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Abstract – Nested designs are one of experimental de-
signs to evaluate and/or determine precision of measure-
ment results, statistically. Unbalanced designs have in-
teresting statistical problems, one of which is that an un-
biased estimator of variance components is not unique.
In our study, a new estimator of a variance component
for the top stage of two-stages unbalanced nested designs
is proposed. The performance of our estimator outper-
forms conventional estimators from the aspect of estima-
tion accuracy.
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1. INTRODUCTION

Nested designs are one of experimental designs to
evaluate and/or determine precision of measurement re-
sults, statistically. A nested design enables us to evalu-
ate the several types of precision which is defined in ISO
5725-1 (1994).

For instance, if we obtain some measurement results
from several laboratories, we can evaluate the two types
of precision which are between-laboratories variation and
within-laboratories variation. The statistical model to
evaluate the precision is a random effect model with
nested (hierarchical) structure corresponding to each stage
of a nested design, where the stage is a laboratory or
measurement. Thus, the above nested design has two
stages. If we obtain some measurement results from each
measurement technician and each laboratory, the nested
deign has three stages. If the number of measurements
for all stages is equal, the nested design is called bal-
anced, otherwise, unbalanced. In this paper, we focus
on unbalanced nested designs with two stages.

While two-stages nested design is the simplest one,
the unbalanced design has interesting statistical matters
that an unbiased estimator of variance components corre-
sponding to between-laboratories variation is not unique.
Yamazaki et al. (2008) proposed alternative unbiased es-
timator to an ANOVA type and described the differences
between these estimators through numerical evaluation.
The performances of these estimators are complementary
to each other over the ratio of variance components.

In our study, we obtain more outperformed unbiased
estimator than those proposed by Yamazaki et al. (2008)

from the viewpoint of a variance of an estimator. Our
estimator is the weighted average of two estimators that
are an ANOVA type and an alternative estimator pro-
posed by Yamazaki et al. (2008). Our estimator needs
the optimal weight so that a variance of the estimator
is minimized. The weight is a function of variance com-
ponents. Thus, we cannot obtain the estimate in prac-
tice. We describe an iterative estimation, and evaluate
it through Monte Carlo method.

Section 2 reviews two kinds of estimators of a vari-
ance component for a top stage of a two-stages unbal-
anced nested design. In Section 3, We propose weighted
average of these estimators as a synthesized estimator
and demonstrate that new estimator dominates existing
estimators. In Section 4, an iterative procedure of the
synthesized estimator is described. The estimation of
the variance component is completed by this procedure.
In Section 5, the proposal is evaluated through Monte
Carlo method. Finally, we conclude in Section 6.

2. ESTIMATORS OF VARIANCE
COMPONENTS

The statistical model of an unbalanced nested design
with two stages is

yij = µ + αi + εij (1)

αi ∼ i.i.d. N(0, σ2
α) , εij ∼ i.i.d. N(0, σ2

ε)
i = 1, · · · , a , j = 1, · · ·ni,

where µ is a general mean. σ2
α and σ2

ε are called variance
components. In precise experiments of measurements,
σ2

α is the variation between laboratories, and σ2
ε is the

variation between the instantly repeated measurements.
The purpose of our study is to estimate the variance
components.

In general, the σ2
α is estimated by

σ̂2
α =

n(a− 1)
(n2 −m2)2

(MSA−MSE), (2)

where MSA is a mean square error of the random ef-
fects αi’s, MSE is a mean square error of the random
effects εij ’s, n =

∑a
i=1 ni and m2 =

∑a
i=1 n2

i , which are
obtained through ANalysis Of Variance (ANOVA). The



MSA is

MSA =
∑a

i=1 ni(ȳi· − ȳ··)2

a− 1
,

where

ȳi· =

∑ni

j=1 yij

ni
, ȳ·· =

∑na

i=1

∑ni

j=1 yij

n
.

The MSA is an unbiased estimator of σ2
α.

