,N.

Then calculate
Da(ty) = max {D(t}), A(te)}, k=1,...,N,

which accounts for the numerical accuracy associated
with the reference results.

e Calculate

..., N,

ty DA(ti-) _
P(tk) - lOglO (1 + S(tk)ﬁw ; k=1

which accounts for the sensitivity of the reference
results.

For a test result ¢} for which the reference result is
t, the performance metric P(t}) measures the number
of decimal digits of accuracy lost by the test software in
addition to the number that would be expected to be lost by
reference software for the computational aim operating with
the same floating-point relative accuracy. Here, the number
of decimal digits of accuracy that would be expected to be
lost by reference software is measured by the sensitivity of
the reference result.

For example, suppose

A(ty) = 10%, S(tx) = 10°, D(t}) = 10°%,,.



Consider first the case ¢ > a, i.e., the reference result has
more significant digits of accuracy than the test result. Then,

10%

P(tt) = log,, <1 + m) = logy, (1 +10°77),

and:
e P(tf)~ 0 whenc < b, or
e P(t})~c—bwhenc>b.

In the alternative case when ¢ < a, i.e., the numerical
accuracy of the reference result is not adequate to distinguish
numerically between the test and reference results, then

10%€y a—
P(t},) = logy, (1 + 10%) = logy (1410°7"),

and the performance of the test software is measured by the
numerical accuracy of the reference result.

5. EXAMPLE

5.1. Polynomial regression

Regression problems occur frequently in many
metrology disciplines. = A common problem involves
determining estimates of the parameters defining the best-fit
calibration function to (z, y) data, accounting for uncertainty
associated with the measured y-values. The problem
is referred to as one of “weighted least squares (WLS)
polynomial regression”.

5.2. Statement of problem

Given measured z-values © = (z1,...,2m) .
measured y-values y = (yp,... ,ym)T, standard
uncertainties uy = (u(y1),. .. ,u(ym)) | associated with y,

and polynomial degree n:

L any1)| of the
 Apy1) ! that

e Calculate estimates a = (aq,..

polynomial coefficients A = (Aq,...

minimise )
i |:yz _p(Avxi):|
=1 u(y:) ’

where
n+1

p(A x) = Z Ayt
j=1

e Calculate the covariance matrix Vg associated with a
by applying the (generalised) law of propagation of
uncertainty [[7]].

e Calculate values 7 = (rq,...,7y,)  of the weighted
residuals R = (R, . .. ,Rm)—r, where

yi — pla, ;)
u(y;) .

r, =

e Calculate the covariance matrix Vj associated with r
by applying the (generalised) law of propagation of
uncertainty [7].

, pm)T of the best-fit
,Pm)T at the z-

e Calculate values p = (p1,...
polynomial function P = (Py,...
coordinates of the data points, where

pi = pla,x;).

e Calculate the covariance matrix Vp associated with p
by applying the (generalised) law of propagation of
uncertainty [7]].

5.3. Analysis of computational aim

The problem of WLS polynomial regression belongs
to the class of problems referred to as “linear least squares
fitting” whose properties are well-known [8].

Let C be the (observation) matrix of dimension
m x (n+ 1) given by

1 = x% N A
oo 1 x.g as% R ’
and
f(A)=y—-CA.

The problem is to determine estimates a of A that
minimise
F(A) = fT(A)Vy ' £(A), (1)
where
Vy = diag(u?(y1), ..., u*(Ym))-

Expression (I)) can be rewritten

T

PA) = (1 1(4) (L' £(a) = F(A)F (),

where
Ly = diag(u(y1), - -, u(ym))

is the Cholesky factor of Vy 9, i.e., Vy = LyL;.
At the solution,

9]] y J ’ ’ )

A=a

which gives rise to the system of linear equations of order
n—+1,
D'Da = D"Ly'y,

where D = L:,TC’. The system of linear equations is
referred to as the normal equations.

If D is full rank, so that DT D is invertible, the
estimates a can then be expressed (mathematically) as a
linear function of the measured y-values:

a=(D'D) " D'Ly'y=DLy'y,



where DT = (DTD)_1 D' is the pseudo-inverse of D and
satisfies

pp'p =D, DipDD' =D, DI (D) =(DTD)™".

In practice, matrix inversion is avoided for reasons of
numerical accuracy, and an alternative approach is used to
solve the system of equations. One such approach involves
QR factorisation [9] as follows. Let D have QR factorisation

D = Q2R12 = [Q1 Q2] { ]?)1 ] )

where (012 is orthogonal, Ry5 is upper-triangular, @); and
Q2 comprise the first (n 4 1) and last m — (n + 1) columns
of Q12, and R; comprises the first (n + 1) rows of Rjs.
Let g, be the vector containing the first (n + 1) elements of

1TQ (L;y), ie.,

q: = QI (L;l;ly) .

The estimates a are the solution of the upper-triangular
system

Ria = qq,
ie.,

a=R'Qf (L{fy) = Ay,

where A = R Q[ Ly
The covariance matrix Vg associated with a is given
by
Va=AVyA" = R'R; .

The values r of the weighted residuals R are given by

7= Ly'(y — Ca) = Ly' (I - CA)y = Ry,

where R = LZ_Jl (I -CA).
The covariance matrix Vp associated with 7 is given by

Ve = RVyR'.

The values p of the best-fit polynomial function P are
given by
p=Ca=CAy = Py,

where P = C A.
The covariance matrix Vp associated with p is given by

.
Vp = PVyP".

5.4. Reference data generation

A common approach used to generate reference data
for least squares regression problems is the nullspace
method [8]]. The method implements reverse RDG.

Generation of a reference pair requires a number of
choices to be made or values to be assigned, including:

e The seed for random number generation.

e The number of measured data points.
e The polynomial degree.

e The nature of the spacing of z-values, e.g., evenly
spaced, randomly spaced.

e The polynomial coefficient values.

e The standard uncertainties associated with the y-values.

Accuracy and sensitivity values can be calculated for
each element of vectors a, r and p, and of matrices Vg,
Vr and Vp. The calculations are undertaken using an
extended precision (number of digits set to 100) software
implementation of the computational aim.

Fig. [2] plots the reference input data of two example
reference pairs. In each plot, for each point ¢, the simulated
measured values (x;,y;) is denoted by a cross, while the
standard uncertainty u(y;) associated with y; is denoted by
a straight line between (x;, y; — u(y;)) and (z;, y; + u(y;)).
The upper plot shows five points corresponding to a value of
n = 1, i.e., a straight line, while the lower plot shows twenty
points corresponding to n = 5. In both cases, the z-values
are randomly spaced.
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Fig. 2. Example reference input data for polynomial degrees 1
(upper plot) and 5 (lower plot).



5.5. Performance metrics

Performance metrics are calculated for each element
of vectors a, r and p, and of matrices Vg, Vy- and Vp by
applying two software implementations of WLS polynomial
regression:

e Software ‘S1°, which undertakes all calculations in
double precision.

e Software ‘S2’, which converts the reference input
data to extended precision (number of digits set to
30), undertakes calculations in extended precision, and
converts the test results from extended precision to
double precision.

Table |1{ shows the maximum value of the performance
metric P(t!) obtained for a, Vg, v, Vp, p and Vp
for the reference pairs introduced in Section [5.4] The
metric compares the numerical performance of test software
against reference software, whose numerical performance
is described by the sensitivities of the reference results to
perturbations in the reference data.

Reference pair 1 | Reference pair 2

S1 S2 S1 S2

a 0.4 0.2 0.4 0.1

Va 0.1 0.0 24 0.2
T 0.8 0.1 4.2 0.1

Ve 0.3 0.2 34 0.2
p 0.2 0.0 0.2 0.1

Vp 0.0 0.0 2.6 0.0

Table 1. Summary of performance metrics for the reference pairs
introduced in Section

For n = 1, the results suggest that software S1
and S2 both perform close to reference software for the
computational aim. For n = 5, however, the numerical
performance of S2 is better than that of software S1, and
only software S2 performs close to reference software.

6. CONCLUSIONS

Reference data generation is a key step when assessing
software intended to implement a specified computational
aim. While the data generation process returns reference
input data and reference output data, additional information,
in the form of numerical uncertainty information, is required
to undertake a quantitative assessment of software. The
paper describes how such information can be provided and
incorporated into performance metrics that can be evaluated
for software assessment. The presented ideas are applied to
the case of weighted least squares polynomial regression.
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