Yamazaki et al. (2008) introduced the other unbiased
estimator of σ2

α ;

σ̃2
α = MSA′ −

(m−1

a

)2

MSE, (3)

where m−1 =
∑a

i=1 1/ni and

MSA′ =
∑a

i=1(ȳi· − ¯̄y··)2

a− 1
, ¯̄y·· =

∑a
i=1 ȳi·

a
.

There is the difference between these estimators regard-
ing to the estimation of the overall mean µ. In the MSA,
the µ is estimated by an average of all the observations.
On the other hand, the the estimator of the µ in the
MSA′ is an average of averages of observations in each
laboratory.

3. WEIGHTED AVERAGE OF THE
ESTIMATORS

The weighted average of (2) and (3) is λσ̂2
α + (1 −

λ)σ̃2
α , where the λ is a constant weight. This type of

an estimator is unbiased as well. The variance of the
weighted average is

C1λ
2 − 2C2λ + C3 (4)

C1 = V (σ̂2
α) + V (σ̃2

α)− 2Cov(σ̂2
α, σ̃2

α)

C2 = V (σ̃2
α)− Cov(σ̂2

α, σ̃2
α) , C3 = V (σ̃2

α).

If C1 6= 0, then this variance is the minimum at λ =
C2/C1, and the variance at λ = C2/C1 is (C1C3−C2

2 )/C1.

Due to C1 = V (σ̂2
α − σ̃2

α), C1 = 0 is equivalent to

σ̂2
α = σ̃2

α. If a design is balanced and/or the number of

levels is two (a = 2), σ̂2
α is same as σ̃2

α. It is trivial for

a balanced design. In case of a = 2, due to MSA =

2n1n2/(n1 +n2)MSA′, σ̂2
α = (n1 +n2)/(2n1n2)(MSA−

MSE) = σ̃2
α|a=2 holds.

Hence, for unbalanced designs with a ≥ 3, the weighted
average which is the estimator of σ2

α

σ2
α =

C2

C1
σ̂2

α +
(

1− C2

C1

)
σ̃2

α. (5)

is unbiased, and it has the smaller or equal variance than
the those of σ̂2

α and σ̃2
α, because the weighted average

includes σ̂2
α and σ̃2

α. In fact, we can easily see it by cal-
culating those variances. The numerator of the variance

of this estimator (5) is

C1C3 − C2
2 = V (σ̂2

α)V (σ̃2
α)− Cov(σ̂2

α, σ̃2
α)2.

Thus,

V (σ2
α)− V (σ̂2

α) = −

(
V (σ̂2

α)− Cov(σ̂2
α, σ̃2

α)
)2

C1
≤ 0

, due to C1 = V (σ̂2
α − σ̂2

α) ≥ 0. In the same manner,

V (σ2
α)− V (σ̃2

α) ≤ 0

holds. Consequently, the new estimator σ2
α dominates

σ̂2
α and σ̃2

α in any design and over the space of variance
components.

4. AN ITERATIVE METHOD FOR
ESTIMATION

The estimator (5) is a function of variance compo-
nents σ2

α and σ2
ε . The σ2

ε is plugged in by MSE. We
propose an iterative method to estimate σ2

α by the sythe-
sized estimator (5). The iterative method consists of the
four steps as follows :

Step 0 σ2
α(0)← an initial value

Step 1 σ2
α of C1, C2 ← σ2

α(k)
Step 2 σ2

α(k + 1)← σ2
α

Step 3 repeat steps 1 and 2
until |σ2

α(k + 1)− σ2
α(k)| < δ is met

, where δ is a small value such as 10−6.

Yamasaki et al. (2008) derived V (σ̂2
α) and V (σ̃2

α),

analytically. We derive the covariance between σ̂2
α and

σ̃2
α.

The covariance between σ̂2
α and σ̃2

α is

Cov(σ̂2
α, σ̃2

α)

=
n(a− 1)
n2 −m2

(
Cov(MSA,MSA′) +

2m−1

a(n− a)
σ4

ε

)
. (6)

The covariance between MSA and MSA′ is

Cov(MSA, MSA′)

=
1
φ2

α

 a∑
i=1

(
1− ni

n

)
nicii −

1
n

a∑
i=1

a∑
j 6=i

ninjcij

 (7)



, where φα = a− 1 and

cii =
(

1− 1
a

)(
E[ȳ2

i·]
a∑

k 6=i

E[ȳ2
k·]

−(a− 2)E[ȳi·]2E[ȳ2
i·]− 2E[ȳi·]E[ȳ3

i·] + E[ȳ4
i·]

)

cij =
(

1− 1
a

)
E[ȳi·]2

a∑
k 6=i,j

E[ȳ2
k·]

−
(

2(a− 2)
a

)
E[ȳi·]2

(
E[ȳ2

i·] + E[ȳ2
j·]
)

+
(

1− 1
a

)
E[ȳi·]

(
E[ȳ3

i·] + E[ȳ3
j·]
)

−2
a
E[ȳ2

i·]E[ȳ2
j·]−

(a− 2)(a− 3)
a

E[ȳi·]4

The random variates ȳi·, i = 1, · · · , a are identically and
independently distributed to normal distribution N(µ, σ2

α

+σ2
ε/ni). About the derivation, see an Appendix.

We can obtain the simple representations of cii and
cij due to substituting those expectations of the covari-
ance (7) to the moments of a normal distribution, which
are

cii =
φα

a

(
µ2σ2

· + σ2
· σ

2
i + 2σ2

i

)
cij =

φα

a
µ2σ2

· −
2
a
σ2

i σ2
j , i 6= j.

where σ2
i = σ2

α + σ2
ε/ni and σ2

· =
∑a

i=1 σ2
i . By substi-

tuting the simplified cii and cij to the covariance (7), we
can obtain

Cov(MSA,MSA′)

=
1

aφa

[
σ2
·

a∑
i=1

(
1− ni

n

)
niσ

2
i + 2

a∑
i=1

niσ
4
i

]

− 2
nφ2

α

a∑
i=1

(niσ
2
i )2 +

2
anφ2

α

(
a∑

i=1

niσ
2
i

)2

. (8)

Furthermore, by substituting σ2
i to the formula (8), the

covariance between the mean squares is

Cov(MSA,MSA′) =
(1 + a)(n2 −m2)

n(a− 1)2
σ4

α

+
[
a + 3 +

(
n2 −m2

an

)
m−1

]
σ2

ασ2
ε

a− 1

+
(1 + a)m−1

a(a− 1)
σ2

ε . (9)

Hence,

Cov(σ̂2
α, σ̃2

α)

=
a + 1
a− 1

σ4
α +

an(a + 3) + (n2 −m2)m−1

a(n2 −m2)
σ2

ασ2
ε

+
(a− 1)nm−1

a(n2 −m2)

(
a + 1
a− 1

+
2

n− a

)
σ4

ε , (10)

can be obtained due to combining the equations (6) and
(9).

The synthesized estimator is,

σ2
α =

C2

C1

(
σ̂2

α − σ̃2
α

)
+ σ̃2

α,

the function of σ2
α because the λ = C2/C1 is the function

of σ2
α and the form is

λ(σ2
α) ≡ λ =

V (σ̂2
α)− Cov(σ̂2

α, σ̃2
α)

V (σ̃2
α)− Cov(σ̂2

α, σ̃2
α)

+ 1,

which is a rational function of σ2
α whose numerator and

denominator are quadratic functions because both vari-
ances are

V (σ̂2
α) = 2n2

(
m2 + m2

2/n2 − 2m3/n
) /

(n2 −m2)2σ4
α

+ 4n2 (n−m2/n)
/
(n2 −m2)2σ2

ασ2
ε

+ 2(a− 1)2n2

(
1

a− 1
+

1
n− a

)/
(n2 −m2)2σ4

ε (11)

and

V (σ̃2
α) =

2
a− 1

σ4
α +

2(2am−1 + 2(a− 2)am−1)
(a− 1)2a2

σ2
ασ2

ε

+
(

2m2
−1

a2(n− a)
+

2(a− 2)am−2 + m2
−1

(a− 1)2a2

)
σ4

ε , (12)

respectively, which can be obtained from Yamazaki et
al. (2008) by a few calculations. Let the synthesized
estimator be σ2

α(σ2
α). If the σ2

α(σ2
α) is convergence, the

limit value is the solution of the equation σ2
α(σ2

α) = σ2
α.

5. PREFERMANCE STUDY

We calculate variances of estimators and compare

performances of three estimators σ̂2
α, σ̃2

α and σ2
α. It is dif-

ficult to evaluate the variance of σ2
α analytically because

the σ2
α is calculated by iteration. Hence, we evaluate the

variance of the σ2
α through Monte Carlo method.

We assume six cases of two-stages unbalanced nested
designs which are denoted in Table 1. The first three
cases ( from cases 1 to 3 ) have three levels, and the
remains have ten levels. In an experiment to evaluate the
precision of the measurement, the number of laboratories
is the number of levels. For instance, Case 1 shows that



we obtained nine measurement results from the first two
laboratories and twelve ones from the last laboratory.
Any case has thirty observations. The contribution of
the total number of measurement results to precision of
estimation is same in any case.

Without loss of generality, we can assume σ2
ε = 1, be-

cause the covariance between σ̂2
α and σ̃2

α depends on the
moments of ȳi· which is a random variable according to a
normal distribution. We consider three conditions γ2 =
σ2

α/σ2
ε = 0.52, 1.02, 2.02. Variances and expectations of

the proposed estimator are calculated based on empiri-
cal distributions generated by Monte Carlo method with
10, 000 replications that is implemented by the software
R. In this performance study, we set the convergence cri-
terion δ on 10−5.

Table 1. The number of observations in each level

for each case

Case 1 ( 9 , 9 , 12 )

Case 2 ( 8, 10, 12 )

Case 3 ( 5, 5, 20 )

Case 4 ( 2, 3, 3, 3, 3, 3, 3, 3, 3, 4 )

Case 5 ( 2, 2, 2, 2, 2, 2, 2, 2, 7, 7 )

Case 6 ( 2, 2, 2, 2, 3, 3, 4, 4, 4, 4 )

Tables 2, 3 and 4 show variances of the proposed and
two conventional estimators for each case. Variances of
the estimators σ̂2

α (ANOVA type) and σ̃2
α (introduced

by Yamasaki et al. (2008)) are exact values. Values in
parentheses denote estimated Monte Carlo error which
is two times standard deviation calculated from 5,000
bootstrap samples.

Yamasaki et al. (2008) showed that the ANOVA type
estimator σ̂2

α has the better performance than the esti-
mator σ̃2

α. In this study, the difference between them is
not too large in any of three levels case and the case 4
which has the smallest degree of imbalance among ten
levels cases. In cases 5 and 6, for γ2 = 1.02 and 2.02, the
proposed estimator has the best performance if compar-
ing them without Monte Carlo error. Even if consider-
ing Monte Carlo error, the proposed estimator has ap-
proximately same or better performance than the other
estimators. Our estimator is useful if the degree of im-
balance is large and the ratio γ2 is lager than or equal to
one. In most of actual experiments, between-laboratories
variation is larger than within-laboratories variation, i.e.
γ2 > 1. The proposed estimator is reasonable in prac-
tice.

Tables 5 and 6 show biases of the proposed estimator.
If considering Monte Carlo error, there is no bias in all
the situations except for γ2 = 1. In cases 2, 3, 5, and 6,
there are biases beyond Monte Carlo error.

Table 2. Variances of the proposed and existing estimators

Case 1 Case 2

γ2
cσ2

α
fσ2

α σ2
α

cσ2
α

fσ2
α σ2

α

0.52
0.124 0.125 0.124 0.125 0.125 0.125

(0.007) (0.008)

1.02
1.22 1.21 1.19 1.23 1.22 1.24

(0.06) (0.06)

2.02
17.0 16.8 17.2 17.0 16.8 17.4

(0.47) (0.98)

Table 3. Variances of the proposed and existing estimators

(cont’d.)

Case 3 Case 4

γ2
cσ2

α
fσ2

α σ2
α

cσ2
α

fσ2
α σ2

α

0.52
0.155 0.164 0.168 0.087 0.090 0.106

(0.009) (0.004)

1.02
1.40 1.33 1.37 0.411 0.412 0.431

(0.07) (0.016)

2.02
18.9 17.2 16.5 4.26 4.20 4.27

(0.88) (0.15)

6. CONCLUSION

In unbalanced nested designs, the estimators of vari-
ance components for upper stages are not unique. We
focused on two-stages unbalanced nested designs. We
proposed the synthesized estimator by weighted average
of two kinds of conventional estimators and its itera-
tive estimation. We demonstrate that the estimator is
relatively more effective than existing estimators if the
ratio of variance components is equal to or lager than
one. The estimator obtained from the iterative proce-
dure preserves unbiasedness. The evaluation is carried
out through Monte Carlo method, thus, we estimate
Monte Carlo errors by bootstrap method. Hence, our
estimator is useful in many of practical situations to eval-
uate and determine precision of measurements.
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Table 4. Variances of the proposed and existing estimators

(cont’d.)

Case 5 Case 6

γ2
cσ2

α
fσ2

α σ2
α

cσ2
α

fσ2
α σ2

α

0.52
0.097 0.125 0.099 0.089 0.100 0.107

(0.004) (0.004)

1.02
0.495 0.476 0.444 0.426 0.431 0.415

(0.016) (0.014)

2.02
5.46 4.38 4.33 4.48 4.25 4.16

(0.16) (0.16)

Table 5. Biases of the proposed estimator

γ2 C1 C2 C3

0.52
0.002 -0.004 0.018

(0.008) (0.008) (0.008)

1.02
0.022 0.030 0.048

(0.022) (0.024) (0.024)

2.02
0.056 0.038 -0.004

(0.084) (0.084) (0.082)

APPENDIX

Let a vector y be (ȳ1·, · · · , ȳa·)T . Then, MSA and
MSA′ are expressed as

MSA = yT diag{ni} (I − Jdiag{ni/n}) y,

MSA′ = yT (I − J/a) y

, respectively, where I is an identity matrix and J is a
square matrix in which all the elements are one.

E[MSA′MSA] is

E[yT (I − J/a) yyT diag{ni} (I − Jdiag{ni/n}) y]

= tr
{
diag{ni} (I − Jdiag{ni/n}) E[yyT (I − J/a)yyT ]

}
,

where diag{ni} is a diagonal matrix with element ni’s.
Let a vector zi be the i-th column vector of the matrix
yyT . Then, zi = (ȳ1·ȳi·, · · · , ȳa·ȳi·)T and

yyT (I − J/a)yyT =

 zT
1 Az1 · · · zT

1 Aza

...
. . .

...
zT

a Az1 · · · zT
a Aza


, where A = (I − J/a). Hence, it holds that

E[MSA′MSA]

= trB

 trAE[z1z
T
1 ] · · · trAE[zazT

1 ]
...

. . .
...

trAE[zazT
1 ] · · · trAE[zazT

a ]



Table 6. Biases of the proposed estimator (cont’d)

γ2 C4 C5 C6

0.52
0.005 0.032 0.018

(0.006) (0.006) (0.006)

1.02
0.005 0.020 0.027

(0.014) (0.014) (0.014)

2.02
-0.007 0.002 -0.020

(0.042) (0.042) (0.040)

, where B = diag{ni} (I − Jdiag{ni/n}). Consequently,
cii is trAE[ziz

T
i ] and cij , i 6= j is trAE[ziz

T
j ], i 6= j.


